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1 | P a g e  
 

𝑋 𝑋’ 

𝑌’ 

𝑌 

𝐼𝑉 

𝐼 𝐼𝐼 

𝐼𝐼𝐼 

𝑋 
𝑀 𝑁 

   𝑌 

𝑂 

𝐴 𝑥1, 𝑦1  

𝑅 

𝐵 𝑥2, 𝑦2  

Geometry:  

The geometry is derived from two Greek words Geo 

(Earth) and Matron (Measurement). It means 

Knowledge of measurement of earth.*Geometry is 

branch of mathematics that deals the shape and size of 

things. 

Analytic geometry: 

In analytic geometry or coordinates geometry, points 

could be represented by numbers, lines and curves 

represented by equations. 

A French philosopher and mathematician Rene 

Descartes (1596-1650A.D) introduced algebraic 

methods in geometry named as analytical geometry 

named (or coordinate geometry.) 

Coordinates system: 

Draw in a plane two mutually number lines 

𝑋𝑋′𝑎𝑛𝑑 𝑌𝑌′ 

One horizontal and the other vertical. Let their point of 

intersection be O called origin and real number O of 

both lines is represented by O. The two lines are called 

the coordinate axis. The horizontal line 𝑋𝑂𝑋′𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑  

𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑛𝑑 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑙𝑖𝑛𝑒 𝑌𝑂𝑌′𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑦 − 𝑎𝑥𝑖𝑠. 

The plane determined by both 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠. 

Is called 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 𝑜𝑟 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑜𝑛𝑝𝑙𝑎𝑛𝑒. 

*if  𝑥, 𝑦   are coordinates of a point p. then the first 

member of ordered pair 𝑖. 𝑠 𝑥  is called 𝑥 −coordinate 

or abscissa of point P. and then second member of 

ordered pair  𝑖. 𝑠 𝑦  is called 𝑦 −coordiinate or 

ordinate of point P. 

* The coordinate axis divide the coordinate plane into 

four equal parts, called quadrants. 

 

  

 

 

 

  

 

 

 

 

 

Quadrant 𝑰: 

{ 𝒙, 𝒚 |𝒙 > 𝟎, 𝒚 > 𝒐} 

Quadrant 𝑰𝑰: 

{ 𝒙, 𝒚 |𝒙 < 𝟎, 𝒚 > 𝒐} 

Quadrant 𝑰𝑰𝑰: 

{ 𝒙, 𝒚 |𝒙 < 𝟎, 𝒚 < 𝒐} 

Quadrant 𝑰𝑽: 

{ 𝒙, 𝒚 |𝒙 > 𝟎, 𝒚 < 𝒐} 

 

NOTE: 𝒐𝒏 𝒙 − 𝒂𝒙𝒊𝒔 𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒊𝒔 𝒛𝒆𝒓𝒐 𝒊. 𝒆 𝒚 = 𝟎 

𝒂𝒍𝒔𝒐 𝒐𝒏 𝒚 − 𝒂𝒙𝒊𝒔 𝒂𝒃𝒔𝒊𝒔𝒔𝒂 𝒊𝒔 𝒛𝒆𝒓𝒐.  

 The distance formula: 

The distance between two points 𝐴 𝑥, 𝑦 𝑎𝑛𝑑 𝐵 𝑥, 𝑦  

in 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 is 

|𝐴𝐵| = 𝑑 = √ 𝑥2 − 𝑥1 
2 +  𝑦2 − 𝑦1 

2 

 

NOTE: AB stand for 

𝒎𝑨𝑩̅̅ ̅̅  𝒐𝒓 |𝑨𝑩̅̅ ̅̅ | 𝒂𝒏𝒅 𝒅 𝒔𝒕𝒂𝒏𝒅𝒔 𝒇𝒐𝒓 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆. 

Proof: 

𝑙𝑒𝑡 𝐴 𝑥1, 𝑦1  𝑎𝑛𝑑 𝐵 𝑥2, 𝑦2 𝑏𝑒 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖𝑛 𝑥𝑦

= 𝑝𝑙𝑎𝑛𝑒. 

𝐷𝑟𝑎𝑤 ⊥ 𝐴𝑅 𝑜𝑛 𝐵𝑁.  

In right △ 𝐴𝐵𝑅  𝑢𝑠𝑖𝑛𝑔 𝑝𝑎𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡ℎ𝑒𝑟𝑟𝑒𝑚. 

|𝐴𝐵|2 = |𝐴𝑅|2 + |𝐵𝑅|2                  ∵

(

|𝐴𝑅| = |𝑀𝑁|

= |𝑂𝑁| − |𝑂𝑀|
|𝐴𝑅| = 𝑥2 − 𝑥1

) 

⇒|𝐴𝐵|2 =  𝑥2 − 𝑥1 
2 +  𝑦2 − 𝑦1 

2   

 𝑑2 = |𝐴𝐵|2 =  𝑥2 − 𝑥1 
2 +  𝑦2 − 𝑦1 

2 
|𝐵𝑅| = |𝐵𝑁| − |𝑅𝑁| ⇒ 𝑦2 − 𝑦1 

⇒𝑑 = |𝐴𝐵| = √ 𝑥2 − 𝑥1 
2 +  𝑦2 − 𝑦1 

2 

 

 

 

 

 

 

 

 

 

 

Theorem: 

𝑳𝒆𝒕 𝑨 𝒙𝟏, 𝒚𝟏 𝒂𝒏𝒅 𝑩 𝒙𝟐, 𝒚𝟐 𝒃𝒆 𝒕𝒘𝒐 𝒈𝒊𝒗𝒆𝒏 𝒑𝒐𝒊𝒏𝒕𝒔 𝒊𝒏 𝒂  

Plane. The line segment 𝑨𝑩 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝒌𝟏, 𝒌𝟐 are  

(
𝒌𝟏𝒙𝟏+𝒌𝟐𝒙𝟐

𝒌𝟏+𝒌𝟐
,
𝒌𝟏𝒚𝟏+𝒌𝟐𝒚𝟐

𝒌𝟏+𝒌𝟐
)  

Proof: 

 

 

 

 

 

 

 

 

 

 

 
𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡. 𝑤ℎ𝑖𝑐ℎ 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝐴𝐵 𝑖𝑛 𝑟𝑎𝑡𝑖𝑜 𝑘1: 𝑘2 

𝐷𝑟𝑎𝑤  ⊥ 𝑎𝑟𝑠 𝐴𝑀,𝑄𝑀 𝑎𝑛𝑑 𝐵𝑁 𝑓𝑟𝑜𝑚 𝐴, 𝑃, 𝑎𝑛𝑑 𝐵 𝑜𝑛  
𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑠 𝑠ℎ𝑜𝑤𝑛 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒.  

𝐴𝑃: 𝑃𝐵 = 𝐴𝑆: 𝑆𝑅 

 
𝐴𝑃

𝑃𝐵
=

𝐴𝑆

𝑆𝑅
→  𝑖  

𝑥1 

𝑦 

𝑥 

𝑦1 

𝑦2 

𝑋 
𝑀 𝑁 

   𝑌 

𝑂 

𝐴 𝑥1, 𝑦1  

𝐵 𝑥2, 𝑦2  

𝑃 𝑥, 𝑦  
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F 

𝐷  
𝑥2 + 𝑥3

2
,
𝑦2 + 𝑦3

2
  

E 

𝐴 𝑥1, 𝑦1  

𝐵 𝑥2, 𝑦2  𝐶 𝑥3, 𝑦3  

 

(

 
 

∵ 𝐴𝑆 = 𝑀𝑄 = 𝑂𝑄 − 𝑂𝑀
= 𝑥 − 𝑥1

𝑆𝑅 = 𝑄𝑁 = 𝑂𝑁 − 𝑂𝑄
= 𝑥2 − 𝑥

∵ 𝐴𝑃: 𝑃𝐵 = 𝑘1: 𝑘2 )

 
 

 

 

So 
𝑘1

𝑘2
=

𝑥−𝑥1

𝑥2−𝑥
 

 𝑘1 𝑥2 − 𝑥 = 𝑘2 𝑥 − 𝑥1  

 𝑘1𝑥2 − 𝑘1𝑥 = 𝑘2𝑥 − 𝑘2𝑥1 

 𝑘1𝑥2 + 𝑘2𝑥1 = 𝑘2𝑥 + 𝑘1𝑥 

 𝑘1𝑥2 + 𝑘2𝑥1 = 𝑥 𝑘1 + 𝑘2  

 𝑥 =
𝑘1𝑥2+𝑘2𝑥1

𝑘1+𝑘2
 

Similarly, by drawing ⊥ 𝑎𝑟𝑠 𝑓𝑟𝑜𝑚 𝐴 𝑃 𝑎𝑛𝑑 𝐵 𝑜𝑛 𝑦 −

𝑎𝑥𝑖𝑠 
𝑤𝑒 𝑤𝑖𝑙𝑙 𝑔𝑒𝑡  

 𝑦 =
𝑘1𝑦2+𝑘2𝑦1

𝑘1+𝑘2
 

Thus 𝑃 (
𝑘1𝑥2+𝑘2𝑥1

𝑘1+𝑘2
,
𝑘1𝑦2+𝑘2𝑦1

𝑘1+𝑘2
) is required point. 

 

Note: 

i. Two geometric figures are similar if one is 

enlargement of other. 

ii. In two triangles, if two corresponding angles 

are congruent, then triangles are similar. 

iii. If the directed distances AP and PB have the 

same sign, then their ratio is positive and P is 

said to divide AB internally. 

iv. If the directed distance AP and PB have 

opposite signs i.e; p is beyond AB, then their 

ratio is negative and P is said to divide AB 

externally. 
𝑨𝑷

𝑷𝑩
=

𝒌𝟏

𝒌𝟐
 𝒐𝒓

𝑨𝑷

𝑷𝑩
= −

𝑲𝟏

𝒌𝟐
 

In this case we can show that  

 𝒙 =
𝒌𝟏𝒙𝟐+𝒌𝟐𝒙𝟏

𝒌𝟏+𝒌𝟐
, 𝒚 =

𝒌𝟏𝒚𝟐+𝒌𝟐𝒚𝟏

𝒌𝟏+𝒌𝟐
 

Thus P is said to divide the line segment AB in 

ratio 𝒌𝟏: 𝒌𝟐 internally or externally according as 

𝑷 lies b\w AB or beyond AB. 

v. If 𝒌𝟏: 𝒌𝟐 =

𝟏:𝟏 𝒕𝒉𝒆𝒏 𝒑 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒎𝒊𝒅 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇  𝑨𝑩̅̅ ̅̅   

and coordinates of p are 𝒙 =
𝒙𝟏+𝒙𝟐

𝟐
, 𝒚 =

𝒚𝟏+𝒚𝟐

𝟐
 

vi. The above theorem is valid in whichever 

quadrant A and B lie. 

Remembers: 

 Line segment joining one vertex of a triangle 

to the midpoint of an opposite side of the 

triangle is called median. 

 A point that divides each median in ratio 2: 1 

is called centroid. 

 The point of concurrency of medians is called 

centroid. 

 When two or more than two lines meet at a 

point. Then they are said to be concurrent. 

Theorem: show that medians of a triangle are 

concurrent. 

 

 

 

 

 

 

 

 

 

Proof: 

Let 𝐶 𝑥3, 𝑦3 𝑏𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠  𝑜𝑓 𝑎 △

𝐴𝐵𝐶 𝑙𝑒𝑡 𝐷, 𝐸 𝑎𝑛𝑓 𝐹 𝑏𝑒 

𝑚𝑖𝑑 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑠𝑖𝑑𝑒𝑠 𝐵𝐶, 𝐴𝐶 𝑎𝑛𝑑 𝐴𝐵 𝑟𝑒𝑠𝑝.  

So 𝐴𝐷, 𝐵𝐸 𝑎𝑛𝑑 𝐶𝐹 𝑎𝑟𝑒 𝑚𝑒𝑑𝑖𝑎𝑛𝑠 𝑜𝑓 △ 𝐴𝐵𝐶. 

∵ 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐵𝐶 𝑖𝑠 𝐷  
𝑥2 + 𝑥3

2
,
𝑦2 + 𝑦3

2
  

Let p be the point dividing BC in ratio 2:1 so using 

formula  
𝑘1𝑥2 + 𝑘2𝑥1

𝑘1 + 𝑘2

,
𝑘1𝑦2 + 𝑘2𝑦1

𝑘1 + 𝑘2

   𝑠𝑜 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑝 𝑖𝑛 𝑟𝑎𝑡𝑖𝑜 

2: 1 𝑎𝑟𝑒  

(
1 

𝑥2 + 𝑥3
2  + 91  𝑥3 

2 + 1
,
2 (

𝑦2 + 𝑦3
2 ) +  1  𝑦3 

2 + 1
) 

 𝑝 (
𝑥1+𝑥2+𝑥3

3
,
𝑦1+𝑦2+𝑦3

3
) 

Similarly it can be proved that coordinates of point 

that divides medians BE and CF each in 2: 1 are 

𝑝 (
𝑥1+𝑥2+𝑥3

3
,
𝑦1+𝑦2+𝑦3

3
)    

 

Remembers: 

 A line that divides an angle into equal parts 

is called angle bisector. 

 An angle bisector divides line opposite to 

into a ratio, equal to ratio of remaining two 

sides. 

 In figure AD is an angle bisector of ∡𝑨 the 

sides opposite to ∡𝑨 𝒊𝒔 𝑩𝑪.so𝑩𝑫:𝑫𝑪 =

𝑩𝑨:𝑨𝑪 

 𝑩𝑫:𝑫𝑪 = 𝒄: 𝒃  𝑩𝑨 = 𝑪    𝑨𝑪 = 𝒃    

Theorem: 

Bisector of angles of a triangle are concurrent. 

Proof: 

𝑙𝑒𝑡 𝐴 𝑥1, 𝑦1 , 𝐵 𝑥2, 𝑦2 𝑎𝑛𝑑 𝐶 𝑥3, 𝑦3 𝑏𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑜𝑓  

△ 𝐴𝐵𝐶 𝑡ℎ𝑒𝑛 |𝐴𝐵| = 𝑐  , |𝐵𝐶| = 𝑎,     |𝐴𝐶| = 𝑏 

Let bisector ∠𝐴 𝑚𝑒𝑒𝑡 𝐵𝐶 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐷 

Now  
𝐵𝐷

𝐷𝐶
=

𝐵𝐶

𝐴𝐶
 

 
𝐵𝐷

𝐷𝐶
=

𝑐

𝑏
→  𝑖          ∵ |𝐵𝐴| = 𝑐, |𝐷𝐶| = 𝑏 

https://NewsonGoogle.com/
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𝐷 

𝐴 

𝐵 

𝐼 

𝑥 < 𝑜, 𝑦 > 0 

𝑋 𝑋’ 

𝑌’ 

𝑌 

𝐼𝑉 

𝐼 𝐼𝐼 

𝐼𝐼𝐼 

𝑥 > 𝑜, 𝑦 > 0 

𝑥 > 𝑜, 𝑦 < 0 𝑥 < 𝑜, 𝑦 < 0 

 𝐵𝐷:𝐷𝐶 = 𝑐: 𝑏 𝑖𝑡 𝑚𝑒𝑎𝑛𝑠 𝐷 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝐵𝐶 𝑖𝑛 𝑐: 𝑏 

Using ratio formula coordinates of D are 

(
𝑏𝑥2+𝑐𝑥3

𝑏+𝑐
,
𝑏𝑦2+𝑐𝑦3

𝑏+𝑐
) 

Let angle bisector of 

∠𝐵 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑠 𝐴𝐷 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐼 𝑡ℎ𝑒𝑛 
𝐴𝐼

𝐼𝐷
=

𝐴𝐷

𝐵𝐷
 

 
𝐴𝐼

𝐼𝐷
=

𝑐

𝐵𝐷
→  𝑖𝑖   ∵ |𝐴𝐵| = 𝑐  

𝑁𝑜𝑤 𝑡𝑎𝑘𝑒 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙 𝑜𝑓 𝑒𝑞.  𝑖    
𝐷𝐶

𝐷𝐵
=

𝑏

𝑐
⇒ 1 +

𝐷𝐶

𝐷𝐵
= 1 +

𝑏

𝑐
  

 
𝐵𝐷+𝐷𝐶

𝐵𝐷
=

𝑏+𝑐

𝑐
       ∵ 𝐵𝐷 + 𝐷𝐶 = 𝐵𝐶  

 
𝐵𝐶

𝐵𝐷
=

𝑏+𝑐

𝑎
⇒

𝑎

𝐵𝐷
=

𝑏+𝑐

𝑐
        ∵ |𝐵𝐶| = 𝑎 

 
𝐵𝐷

𝑎
=

𝑐

𝑏+𝑐
⇒ 𝐵𝐷 =

𝑎𝑐

𝑏+𝑐
 

 So  𝑖𝑖 ⇒
𝐴𝐼

𝐼𝐷
=

𝑐
𝑎𝑐

𝑏+𝑐

= 𝑐 (
𝑏+𝑐

𝑎𝑐
) 

 
𝐴𝐼

𝐼𝐷
=

𝑏+𝑐

𝑎
⇒ 𝐴𝐼: 𝐴𝐷 =  𝑏 + 𝑐 : 𝑎 

𝐵𝑦 𝑟𝑎𝑡𝑖𝑜 𝑓𝑜𝑟𝑚𝑢𝑙𝑎   

⇒ 𝐼(
 𝑏 + 𝑐 (

𝑏𝑥2 + 𝑐𝑥3

𝑏 + 𝑐
) + 𝑎𝑥1

𝑎 + 𝑏 + 𝑐
,
 𝑏 + 𝑐  

𝑏𝑦2 + 𝑐𝑦3
𝑏 + 𝑐

 + 𝑎𝑦1

𝑏 + 𝑐 + 𝑎
) 

 𝐼 (
𝑎𝑥1+𝑏𝑥2+𝑐𝑥3

𝑎+𝑏+𝑐
,
𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐
) 

Similarly, it can be prove that bisector of 

∠𝑐 𝑤𝑖𝑙𝑙 also pass through point I. 

 Hence bisector of angles of triangle are 

concurrent. 

Exercise 4.1 
Q1. Describe the location in the plane 

𝒑 𝒙, 𝒚 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉  
 𝒊  𝒙 > 𝟎    𝒊𝒊  𝒙 > 𝟎 𝒂𝒏𝒅 𝒚 > 𝟎     𝒊𝒊𝒊 𝒙 = 𝟎 
 𝒊𝒗  𝒚 = 𝟎   𝒗 𝒙 < 𝟎  𝒂𝒏𝒅 𝒚 ≥ 𝒐    𝒗𝒊 𝒙 = 𝒚 

 𝑣𝑖𝑖     |𝑥| = |𝑦|      𝑣𝑖𝑖𝑖  |𝑥| ≥ 3    𝑖𝑥 𝑥 > 2 𝑎𝑛𝑑 𝑦

= 2 

  𝒙  𝒂𝒏𝒅 𝒚 𝒉𝒂𝒗𝒆 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 𝒔𝒊𝒈𝒏𝒔.   
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

 𝑖   𝑥 > 0  

Right half plane. 

 𝑖𝑖 𝑥 > 0  𝑎𝑛𝑑 𝑦 > 0  

1st quadrant  

 𝑖𝑖𝑖 𝑥 = 0     𝑦 − 𝑎𝑥𝑖𝑠. 
 𝑖𝑣 𝑦 = 0 𝑥 − 𝑎𝑥𝑖𝑠  

 

 

 

 

 

 

 

 

 

 

 

 

 𝑣 𝑥 < 0 𝑎𝑛𝑑 𝑦 ≥ 𝑜  

2nd quadrant and −𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠  

 𝑣𝑖 𝑥 = 𝑦  𝑖𝑡 𝑖𝑠 𝑙𝑖𝑛𝑒 𝑏𝑖𝑠𝑒𝑐𝑡𝑖𝑛𝑔  1st and 3rd 

quadrant. 

 𝑣𝑖𝑖  |𝑥| = |𝑦|        
1st and 3rd quadrant. 

 𝑣𝑖𝑖𝑖     |𝑥| ≥ 3    

𝑜𝑛 𝑥 − 𝑎𝑥𝑖𝑠  𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜

− 3 𝑎𝑛𝑑 𝑔𝑟𝑒𝑎𝑡𝑒𝑟  

Than equal to −3 

 𝑖𝑥  𝑥 > 2 𝑎𝑛𝑑 𝑦 = 2  

In 1st quad 𝑥 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 2 𝑎𝑛𝑑 𝑦 = 2  

 𝑥  
𝑥 𝑎𝑛𝑑 𝑦 ℎ𝑎𝑣𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑖𝑔𝑛  𝑖𝑛 𝐼𝐼  −2,2  𝑎𝑛𝑑 

  𝐼𝑉  2, −2     

Q2. Find in each of the following  

 𝒊 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒈𝒊𝒗𝒆𝒏 𝒑𝒐𝒊𝒏𝒕𝒔  
 𝒂 𝑨 𝟑, 𝟏 ;𝑩 −𝟐,−𝟒          𝒃   𝑨 −𝟖, 𝟑 ;𝑩 𝟐,−𝟏  

 𝒄 𝑨  −√𝟓,
𝟏

𝟑
 ;𝑩(−𝟑√𝟓, 𝟓) 

Solution: 

 𝒂  𝑨 𝟑, 𝟏 ;𝑩 −𝟐,−𝟒      

|𝑨𝑩| = √ −𝟐 − 𝟑 𝟐 +  −𝟒 − 𝟏 𝟐 

= √ −𝟓 𝟐 +  −𝟓 𝟐 

= √𝟓𝟎 = √𝟐𝟓 × 𝟐 = 𝟓√𝟐 

Midpoint of AB== (
𝟑−𝟐

𝟐
,
𝟏−𝟒

𝟐
) = (

𝟏

𝟐
, −

𝟑

𝟐
)  

 𝒃   𝑨 −𝟖, 𝟑 ;𝑩 𝟐,−𝟏   

|𝐴𝐵| = √ 2 + 8 2 +  −1 − 3 2 = √100 + 16

= √116 = √4 × 29 = 2√29 

Midpoint of AB=(
−8+2

2
,
3−1

2
) = (

−6

2
,
2

2
) =  −4,1  

 𝒄 𝑨 (−√𝟓,
𝟏

𝟑
) ; 𝑩(−𝟑√𝟓, 𝟓)  

|𝐴𝐵| = √((−3√5) − (−√5))
2

+  5 +
1

3
 
2

 

= √(−3√5 + √5)
2
+  

15 + 1

3
 
2

 

= √(−2√5)
2
+  

16

3
 
2

 

= √4 5 +
256

9
= √20 +

256

9
= √

436

9

= √
4 × 109

3
=

2

3
√109 

Midpoint of AB=(
−√5−3√5

2
,
−

1

3
+5

2
) 
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= (
−4√5

2
,
−1 + 15

3 × 2
) =  −2√5,

14

6
 

=  −2√5,
7

3
  

Q3. Which of the following points are at a 

distance of 15 units from the origin? 

a) (√𝟏𝟕𝟔, 𝟕) 

b)  𝟏𝟎,−𝟏𝟎  

c)  𝟏, 𝟏𝟓  

d) (
𝟏𝟓

𝟐
,
𝟏𝟓

𝟐
) 

Solution: 

𝑎  (√176, 7)  and  𝑂 0,0  

|𝑂𝐴| = √(√176 − 0)
2
+  7 − 0 2  

= √176 − 47 = √215 = 15 

 |𝑂𝐴| = 15    

𝑠𝑜 𝐴 𝑖𝑠 𝑎𝑡 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 15𝑢𝑛𝑖𝑡𝑠 𝑓𝑟𝑜𝑚    
Origin. 
 𝒃 .  𝟏𝟎,−𝟏𝟎    

Distance of  10,−10  from origin 

= √ 10 − 0 2 +  −10 − 0 2 = √100 + 100  

= √200 = 10√2  

Hence the point  10,−10 is not at 15 units away 

from the origin. 

  𝒄 .      𝟏, 𝟏𝟓   

𝑙𝑒𝑡 𝐶 1,15 𝑎𝑛𝑑 𝑂 0,0 𝑠𝑜,  

|𝑂𝐶| = √ 1 − 0 2 +  15 − 0 2 = √1 + 225 = √226 

So |𝑂𝐶| ≠

15 𝑇ℎ𝑢𝑠 𝐶 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑡 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 15 𝑢𝑛𝑖𝑡𝑠  

𝑓𝑟𝑜𝑚 𝑜𝑟𝑔𝑖𝑛.  

 𝑑 . (
15

2
 ,

15

2
 )   

Distance of (
15

2
 ,

15

2
 ) from origin 

 = √ 
15

2
− 0 

2

+  
15

2
− 0 

2

= √
256

4
+

256

4
 

= √
2 256 

4
= 15 

Hence the point (
15

2
 ,

15

2
 ) is at 15 units away from the 

origin. 

Question.4 Show that 

i. The points A (0, 2), B √3,−1  and C (0, -

2) are vertices of a right triangle. 

ii. The points A (3, 1), B (-2, -3) and C (2, 2) 

are vertices of an isosceles triangle. 
iii. The points A (5, 2), B (-2, 3), C (-3, -4) 

and D (4, -5) are vertices of a 

parallelogram. 

Is the parallelogram a square? 

Solution.  

i. Given that  
𝐴 3, 1  , 𝐵 −2 ,−3  𝑎𝑛𝑑 𝐶 2,2  

|𝐴𝐵| = √(√3 − 0)
2
+  −1 − 2 2 

|𝐴𝐵| = √(√3)
2
+  −3 2 

|𝐴𝐵| = √3 + 9 = √12 ==> |𝐴𝐵|2 = 12 

|𝐴𝐶| = √ 0 − 0 2 +  2 + 2 2 

|𝐴𝐶| = √ 0 2 +  4 2 

|𝐴𝐶| = √0 + 16 = √16 = 4 ==> |𝐴𝐶|2 = 16 

|𝐵𝐶| = √(0 − √3)
2
+  −2 + 1 2 

|𝐵𝐶| = √(−√3)
2
+  −1 2 

|𝐵𝐶| = √3 + 1 = √4 = 2 ==> |𝐵𝐶|2 = 4 

Since 

|𝐴𝐵|2 + |𝐵𝐶|2 = 12 + 4 = 16 = |𝐶𝐴|2 
Hence by Pythagoras theorem A, B, C are the vertices 

of the triangle. 

Remember 
 𝒊 𝑨 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒉𝒂𝒗𝒊𝒏𝒈 𝒕𝒘𝒐 𝒔𝒊𝒅𝒆𝒔 𝒆𝒒𝒖𝒂𝒍 𝒊𝒏 𝒍𝒆𝒏𝒈𝒕𝒉  𝒃𝒖𝒕 𝒏𝒐𝒕 

𝒕𝒐 𝒕𝒉𝒊𝒓𝒅 𝒔𝒊𝒅𝒆  𝒊𝒔 𝒄𝒂𝒍𝒍𝒆𝒅 𝒂𝒏 𝒊𝒔𝒐𝒂𝒄𝒆𝒍𝒆𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔.  
 𝒊𝒊  𝒊𝒏 𝒂𝒏 𝒊𝒔𝒊𝒔𝒄𝒆𝒍𝒆𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝒂𝒏𝒈𝒍𝒆𝒔 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 𝒕𝒐 𝒕𝒉𝒆   

𝒆𝒒𝒖𝒂𝒍 𝒔𝒊𝒅𝒆𝒔 𝒂𝒓𝒆 𝒂𝒍𝒔𝒐 𝒆𝒒𝒖𝒂𝒍.   

ii. Given that  
𝐴 3, 1  , 𝐵 −2 ,−3  𝑎𝑛𝑑 𝐶 2,2  

|𝐴𝐵| = √ −2 − 3 2 +  −3 − 1 2 

|𝐴𝐵| = √ −5 2 +  −4 2 

|𝐴𝐵| = √25 + 16 = √41 ⇒ |𝐴𝐵|2 = 41 

|𝐴𝐶| = √ 3 − 2 2 +  1 − 2 2 

|𝐴𝐶| = √ 1 2 +  −1 2 

|𝐴𝐶| = √1 + 1 = √2 ==> |𝐴𝐶|2 = 2 

|𝐵𝐶| = √ 2 + 2 2 +  2 + 3 2 

|𝐵𝐶| = √ 4 2 +  5 2 

|𝐵𝐶| = √16 + 25 = √41 ==> |𝐵𝐶|2 = 41 

Since 

|𝐴𝐵| = |𝐵𝐶|  𝑎𝑛𝑑 |𝐵𝐶| + |𝐴𝐶| 

𝐻𝑒𝑛𝑐𝑒 𝐴 , 𝐵, 𝐶 are vertices of an isosceles triangle. 

iii. Given that  
𝐴 5, 2  , 𝐵 −2 , 3  , 𝐶 −3,−4  𝑎𝑛𝑑 𝐷 4,−5  

|𝐴𝐵| = √ −2 − 5 2 +  3 − 2 2 

|𝐴𝐵| = √ −7 2 +  1 2 

|𝐴𝐵| = √49 + 1 = √50 = 5√2 

|𝐵𝐶| = √ −3 + 2 2 +  −4 − 3 2 

|𝐵𝐶| = √ −1 2 +  −7 2 

|𝐵𝐶| = √1 + 49 = √50 = 5√2 

|𝐶𝐷| = √ 4 + 3 2 +  −5 + 4 2 

|𝐶𝐷| = √ 7 2 +  −1 2 

|𝐶𝐷| = √49 + 1 = √50 = 5√2 

|𝐷𝐴| = √ 5 − 4 2 +  2 + 5 2 
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C 
B 

A 

𝐴 𝑥1, 𝑦1  

𝐴 𝑥2, 𝑦2  

𝐶 𝑥3, 𝑦3  
𝐵 −4,−3  

𝐹 −1,1  
𝐷 1,−1  

 

|𝐷𝐴| = √ 1 2 +  7 2 

|𝐷𝐴| = √1 + 49 = √50 = 5√2 

Since 

|𝐴𝐵| = |𝐶𝐷|  𝑎𝑛𝑑 |𝐵𝐶| = |𝐷𝐴| 

Hence A , B, C are vertices of Parallelogram. 

Now 

|𝐴𝐶| = √ −3 − 5 2 +  −4 − 2 2 

|𝐴𝐶| = √ −8 2 +  −6 2 

|𝐴𝐶| = √64 + 36 = √100 = 10 

|𝐵𝐷| = √ 4 + 2 2 +  −5 − 3 2 

|𝐵𝐷| = √ 6 2 +  −8 2 

|𝐵𝐷| = √36 + 64 = √100 = 100 

Since all sides are equals and also both diagonals are 

equal therefore A,B, C, D are vertices of a square. 

Question.5. the midpoint of the sides of a triangle 

are 𝟏,−𝟏 ,  −𝟒,−𝟑  𝒂𝒏𝒅  −𝟏, 𝟏 . Find the 

coordinates of the vertices o a triangle. 

Solution. 

Let 𝐴 𝑥1, 𝑦1 , 𝐵 𝑥2 , 𝑦2 𝑎𝑛𝑑 𝐶 𝑥3, 𝑦3  are vertices of 

triangle ABC and let 

𝐷 1,−1 , 𝐸 −4,−3  𝑎𝑛𝑑 𝐹 −1,1  are midpoints of 

sides 𝐴𝐵, 𝐵𝐶 and CA respectively. 

Then 

 
𝑥1 + 𝑥2

2
 ,
𝑦1 + 𝑦2

2
 =  1,−1  

⇒ 𝑥1 + 𝑥2 = 2 →  𝑖       𝑎𝑛𝑑       𝑦1 + 𝑦2 = −2 →  𝑖𝑖  

  

 
𝑥2 + 𝑥3

2
 ,
𝑦2 + 𝑦3

2
 =  −4,−3  

⇒ 𝑥2 + 𝑥3 = −8 →  𝑖𝑖𝑖    𝑎𝑛𝑑     𝑦2 + 𝑦3 = −6

→  𝑖𝑣  

 
𝑥3 + 𝑥1

2
 ,
𝑦3 + 𝑦1

2
 =  −1, 1  

⇒ 𝑥3 + 𝑥1 = 2 →  𝑣     𝑎𝑛𝑑     𝑦3 + 𝑦1 = 2 →  𝑣𝑖  

Subtracting (i) and (iii) 

 𝑥1 + 𝑥2 − 𝑥2 + 𝑥3 = 2 + 8 

𝑥1 − 𝑥3 = 10 →  𝑣𝑖𝑖   

Adding (v) and (vii)  

 𝑥1 + 𝑥3 +  𝑥1 − 𝑥3 = −2 + 10  

2𝑥1 = 8  

𝑥1 = 4  

Putting value of 𝑥1 𝑖𝑛  𝑖  

4 + 𝑥2 = 2  

𝑥2 = 2 − 4  

𝑥2 = −2  

Putting value of 𝑥1 in (v) 

4 + 𝑥3 = −2  

𝑥3 = −2− 4  

𝑥3 = −6  

Subtracting (ii) and (iv) 

 𝑦1 + 𝑦2 − 𝑦2 + 𝑦3 = −2 + 6  

𝑦1 − 𝑦3 = 4 →  𝑣𝑖𝑖   

Adding (vi) and (viii) 

 𝑦1 + 𝑦3 +  𝑦1 − 𝑦3 = 2 + 4  

2𝑦1 = 6  

𝑦1 = 3  

Putting value of 𝑦1 𝑖𝑛  𝑖𝑖  

3 + 𝑦2 = −2  

𝑦2 = −2 − 3  

𝑦2 = −5  

Putting value of 𝑦1 in (vi) 

3 + 𝑦3 = 2  

𝑦3 = 2 − 3  

𝑦3 = −1  

Hence vertices of triangle are 

 4,3 ,  −2,−5   𝑎𝑛𝑑  −6 , −1 . 

Question.6. Find h such that the point 

𝑨(√𝟑 , −𝟏) , 𝑩 𝟎, 𝟐  𝒂𝒏𝒅 𝑪 𝒉,−𝟐  are the vertices 

of a right angle with right angle at the vertex A. 

Solution. 

Since ABC is a right angle triangle therefore by 

Pythagoras theorem 

|𝐴𝐵|2 + |𝐶𝐴|2 = |𝐵𝐶|2 

[(0 − √3)
2
+  2 + 1 2] + [(√3 − ℎ)

2
+  −1 + 2 2]  

=  ℎ − 0 2 +  −2 − 2 2  

[3 + 9] + [3 + ℎ2 − 2√3ℎ + 1] = ℎ2 + 16   

12 + ℎ2 − 2√3ℎ + 4 = ℎ2 + 16  

−2√3ℎ = 0  

ℎ = 0      ∵ 2√3  

Which is required. 

Remember: (i) points lying on the same line are 

called collinear points. 

(ii) The points 

𝑨 𝒙, 𝒚  𝒂𝒏𝒅 𝑩 𝒙, 𝒚  𝒂𝒏𝒅 𝑪 𝒙, 𝒚 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓 

 if shape𝒐𝒇 𝑨𝑩 

= 𝒔𝒍𝒐𝒑 𝒐𝒇 𝑨𝑪 𝒂𝒏𝒅 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝑨𝑩 = 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝑨𝑪  

 𝒂𝒏𝒅 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝑨𝑩 =
𝒚𝟐 − 𝒚𝟏

𝒙𝟐 − 𝒙𝟏
  

The points 

𝑨 𝒙, 𝒚 , 𝑩 𝒙𝟏, 𝒚𝟏 𝒂𝒏𝒅 𝑪 𝒙𝟐, 𝒚𝟐 𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓 
 𝒊𝒇   

 |

𝒙𝟏 𝒚𝟏 𝟏
𝒙𝟐 𝒚𝟐 𝟏
𝒙𝟑 𝒚𝟑 𝟏

| = 𝟎 

 

Question.7. find h such that 

𝑨 −𝟏,𝒉  , 𝑩 𝟑, 𝟐  𝒂𝒏𝒅 𝑪 𝟕, 𝟑  𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓. 

 Solution. 

 Three point 
𝐴 𝑥1, 𝑦1 , 𝐵 𝑥2, 𝑦2  𝑎𝑛𝑑 𝐶 𝑥3, 𝑦3  𝑎𝑟𝑒 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑓  

|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

| = 0 

   Since given points are collinear therefore  
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B O 
A 

|
−1 ℎ 1
3 2 1
7 3 1

| = 0 

−1 2 − 3 − ℎ 3 − 7 + 1 9 − 14 = 0 

1 + 4ℎ − 5 = 0 

4ℎ − 4 = 0 

4ℎ = 4 
ℎ = 1. 

Question.8. the points 

𝑨 −𝟓,−𝟐  𝒂𝒏𝒅  𝑩 𝟓,−𝟒  are end of a diameter 

of a circle. Find the center and radius of the 

circle. 

Solution. 
The center of the circle is midpoint of 𝐴𝐵 

𝑖. 𝑒.   𝑐𝑒𝑛𝑡𝑒𝑟 𝐶 = (
−5+5

2
 ,

−2−4

2
)  

= (
0

2
 , −

6

2
)  =  0,−3   

Now radius = |𝐴𝐶| = √ 0 + 5 2 +  −3 + 2 2  

= √25 + 1 = √26  

Question.9. Find h such that the points A(h,1), 

B2,7and C6, 7are vertices of a right 

triangle with right angle at the vertex A 
Solution. 

∵ 𝐴 ℎ, 1 , 𝐵 2,7 , 𝐶 −6,−7   

∵ 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 𝑎𝑡 𝑣𝑒𝑟𝑡𝑒𝑥 𝐴 𝑠𝑜 𝑏𝑦 𝑝𝑎𝑡𝑎𝑔𝑜𝑟𝑎𝑠 

Theorem,  

|𝐵𝐶|2 = |𝐴𝐶|2 + |𝐴𝐵|2 →  𝑖 so 

|𝐴𝐵| = √ 2 − ℎ 2 +  7 − 1 2  

= √4 − 4ℎ + ℎ2 + 36  

|𝐴𝐵| = √40 − 4ℎ + ℎ2  

 |𝐴𝐵|2 = 40 − 4ℎ + ℎ2 

|𝐵𝐶|2 = √ −6 − 2 2 +  −7 − 7 2 = √ −8 2 +  −14 2  

= √64 + 196 = √260 ⇒ |𝐵𝐶|2 = 260  

|𝐴𝐶| = √ −6 − ℎ 2 +  −7 − 1 2 

= √36 + 12ℎ + ℎ2 + 64 

|𝐴𝐶| = √ℎ2 + 12ℎ + 100 

= |𝐴𝐶|2 = ℎ2 + 12ℎ + 100 

So eq (i) become 

260 = ℎ2 + 12 + 100 + 40 − 4ℎ + ℎ2 

 2ℎ2 + 8ℎ + 140 = 260 

 2ℎ2 + 8ℎ + 140 − 260 = 0 

 2ℎ2 + 8ℎ − 120 = 0 

 ℎ2 + 4ℎ − 600 = 0    ÷ 𝑏𝑦 2 

 ℎ2 + 10ℎ − 6ℎ − 60 = 0 

 ℎ ℎ + 10 − 6 ℎ + 10  

  ℎ + 10  ℎ − 6 = 0 

 ℎ + 10 = 0  𝑜𝑟 ℎ − 6 = 0 

 ℎ = −10  0𝑟 ℎ = 6 

 

Question.10. 

A quadrilateral has the points A (9,3) B(-7,-7) , 

 C (-3 , -7) and D 5,5as its vertices. Find the 

midpoints of its sides. Show that the figure 

formed by joining the midpoints consecutively 

is a 

parallelogram. 

Solution. 
∵ 𝐴 9,3 , 𝐵 −7,7 , 𝐶 −3,−7 ,𝐷 5,−5  

Midpoint of 𝐴𝐵𝑖𝑠 𝐸 (
−7+9

2
,
7+3

2
) 

= 𝐸  
2

2
,
10

2
  

Midpoint 𝑜𝑓 𝐴𝐵 𝑖𝑠 𝐸 (
−7+9

2
,
7+3

2
) 

= 𝐸  
2

2
,
10

2
  

= 𝐸 1,5  

 

 

 

 

 

 

 

 

 

 

Midpoint of BC is F
(−7+ −3 )

3
,
7+ −7 

2
= 𝐹 (

−10

2
,
0

2
) 

𝐹 =  −5,0  

Midpoint𝑜𝑓𝐶𝐷 𝑖𝑠 𝐺 (
−3+5

2
,
−7+ −5 

2
) =

𝐺 (
2

2
,
−7−5

2
) 

= 𝐺  
2

2
,
−12

2
 = 𝐺 1,6  

Mid-point 𝐴𝐷 𝑖𝑠 𝐻 (
9+5

2
,
3−5

2
) = 𝐻 (

14

2
,
−2

2
) 

= 𝐻  
14

2
, −

2

2
  

Now point of AD is H (
9+ℎ

2
,
3−5

2
) = 𝐻 (

14

2
, −

2

2
) 

=  7,−1  
Now 

𝑓𝑖𝑔𝑢𝑟𝑒 𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝐸, 𝐹, 𝐺 𝑎𝑛𝑑 𝐻 𝑤𝑖𝑙𝑙 

 𝑏𝑒 ||𝑔𝑟𝑎𝑚 𝑖𝑓 |𝐸𝐹| = |𝐻𝐺| 𝑎𝑛𝑑 |𝐻𝐸| = |𝐺𝐹| 𝑠𝑜 

|𝐸𝐹| = √ −5 − 1 2 +  0 − 5 2

= √ −6 2 +  5 2 

= √61  

|𝐺𝐹| = √ 1 − 7 2 +  −6 + 1 62 

= √ −6 2 +  6 2 = √36 + 25

= √61 

B 

A C 
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|𝐻𝐸| = √ 1 − 7 2 +  5 −  −1 2

= √ −6 2 +  6 2 

= √36 + 36 = √72 

Thus |𝐸𝐹| = |𝐻𝐺| 𝑎𝑛𝑑 |𝐻𝐸| +
|𝐺𝐹| 𝑠𝑜 𝐸𝐹𝐺𝐻 𝑖𝑠 𝑎  
||𝑔𝑟𝑎𝑚. 

Question.11. 

Find h such that the quadrilateral with vertices 

A (-3,0) B(1,-2) C(5,0) and D(1,h) is a 

parallelogram. Is it a square? 

Solution. 

Given 𝐴 −3,0 , 𝐵 1,−2 , 𝐶 5,0 , 𝐷 1, ℎ  
Quadrilateral ABCD is a parallelogram if  

|𝐴𝐵| = |𝐶𝐷|𝑎𝑛𝑑 |𝐵𝐶| = |𝐴𝐷| 
When |𝐴𝐵| = |𝐶𝐷| 
 

 

 

 

 

 

|𝐴𝐵|2 = |𝐶𝐷|2 

 1 + 3 2 +  −2 − 0 2 =  1 − 5 2 +  ℎ − 0 2 

16 + 4 = 16 + ℎ2 

ℎ2 = 4 

ℎ = ±2 

When ℎ = 2  𝑡ℎ𝑒𝑛 𝐷 1, ℎ = 𝐷 1,2  then 

|𝐴𝐵| = √ 1 + 3 2 +  −2 − 0 2 = √16 + 4

= √20 

|𝐵𝐶| = √ 5 − 1 2 +  0 + 2 2 = √16 + 4 = √20 

|𝐶𝐴| = √ 1 − 5 2 +  2 − 0 2 = √16 + 4 = √20 

|𝐷𝐴| = √ −1 − 3 2 +  0 − 2 2 = √16 + 4

= √20 

Now for diagonals 

|𝐴𝐶| = √ 5 + 3 2 +  0 − 0 2 = √64 + 0 = √64

= 8 

|𝐵𝐷| = √ 1 − 1 2 +  2 + 2 2 = √0 + 16 = √16

= 4 

Hence all sides all equal but diagonals |𝐴𝐶| ≠ |𝐵𝐷| 

Therefore ABCD is a parallelogram but not a square. 

Now when ℎ = −2 𝑡ℎ𝑒𝑛 𝐷 1, ℎ = 𝐷 1,−2 𝑏𝑢𝑡  

 𝑤𝑒 𝑎𝑙𝑠𝑜 ℎ𝑎𝑣𝑒 𝐵 1,−2 .B and D represent the same 

point which cannot happened in quadrilateral. So we 

cannot take ℎ = −2. 

Question.12. If two vertices of an equilateral 

triangle are A3, 0and B3, 0find the third 

vertex. How many of these triangles are 

possible? 

 Solution. 

Given that𝐴 −3,0 . 𝐵 3,0 . 

Let 𝐶 𝑥, 𝑦  be the third vertex of an equilateral 

triangle ABC. 

Then |𝐴𝐵| = |𝐵𝐶| = |𝐶𝐴| |𝐴𝐵|2 = |𝐵𝐶|2 =

|𝐶𝐴|2 

 3 + 3 2 +  0 − 0 2 =   𝑥 − 3 2 +  𝑦 − 0 2

=  𝑥 + 3 2 +  𝑦 − 0 2 

36 + 0 = 𝑥2 − 6𝑥 + 9 + 𝑦2 = 𝑥2 + 6𝑥 + 9 + 𝑦2 

36 = 𝑥2 − 6𝑥 + 9 + 𝑦2 = 𝑥2 + 6𝑥 + 9 + 𝑦2

→  𝑖  
 

 

 

 

 

 

 

 

 

 

From (i), we have 

𝑥2 − 6𝑥 + 9 + 𝑦2 = 𝑥2 + 6𝑥 + 9 + 𝑦2 

−6𝑥 = 6𝑥 

12𝑥 = 0 

𝑥 = 0 

Again from the equation (i), we have 

36 = 𝑥2 + 𝑦2 − 6𝑥 + 9 

Using 𝑥 = 0 , 𝑤𝑒 ℎ𝑎𝑣𝑒  

36 = 𝑦2 + 9 

𝑦2 = 36 − 9 = 27 

𝑦 = ±3√3 

Hence the required third vertex is 𝐶 𝑥, 𝑦 =

𝐶(0,±3√3). 

 Hence two triangles formed. 

Question.13.Find the points trisecting the join 

of 𝑨 −𝟏, 𝟒 𝒂𝒏𝒅 𝑩 𝟔, 𝟐 . 
Solution. 

Given that  

𝐴 −1,4 𝑎𝑛𝑑 𝐵 6,2  
Let 𝐶  𝑎𝑛𝑑 𝐷 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑏𝑖𝑠𝑒𝑐𝑡𝑖𝑛𝑔 𝐴 𝑎𝑛𝑑 𝐵. 

Then 𝐴𝐶: 𝐶𝐵 = 1: 2 

So Coordinates of C= (
1 6 +2 −1 

1+2
,
1 2 +2 4 

1+2
) 

C =  
6 − 2

3
,
3 + 8

3
 =  

4

3
,
10

3
  

Also 𝐴𝐷:𝐷𝐵 = 2: 1   

So Coordinates of D= (
2 6 +1 −1 

2+1
,
2 2 +1 4 

2+1
)  C =

(
12−1

3
,
4+4

3
) = (

11

3
,
8

3
)  

Hence 

(
4

3
,
10

3
)  𝑎𝑛𝑑 (

11

3
,
8

3
)  𝑎𝑟𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡𝑟𝑖𝑠𝑒𝑐𝑡𝑖𝑛𝑔 𝐴 𝑎𝑛𝑑 𝐵. 

A B 

C D 

C 

A B 

𝐶′ 
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A B 

C 

c 

b c 

𝐴 1,4  𝐵 5,6  𝑝 𝑥, 𝑦  

A 

B C 

P 

𝑃 𝑥, 𝑦  𝐴 1,4  𝐵 5,4  

Question.14. 

Find the point three-fifth of the way along the 

line segment from A5,8to B5,3). 

Solution. 

Given that  

𝐴 −5,8 𝑎𝑛𝑑 𝐵 5,3  
Let 𝐶 𝑥, 𝑦 𝑏𝑒 𝑎 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑒𝑛 

𝐴𝐶: 𝐶𝐵 = 3: 2 

So Coordinates of 𝐶 = (
3 5 +2 −5 

3+2
,
3 3 +2 8 

3+2
)   

C =  
15 − 10

5
,
9 + 16

5
 =  

5

5
,
25

5
  

C =  1,5  

Question.15.Find the point P on the joining of 

A (1, 4) and B (5, 6) that is twice as far from A 

as B is from A and lies  

(i) Lies on the same side of the A and B  

(ii) On the opposite side of A as B does. 

Solution. 

 𝑖 𝐴 1,−4 , 𝐵 5,6     

∵ 𝐵 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝑃 𝑠𝑜  

5 =
1+𝑥

2
, 6 =

4+𝑦

2
     

 

 

 

 10 = 1 + 𝑥     ,    12 = 4 + 𝑦 

 𝑥 = 10 − 1    ,   𝑦 = 12 − 4 

 𝑥 = 9     𝑦 =

8       𝑠𝑜 𝑃 9,8 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑  

𝑝𝑜𝑖𝑛𝑡.  
 𝑖𝑖    𝐴 1,4 , 𝐵 5,6   
 

 

 

∵ 𝐴 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑃𝐵 𝑖𝑛 𝑟𝑎𝑡𝑖𝑜 2: 1  

Question.16. Find the point which is 

equidistant from the 

points𝑨 𝟓, 𝟑 ,𝑩 𝟐,−𝟐 𝒂𝒏𝒅 𝑪 𝟒, 𝟐 . What is 

the radius of the circumcircle of the ∆𝑨𝑩𝑪. 
Solution. 

Given that 𝐴 5,3 , 𝐵 2,−2 𝑎𝑛𝑑 𝐶 4,2  

Let D(x,y) be a point which is equidistant from A 

, B and C then  

 

 

 

 

 

 

 

 

 

 

 

|𝐷𝐴| = |𝐷𝐵| = |𝐷𝐶|  
|𝐷𝐴|2 = |𝐷𝐵|2 = |𝐷𝐶|2  

 𝑥 − 5 2 +  𝑦 − 3 2  

=  𝑥 + 2 2 +  𝑦 − 2 2   

=  𝑥 − 4 2 +  𝑦 − 2 2 →  𝑖   
 

 

From (i), we have 

 𝑥 − 5 2 +  𝑦 − 3 2 =  𝑥 + 2 2 +  𝑦 − 2 2  

𝑥2 − 10𝑥 + 25 + 𝑦2 − 6𝑦 + 9

= 𝑥2 + 4𝑥 + 4 + 𝑦2 − 4𝑦 + 4 

−10𝑥 − 6𝑦 + 34 = 4𝑥 − 4𝑦 + 8 

−10𝑥 − 4𝑥 − 6𝑦 + 4𝑦 + 34 − 8 = 0 

−14𝑥 − 2𝑦 + 26 = 0 

7𝑥 + 𝑦 − 13 = 0 →  𝑖𝑖  

Again from (i) , we have  

 𝑥 + 2 2 +  𝑦 − 2 2 =  𝑥 − 4 2 +  𝑦 − 2 2 

𝑥2 + 4𝑥 + 4 + 𝑦2 − 4𝑦 + 4

= 𝑥2 − 8𝑥 + 16 + 𝑦2 − 4𝑦 + 4 

4𝑥 − 4𝑦 + 8 = −8𝑥 − 4𝑦 + 20 

4𝑥 + 8𝑥 + 8 − 20 = 0 

12𝑥 − 12 = 0 

12𝑥 = 12 

𝑥 = 1 

Using this value in (ii), we have  

7 + 𝑦 − 13 = 0 

𝑦 − 6 = 0 

𝑦 = 6 

Hence the required point is 𝐷 𝑥, 𝑦 = 𝐷 1,6 . 

Now Radius of circumcircle = |𝐷𝐴| =

√ 5 − 1 2 +  3 − 6 2 = √16 + 9 = √25 = 5 

units. 

Question.17. 

The point 

 𝟒,−𝟐 ,  −𝟐, 𝟒  𝒂𝒏𝒅 𝑪 𝟓, 𝟓 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒐𝒇  

𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏 − 𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆  

 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆.  
Solution. 

Let 𝐴 4,−2 , 𝐵 −2,4  , 𝐶 5,5  are the vertices of 

triangle then  

𝑎 = |𝐵𝐶| = √ 5 + 2 2 +  5 − 4 2  

= √49 + 1 = √50 = 5√2  

𝑏 = |𝐶𝐴| = √ 4 − 5 2 +  2 − 5 2  

= √1 + 49 = √50 = 5√2  

𝑐 = |𝐴𝐵| = √ −2 − 4 2 +  2 + 4 2  

= √36 + 36 = √36 × 2 = 6√2  

Now 
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𝑦 

𝑥 

𝑦 

𝑁 𝑀 

𝑂′ 𝑜, 𝑜  

𝑃 𝑥, 𝑦  

𝑥 

𝑀

’ 

𝑥 𝑦 

𝑥 

𝐼𝑛 − 𝑐𝑒𝑛𝑡𝑒𝑟 = (
𝑎𝑥1+𝑏𝑥2+𝑐𝑥3

𝑎+𝑏+𝑐
 ,

𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐
)  

𝐼𝑛 − 𝑐𝑒𝑛𝑡𝑒𝑟

= (
5√2 4 + 5√2 −2 + 6√2 5 

5√2 + 5√2 + 6√2
 ,
5√2 −2 + 5√2 4 + 6√2 5 

5√2 + 5√2 + 6√2
) 

𝐼𝑛 − 𝑐𝑒𝑛𝑡𝑒𝑟

= (
20√2 − 10√2 + 30√2

16√2
 ,
−10√2 + 20√2 + 30√2

16√2
) 

𝐼𝑛 − 𝑐𝑒𝑛𝑡𝑒𝑟 = (
40√2

16√2
 ,
40√2

16√2
) 

𝐼𝑛 − 𝑐𝑒𝑛𝑡𝑒𝑟 =  
5

2
 ,
5

2
  

Question.18.  

Find the points that divide the line segment 

joining 𝑨 𝒙𝟏, 𝒚𝟏 𝒂𝒏𝒅 𝑩 𝒙𝟐, 𝒚𝟐  𝒊𝒏𝒕𝒐 𝒇𝒐𝒖𝒓 

 𝒆𝒒𝒖𝒂𝒍 𝒑𝒂𝒓𝒕𝒔.  
Solution. 

Given  

𝐴 𝑥1, 𝑦1 𝑎𝑛𝑑 𝐵 𝑥2, 𝑦2   

Let 
𝐶 , 𝐷 𝑎𝑛𝑑 𝐸 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝐴𝐵 𝑖𝑛𝑡𝑜 𝑓𝑜𝑢𝑟 𝑒𝑞𝑢𝑎𝑙 𝑝𝑎𝑟𝑡𝑠. 

Since 𝐴𝐶: 𝐶𝐵 = 1: 3 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓 𝐶

= (
1 𝑥2 + 3 𝑥1 

1 + 3
 ,
1 𝑦2 + 3 𝑦1 

1 + 3
) 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓 𝐶 =  
2𝑥1 + 𝑥2

4
 ,
2𝑦1 + 𝑦2

4
  

Now 𝐴𝐷:𝐷𝐵 = 2: 2 = 1: 1 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓 𝐷

= (
1 𝑥2 + 1 𝑥1 

1 + 1
 ,
1 𝑦2 + 1 𝑦1 

1 + 1
) 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓𝐷 =  
𝑥1 + 𝑥2

2
 ,
𝑦1 + 𝑦2

2
  

Now 𝐴𝐸: 𝐸𝐵 = 3: 1 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓 𝐸

= (
3 𝑥2 + 1 𝑥1 

3 + 1
 ,
3 𝑦2 + 1 𝑦1 

3 + 1
) 

𝐶𝑜 − 𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓𝐸

=  
𝑥1 + 3𝑥2

4
 ,
𝑦1 + 3𝑦2

4
  

Hence 

(
2𝑥1+𝑥2

4
 ,

2𝑦1+𝑦2

4
) , (

𝑥1+𝑥2

2
 ,

𝑦1+𝑦2

2
)  𝑎𝑛𝑑  

(
𝑥1+3𝑥2

4
 ,

𝑦1+3𝑦2

4
) are the points divining AB 

into four equal parts? 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Translation and relation of axis. 

𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑥𝑦 − 𝑃𝑙𝑎𝑛𝑒. 𝐿𝑒𝑡 𝑤𝑒  

Draw two mutually perpendicular lines 

𝑂′𝑋𝑎𝑛𝑑 𝑂′𝑌 
Such that they meet at a point 𝑂′ ℎ, 𝑘 𝑖𝑛 𝑥𝑦 −

𝑝𝑙𝑎𝑛𝑒  

𝐻𝑒𝑟𝑒 𝑂′ 𝑥 𝑎𝑛𝑑 𝑂′ 𝑦  𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑂𝑋 𝑎𝑛𝑑 𝑂𝑌 
Respectively. The new axis 

𝑂′𝑋𝑎𝑛𝑑 𝑂′𝑌 𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑  

𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑂𝑋 𝑎𝑛𝑑 𝑂𝑌 𝑎𝑥𝑖𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑝𝑜𝑖𝑛𝑡  

𝑂′. 𝐿𝑒𝑡  𝑃 𝑥, 𝑦 𝑏𝑒 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑋𝑌 − 𝑃𝑙𝑎𝑛𝑒. 𝐷𝑟𝑎𝑤

⊥ 𝑎𝑟𝑠 

𝑃𝑀 𝑎𝑛𝑑 𝑂′𝑁 𝑓𝑟𝑜𝑚 𝑃 𝑎𝑛𝑑 𝑂′𝑜𝑛 𝑥

− 𝑎𝑥𝑖𝑠. 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒 

𝑂𝑀 = 𝑥, 𝑃𝑀 = 𝑦  𝑂′𝑁 = 𝑀′𝑀 = 𝑘 𝑋 = 𝑂′𝑀′

= 𝑁𝑀 

= 𝑂𝑀 − 𝑂𝑁 = 𝑥 − ℎ 𝑎𝑛𝑑 𝑌 = 𝑃𝑀′

= 𝑃𝑀 − 𝑀′𝑀 

𝑃𝑀 − 𝑂′𝑁 = 𝑦 − 𝑘  

𝑡ℎ𝑢𝑠 𝑐𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑃 𝑖𝑛 𝑋𝑌 − 𝑝𝑙𝑎𝑛𝑒 𝑎𝑟𝑒  𝑋, 𝑌  

=  𝑥 − ℎ, 𝑦 − 𝑘  

Important note:  

𝑎𝑠 𝑋 = 𝑥 − ℎ ⇒ 𝑥 = 𝑋 + ℎ  𝑎𝑛𝑑 

𝑌 = 𝑦 − 𝑘 ⇒ 𝑦 = 𝑌 + 𝑘 

i. If 𝑃 𝑥, 𝑦 𝑎𝑛𝑑 𝑂′ ℎ, 𝑘 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑖𝑛 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒  

𝑎𝑛𝑑 𝑤𝑒 𝑎𝑟𝑒 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑥𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑝 
Then we put 𝑋 = 𝑥 − ℎ 𝑎𝑛𝑑 𝑌 = 𝑦 − 𝑘 

ii. 𝑖𝑓 𝑃 𝑋, 𝑌 𝑎𝑛𝑑 𝑂′ ℎ, 𝑘 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑖𝑛 𝑋𝑌 − 𝑝𝑙𝑎𝑛𝑒 

and we are to find 

𝑥𝑦 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑃 𝑡ℎ𝑒𝑛 𝑤𝑒 

 𝑝𝑢𝑡  𝑥 = 𝑋 + ℎ   𝑎𝑛𝑑 𝑦 = 𝑌 + 𝑘   
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Exercise 4.2 
Question.1. 

The two points 𝑃 𝑎𝑛𝑑 𝑂′ are given in 𝑥𝑦 −

𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑠𝑦𝑠𝑡𝑒𝑚.Find the 𝑋𝑌 −

𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 of 𝑃 referred to the translated axes 

𝑂′𝑋 𝑎𝑛𝑑 𝑂′𝑌. 

(i). 𝑃 3,2 ; 𝑂′ 1,3  

Solution. 

Since 𝑃 𝑥, 𝑦 = 𝑃 3,2  

𝑥 = 3 𝑎𝑛𝑑 𝑦 = 2. 
𝑂′ ℎ, 𝑘 = 𝑂′ 1,3  

ℎ = 1 𝑎𝑛𝑑 𝑘 = 3. 
Since  

𝑋 = 𝑥 − ℎ      𝑎𝑛𝑑    𝑌 = 𝑦 − 𝑘 

𝑋 = 3 − 1      𝑎𝑛𝑑    𝑌 = 2 − 3 

𝑋 = 2      𝑎𝑛𝑑    𝑌 = −1 

Hence  2, −1  is point P in 𝑋𝑌 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠. 

(ii) 𝑃 −2,6  , 𝑂′ −3,2  

Solution. 

Here  𝑥 = −2  , 𝑦 = 6 𝑎𝑛𝑑 ℎ = −3 , 𝑘 = 2 

𝑃 𝑋, 𝑌 =?  ∵ 𝑋 = 𝑥 − ℎ = −2 −  −3 

= −2 + 3 = 1 

And 𝑌 = 𝑦 − 𝑘 = 6 − 2 = 4 𝑠𝑜 𝑃 𝑋, 𝑌 = 𝑃 1,4  

(iii). 𝑃 −6,−8  , 𝑂′ −4,−6   

Solution. 

Here 𝑥 = −6, 𝑦 = −8, ℎ = −4, 𝑘 =

−6    𝑃 𝑋, 𝑌 =? 

∵ 𝑋 = 𝑥 − ℎ = −6 ± 4 = −6 + 4 = −2 

𝑌 = 𝑦 − 𝑘 = −8 −  −6 = −8 + 6 = −2 
So 𝑃 𝑋, 𝑌 = 𝑃 −2,−2  

(iv). 𝑃 (
3

2
,
5

2
) , 𝑂′ (−

1

2
,
7

2
) 

Solution. 

Since 𝑃 𝑥, 𝑦 =  𝑃 (
3

2
,
5

2
) 

𝑥 =
3

2
 𝑎𝑛𝑑 𝑦 =

5

2
 

𝑂′ ℎ, 𝑘 = 𝑂′  −
1

2
,
7

2
  

ℎ = −
1

2
 𝑎𝑛𝑑 𝑘 =

7

2
 

Since  

𝑋 = 𝑥 − ℎ      𝑎𝑛𝑑    𝑌 = 𝑦 − 𝑘 

𝑋 =
3

2
+

1

2
      𝑎𝑛𝑑    𝑌 =

5

2
−

7

2
 

𝑋 =
4

2
      𝑎𝑛𝑑    𝑌 = −

2

2
 

𝑋 = 2      𝑎𝑛𝑑    𝑌 = −1 

 

Hence  2, −1  is point P in 𝑋𝑌 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠. 

Question.2.  

The 𝒙𝒚 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆  axes are translated 

through the point 𝑶′ whose coordinates are 

given in 𝒙𝒚 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔. the coordinates of 

𝑷 are given in the 𝑿𝒀 −

𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒔𝒚𝒔𝒕𝒆𝒎.Find the coordinates of P 

in 𝒙𝒚 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 system. 

(i). 𝑷 𝟖, 𝟏𝟎  , 𝑶′ 𝟑, 𝟒  

Solution. 

Since 𝑃 𝑋, 𝑌 =  𝑃 8,10  

𝑋 = 8 𝑎𝑛𝑑 𝑌 = 10 

𝑂′ ℎ, 𝑘 = 𝑂′ 3,4  

ℎ = 3 𝑎𝑛𝑑 𝑘 = 4 
Since  

𝑋 = 𝑥 − ℎ      𝑎𝑛𝑑    𝑌 = 𝑦 − 𝑘 

8 = 𝑥 − 3      𝑎𝑛𝑑    10 = 𝑦 − 4 

𝑥 = 8 + 3      𝑎𝑛𝑑    𝑦 = 10 + 4 

𝑥 = 11      𝑎𝑛𝑑    𝑦 = 14 

 

Hence  11,14  is point P in 𝑥𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠. 

(ii). 𝑷 −𝟓,−𝟑 ,𝑶′ −𝟐,−𝟔  

Solution. 

Since 𝑃 𝑋, 𝑌 = 𝑃 −5,−3  

𝑋 = −5,    𝑌 = −3 

𝑂′ ℎ, 𝑘 = 𝑂′ −2,−6  

ℎ = −2  𝑎𝑛𝑑 𝑘 = −6 
Since  

𝑋 = 𝑥 − ℎ     𝑎𝑛𝑑 𝑌 = 𝑦 − 𝑘 

8 = 𝑥 − 3    𝑎𝑛𝑑 10 = 𝑦 − 4 

𝑥 = 8 + 3   𝑎𝑛𝑑 𝑦 = 10 + 4 

𝑥 = 11   𝑎𝑛𝑑 𝑦 = 14 

 

(iii). 𝑷 (−
𝟑

𝟒
, −

𝟕

𝟔
) , 𝑶′ (

𝟏

𝟒
, −

𝟏

𝟔
) 

Solution. 

Since 𝑃 𝑋, 𝑌 =  𝑃 (−
3

4
, −

7

6
) 

𝑋 = −
3

4
 𝑎𝑛𝑑 𝑌 = −

7

6
 

𝑂′ ℎ, 𝑘 = 𝑂′  
1

4
,−

1

6
  

ℎ =
1

4
 𝑎𝑛𝑑 𝑘 = −

1

6
 

Since  

𝑋 = 𝑥 − ℎ      𝑎𝑛𝑑    𝑌 = 𝑦 − 𝑘 

−
3

4
= 𝑥 −

1

4
      𝑎𝑛𝑑   −

7

6
= 𝑦 +

1

6
 

𝑥 = −
3

4
+

1

4
      𝑎𝑛𝑑    𝑦 = −

7

6
−

1

6
 

𝑥 = −
2

4
      𝑎𝑛𝑑    𝑦 = −

8

6
 

𝑥 = −
1

2
      𝑎𝑛𝑑    𝑦 = −

4

3
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Hence  −
1

2
 , −

4

3
  is point P in 𝑥𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠. 

(iv). 𝑷 𝟒,−𝟑 ,𝑶′ −𝟐, 𝟑  

Solution. 

Since 𝑃 𝑋, 𝑌 =  𝑃 4,−3  

𝑋 = 4 𝑎𝑛𝑑 𝑌 = −3 

𝑂′ ℎ, 𝑘 = 𝑂′ −2,3  

ℎ = −2 𝑎𝑛𝑑 𝑘 = 3 
Since  

𝑋 = 𝑥 − ℎ      𝑎𝑛𝑑    𝑌 = 𝑦 − 𝑘 

4 = 𝑥 + 2      𝑎𝑛𝑑   − 3 = 𝑦 − 3 

𝑥 = 4 − 2     𝑎𝑛𝑑    𝑦 = −3 + 3 

𝑥 = 2      𝑎𝑛𝑑    𝑦 = 0 

𝑠𝑜 𝑃 𝑥, 𝑦 = 𝑃 2,0  

Question.3. 

The 𝐱𝐲 − 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬 -axes are rotated 

about the origin through the indicated 

angle. The new axes are OX and OY. Find 

the XY-coordinates of the point P with the 

𝒈𝒊𝒗𝒆𝒏 𝐱𝐲 − 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬.  

(i),  𝐏 𝟓, 𝟑  ; 𝛉 = 𝟒𝟓𝟎 

Solution. 

Since  

𝑃 𝑥, 𝑦 = P 5,3  

𝑥 = 5    𝑎𝑛𝑑   𝑦 = 3        , 𝜃 = 450 

Since  

𝑋 = 𝑥𝐶𝑜𝑠𝜃 + 𝑦𝑆𝑖𝑛𝜃 

𝑋 = 5𝐶𝑜𝑠450 + 3𝑆𝑖𝑛450 

𝑋 = 5 
1

√2
 + 3  

1

√2
  

𝑋 =
5 + 3

√2
 

𝑋 =
8

√2
= 4√2 

Also 

𝑌 = 𝑦𝐶𝑜𝑠𝜃 − 𝑥𝑆𝑖𝑛𝜃 

𝑌 = 3𝐶𝑜𝑠450 − 5𝑆𝑖𝑛450 

𝑌 = 3 
1

√2
 − 5  

1

√2
  

𝑌 =
3 − 5

√2
 

𝑌 =
−2

√2
= −√2 

Hence the required point is (4√2 , −√2 ). 

(ii). 𝑃 3,−7 ; 𝜃 = 300 

Solution. 

𝐻𝑒𝑟𝑒 𝑥 = 3 , 𝑦 = −7, 𝜃 = 30𝑜 , 𝑃 𝑋, 𝑌 =? 

∵ 𝑋 = 𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃 = 3𝑐𝑜𝑠300 − 7𝑠𝑖𝑛300 

= 3(
√3

2
) − 7  

1

2
 =

3√3 − 7

2
 

𝑌 = 𝑦𝑐𝑜𝑠𝜃 − 𝑥𝑠𝑖𝑛𝜃 =  −7𝑐𝑜𝑠300 − 7𝑠𝑖𝑛300 

=
−7√3

2
−

3

2
=

−7√3 − 2

2
 

So 𝑃 𝑋, 𝑌 = 𝑃 
3√3−7

2
,
−7√3−2

2
 

(iii). 𝑷 𝟏𝟏,−𝟏𝟓 ; 𝜽 = 𝟔𝟎𝟎 

Solution. 

 ℎ𝑒𝑟𝑒 𝑥 = 11, 𝑦 = −15, 𝜃 = 600, 𝑃 𝑋, 𝑌 =? 

∵ 𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃 = 11𝑐𝑜𝑠600 − 15𝑠𝑖𝑛600 

= 11  
1

2
 − 15 (

√3

2
) =

11 − 15√3

2
 

𝑌 = 𝑦𝑐𝑜𝑠𝜃 − 𝑥𝑠𝑖𝑛𝜃 = −15𝑐𝑜𝑠600 − 11𝑠𝑖𝑛600 

−
15

2
−

11√3

2
=

−15 − 11√3

2
 

So 𝑃 𝑋, 𝑌 = 𝑃 (
11−15√3

2
,
−15−11√3

2
) 

(iv). 𝑷 𝟏𝟓, 𝟏𝟎 ; 𝜽 = 𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

𝟑
 

Solution. 

Since  

𝑃 𝑥, 𝑦 = P 15,10  

𝑥 = 15    𝑎𝑛𝑑   𝑦 = 10         

𝜃 = tan−1
1

3
 

𝑡𝑎𝑛𝜃 =
1

3
=

𝑝

𝑏
 

𝑝 = 1     ,      𝑏 = 3 

ℎ2 = 𝑝2 + 𝑏2 = 1 + 32 = 1 + 9 = 10 

ℎ = √10 

𝑆𝑖𝑛𝜃 =
𝑝

ℎ
=

1

√10
    𝑎𝑛𝑑 𝐶𝑜𝑠𝜃 =

𝑏

ℎ
=

3

√10
 

Now 

𝑋 = 15 
3

√10
+ 10 

1

√10
 

𝑋 =
45

√10
+ 

10

√10
 

𝑋 =
55

√10
 

Also 

𝑌 = 𝑦𝐶𝑜𝑠𝜃 − 𝑥𝑆𝑖𝑛𝜃 

𝑌 = 10
3

√10
− 15

1

√10
 

𝑌 =
30

√10
−

15

√10
 

𝑌 =
30 − 15

√10
 

𝑌 =
15

√10
 

Hence the required point is (
55

√10
,

15

√10
). 

Question.4. 
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𝑙 

𝑥 

9𝑂0 

𝑦 

𝑙 ||𝑡𝑜 𝑦 − 𝑎𝑥𝑖𝑠  0 

𝛼 
𝑥 

𝑦 
𝑙 

𝑙 

𝑥 

𝛼𝑂0 

𝑦 

𝑙 ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠  0 

The xy-coordinates axes are rotated about 

the origin through the indicated angle and 

the new axes are OX and OY, Find the xy-

coordinates of P with the given XY-

coordinates. 

(i). P −5,3   ; θ = 300 

Solution. 

Since  

𝑃 𝑋, 𝑌 = 𝑃 −5,3  

𝑋 = −5       𝑎𝑛𝑑     𝑌 = 3 

Also  

𝜃 = 300 

Therefore   𝑆𝑖𝑛𝜃 = 𝑆𝑖𝑛300 =
1

2
         𝑎𝑛𝑑        𝐶𝑜𝑠𝜃 = 𝐶𝑜𝑠300 =

√3

2
 

Now 

𝑋 = 𝑥𝐶𝑜𝑠𝜃 + 𝑦𝑆𝑖𝑛𝜃 

−5 = 𝑥
√3

2
 + 𝑦 

1

2
 

−5 =
√3𝑥 + 𝑦

2
 

√3𝑥 + 𝑦 = 1 = −10 →  𝑖  

Also 

𝑌 = 𝑦𝐶𝑜𝑠𝜃 − 𝑥𝑆𝑖𝑛𝜃 

3 = 𝑦
√3

2
− 𝑥

1

2
 

3 =
√3𝑦 − 𝑥

2
 

√3𝑦 − 𝑥 = 6 

√3𝑦 − 6 = 𝑥 

𝑥 = √3𝑦 − 6 →  𝑖𝑖  

Using (ii) in (i) , we have  

√3(√3𝑦 − 6) + 𝑦 = −10 

3𝑦 − 6√3 + 𝑦 = −10 

4𝑦 = −10 + 6√3 

𝑦 =
6√3 − 10

4
 

𝑦 =
3√3 − 5

2
 

Using in (ii), we have  

𝑥 = √3(
3√3 − 5

2
) − 6 

𝑥 =
3 3 − 5√3 − 12

2
 

𝑥 =
9 − 5√3 − 12

2
 

𝑥 = −
5√3 + 3

2
 

Hence the required point is (−
5√3+3

2
,
3√3−5

2
). 

(ii)𝑃(−7√2,  5√2)  ; 𝜃 = 450. 

Solution. 

ℎ𝑒𝑟𝑒 𝑋 = −7√2, 𝑌 = 5√2, 𝜃 = 450 

∵ 𝑋 = 𝑥𝑐𝑜𝑠𝜃 + 𝑦𝑠𝑖𝑛𝜃 

−7√2 = 𝑥𝑐𝑜𝑠450 + 𝑦𝑠𝑖𝑖𝑛450 

−7√2 =
𝑥

√2
+

𝑦

√2
 

⇒ 𝑥 + 𝑦 = −7 2    x by √2  

⇒ 𝑥 + 𝑦 = −14 →  𝑖  
And 𝑌 = 𝑦𝑐𝑜𝑠𝜃 − 𝑥𝑠𝑖𝑛𝜃 

⇒ 5√5 = 𝑦𝑐𝑜𝑠450 − 𝑥𝑠𝑖𝑛450 

5√2 =
𝑦

√2
−

𝑥

√2
 

⇒−𝑥 + 𝑦 = 5 2   " × "𝑏𝑦 √2 
⇒ −𝑥 + 𝑦 = 10 →  𝑖𝑖  

𝑏𝑦  𝑖 +  𝑖𝑖    ⇒  

 𝑥 + 𝑦 = −14 
−𝑥 + 𝑦 = 10

2𝑦 = −4
 

 

⇒𝑦 = −2 𝑝𝑢𝑡 𝑖𝑛 𝐼  
𝑥 − 2 = −14 ⇒ 𝑥 = −14 + 2 

⇒𝑥 = −12 𝑠𝑜 𝑃 𝑥, 𝑦 =  −12,−2  
Equations of straight lines: 

Inclination of lines: The angle  𝑂0 < 𝛼 < 1800  

Measured anti-clockwise from positive 𝑥 −

𝑎𝑥𝑖𝑠 𝑡𝑜  
A non-horizontal straight line 𝑙 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 

inclination of 𝑙. 

 

 

 

 

 

Note: 

i. If 𝑙 𝑖𝑠 ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠, 𝑡ℎ𝑒𝑛 𝛼 = 𝑜0 

ii. 𝑖𝑓 𝑙 𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑦 − 𝑎𝑥𝑖𝑠. 𝑡ℎ𝑒𝑛 𝛼 =

900 

 

 

 

 

 

 

 

 

Slope or gradient of a line: 
𝐿𝑒𝑡 𝛼𝑏𝑒 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑙𝑖𝑛𝑒, 𝑡ℎ𝑒𝑛 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑎 𝑙𝑖𝑛𝑒  

𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑚 𝑎𝑛𝑑 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑚 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 

𝑚 = 𝑡𝑎𝑛𝛼  

https://NewsonGoogle.com/
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X 

y 

𝑝 𝑥1, 𝑦1  

𝛼 𝜋
− 𝛼 

𝑥1 − 𝑥2 

𝑄 𝑥2, 𝑦2) 

𝑦2 − 𝑦1 
𝑅 

𝑁 𝑀 𝑂 

 The measure of steepness (ratio) of rise to 

the run is named as slope or gradient. 

 

 

 

 

Note: 

 Slope of 𝑥 − 𝑎𝑥𝑖𝑠 or any line parallel to 𝑥 −

𝑎𝑥𝑖𝑠 is zero  𝛼 = 𝑂0 ⇒ 𝑡𝑎𝑛𝑜0 = 0  

 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑦 −

𝑎𝑥𝑖𝑠 𝑜𝑟 𝑎𝑛𝑦 𝑙𝑖𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑦 −

𝑎𝑥𝑖𝑠 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑.  ∵ 𝛼 = 900 ⇒ 𝑡𝑎𝑛900 =

∞  

 If 𝑂0 < 𝛼 < 900 then m is positive and 

 if 9𝑜0 < 𝛼 < 1800 𝑡ℎ𝑒𝑛 𝑚 𝑖𝑠 − 𝑣𝑒. 

Slope of a straight line joining two points. 

Theorem: 

𝑖𝑓 𝑎 𝑛𝑜𝑛

− 𝑣𝑒𝑟𝑡𝑖𝑐𝑙𝑒 𝑙𝑖𝑛𝑒 𝑙 𝑤𝑖𝑡ℎ 𝑖𝑛𝑐𝑙𝑖𝑛𝑒𝑑 𝛼 𝑝𝑎𝑠𝑠𝑒𝑠 

𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑃 𝑥, 𝑦 𝑎𝑛𝑑 𝑄 𝑥, 𝑦 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 

𝑠𝑙𝑜𝑝𝑒 𝑜𝑟 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑚 𝑜𝑓 𝑙 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 

 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
 = 𝑡𝑎𝑛𝛼 

Proof: 

 

 

 

 

 

 

 

 

 

 

Let us draw ⊥

𝑎𝑟𝑠. 𝑃𝑀 𝑎𝑛𝑑 𝑄𝑁 𝑓𝑟𝑜𝑚 𝑝𝑜𝑖𝑛𝑡𝑠 𝑃 𝑎𝑛𝑑 𝑄 

 𝑜𝑛 𝑥 − 𝑎𝑥𝑖𝑠. 𝐴𝐿𝑠𝑜 𝑑𝑟𝑎𝑤 𝑎

⊥ 𝑎𝑟 𝑃𝑅 𝑜𝑛 𝑄𝑁.𝑊𝑒 𝑔𝑒𝑡 

𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑑 △ 𝑄𝑃𝑅. 

In figure |𝑃𝑅| = |𝑀𝑁| = |𝑂𝑁| − |𝑂𝑀| = 𝑥2 −

𝑥1  
|𝑄𝑅| = |𝑄𝑁| − |𝑅𝑁| = 𝑦2 − 𝑦1 

𝐼𝑛 △ 𝑄𝑃𝑅   𝑚 = 𝑡𝑎𝑛𝛼 =
|𝑄𝑅|

|𝑃𝑅|
=

𝑦2 − 𝑦1

𝑥2 − 𝑥1
 

𝑡ℎ𝑢𝑠 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
= 𝑇𝑎𝑛𝛼 

Case 𝑖𝑖  𝑤ℎ𝑒𝑛
𝜋

2
< 𝛼 < 𝜋 

 

 

 

 

 

 

 

 

 

 
𝐿𝑒𝑡 𝑢𝑠 𝑑𝑟𝑎𝑤
⊥ 𝑎𝑟𝑠.  𝑃𝑀 𝑎𝑛𝑑 𝑄𝑁 𝑓𝑟𝑜𝑚 𝑝𝑜𝑖𝑛𝑡𝑠 𝑃 𝑎𝑛𝑑 𝑄 𝑜𝑛 𝑥 − 𝑎𝑥𝑖𝑠  

𝐴𝑙𝑠𝑜 𝑑𝑟𝑎𝑤  𝑎 ⊥ 𝑎𝑟  𝑃𝑅 𝑜𝑛 𝑄𝑁.𝑤𝑒 𝑔𝑒𝑡 𝑟𝑖𝑔ℎ𝑡

− 𝑎𝑛𝑔𝑙𝑒𝑑 

△ 𝑄𝑃𝑅.  

In figure|𝑃𝑅| = |𝑀𝑁| = |𝑂𝑀| − |𝑂𝑁| = 𝑥1 − 𝑥2 

 𝑎𝑙𝑠𝑜|𝑃𝑅| = |𝑄𝑁| − |𝑅𝑁| = 𝑦2 − 𝑦1 

△ 𝑄𝑃𝑅 ,𝑚 = 𝑇𝑎𝑛 𝜋 − 𝛼 =
|𝑄𝑅|

|𝑃𝑅|
=

𝑦2 − 𝑦1

𝑥1 − 𝑥2
 

⇒𝑚 = 𝑇𝑎𝑛𝛼 =
𝑦2−𝑦1

𝑥1−𝑥2
 

𝑚 = 𝑇𝑎𝑛𝛼 =
𝑦2 − 𝑦1

− 𝑥1 − 𝑥2  
 

𝑚 = 𝑇𝑎𝑛𝛼 =
𝑦2−𝑦1

𝑥2−𝑥1
  Hence proved. 

Note: 

i. 𝒎 ≠
𝒚𝟐−𝒚𝟏

𝒙𝟏−𝒙𝟐
     𝒂𝒏𝒅 𝒎 =

𝒚𝟏−𝒚𝟐

𝒙𝟐−𝒙𝟏
 

ii. L is horizontal,𝒊𝒇𝒇 𝒎 = 𝟎 ∵ 𝜶 = 𝒐𝟐  

iii. 𝒍 𝒊𝒔 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍, 𝒊𝒇𝒇 𝒎 𝒊𝒔 𝒏𝒐𝒕 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 

 ∵ 𝜶 = 𝟗𝟎𝟎  

iv. 𝑰𝒇 𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝑨𝑩 =

𝒔𝒍𝒐𝒑𝒆 𝒐𝒇 𝑩𝑪, 𝒕𝒉𝒆𝒏 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨, 𝑩 𝒂𝒏𝒅 𝑪 𝒂𝒓𝒆 

𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓  

Theorem: 

The two lines 

𝑙1𝑎𝑛𝑑 𝑙2𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑠𝑙𝑜𝑝𝑒𝑠 𝑚1 

And 𝑚2 𝑎𝑟𝑒  𝑖 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑖𝑓𝑓 𝑚1 = 𝑚2 

 𝑖𝑖 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑓𝑓 𝑚1 = −
1

𝑚2
𝑜𝑟 𝑚1𝑚2

= −1 
Equation of straight lines 

 Line parallel to 𝑥 − 𝑎𝑥𝑖𝑠 𝑜𝑟 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 

to 𝑦 − 𝑎𝑥𝑖𝑠  𝐴𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑦 =

𝑎 is called equation of line parallel to 𝑥 −

𝑎𝑥𝑖𝑠. 

i. If 𝑎 > 0 then the line 𝑙 is below the 𝑥 −

𝑎𝑥𝑖𝑠. 

ii. 𝑖𝑓 𝑎 =

0 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠. 
Thus equations𝑜𝑓 𝑥 − 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑦 = 𝑜 

iii. Line parallel to 𝑦 − 𝑎𝑥𝑖𝑠 𝑜𝑟 𝑝𝑒𝑟𝑝. 𝑡𝑜 𝑥 −

𝑎𝑥𝑖𝑠  
An equation of the form 𝑥 = 𝑏 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑒𝑞. 

𝑃 𝑥1, 𝑦1  

𝑥2, 𝑥1 

𝑄 𝑥1, 𝑦1  

𝛼 

𝑦2, 𝑦1 

𝑜 𝑀 𝑁 
𝑥 

𝑦 

𝛼 
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𝑥 

y 

𝑙 
𝑎 > 0 

O         𝑙  ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠  
𝑜𝑟  𝑙  ⊥ 𝑡𝑜 𝑦 𝑎𝑥𝑖𝑠  

𝑎 

𝑏 > 0 

𝑙 

𝑏 

𝑌 

O 𝑙 ||𝑦 − 𝑎𝑥𝑖𝑠 
𝑜𝑟  𝑙 ⊥ 𝑥 − 𝑎𝑥𝑖𝑠 

𝑋 

𝑄 𝑥1, 𝑦1  

𝑝 𝑥, 𝑦  

𝑙 

𝑂 

𝑌 

𝛼 

of line parallel to 𝑦 − 𝑎𝑥𝑖𝑠.  

 

 𝑖  

 

 

 

 

 

 

 𝑖𝑖   

 

 

 

 

 

 

 

 

 

 

 𝑖𝑖𝑖   

 

 

 

 

 

 

Note: 
(i) 𝑖𝑓 𝑏 > 0 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑦 −

𝑎𝑥𝑖𝑠 

(ii) 𝑖𝑓 𝑏 < 0, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑜𝑓 𝑦 −

𝑎𝑥𝑖𝑠. 

(iii) If b=0 then the line becomes the 𝑦 − 𝑎𝑥𝑖𝑠. 𝑡ℎ𝑢𝑠 

the equation of 𝑦 − 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑥 = 0 

 

          

                               

(i) (i)        (ii) 

    

 

 

 

 

 

 

(iii) 

 

 

 

 

 

Intercept: 

∗ 𝑖𝑓 𝑎 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑠 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑡 𝑝𝑡.  𝑎, 𝑜 𝑡ℎ𝑒𝑛 𝑎  

Is called 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒. 

∗ 𝑖𝑓 𝑎 𝑙𝑖𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑦 − 𝑎𝑥𝑖𝑠 𝑎𝑡 𝑝𝑡.  𝑜, 𝑏 𝑡ℎ𝑒𝑛 𝑏 

 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝒆.  

 

 

 

 

 

 

 

 

 

 

 

Slope- intercept form 

Theorem: equation of non-vertical straight line with 

slop m and 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑐 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑦 = 𝑚𝑥 + 𝑐 

Proof: 

Since 𝑚 𝑖𝑠 𝑡ℎ𝑒  

𝑠𝑙𝑜𝑝 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑙  

And 𝑦 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑖𝑠 𝑐 

So point on 𝑦 − 𝑎𝑥𝑖𝑠  

Will be  0, 𝑐   𝑙𝑒𝑡 𝑝 𝑥, 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙. 

∵ 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑝𝑜𝑖𝑛𝑡𝑠 𝐶 0, 𝑐 𝑎𝑛𝑑 𝑃 𝑥, 𝑦  

𝑠𝑜 𝑢𝑠𝑖𝑛𝑔 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
 

 𝑚 =
𝑦−𝑐

𝑥−𝑜
=

𝑦−𝑐

𝑥
⇒ 𝑚𝑥 = 𝑦 − 𝑐 

 𝑦 = 𝑚𝑥 + 𝑐   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

 

Note: 

The equation of the line for which 𝑐 = 0 𝑖𝑠 𝑦 =

𝑚𝑥 + 𝑐 

𝑖𝑛 𝑡ℎ𝑖𝑠 𝑐𝑎𝑠𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑜𝑟𝑔𝑖𝑛. 

Point –slope form 

Theorem:   

Equation of a non-vertical straight line 𝑙 with slope m 

and passing through a point 𝑄 𝑥, 𝑦 𝑖𝑠  

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

Proof: 

 

 

 

 

 

 

 

 

 

 

 
 

 

𝑥 

y 

𝑎 < 0 

O             𝑙 ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠  
𝑜𝑟 𝑙 ⊥ 𝑡𝑜 𝑦 𝑎𝑥𝑖𝑠  

𝑎 

𝑙 

y 

𝑎 = 0 

O             𝑙 ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠  
𝑜𝑟 𝑙 ⊥ 𝑡𝑜 𝑦 𝑎𝑥𝑖𝑠  

𝑥 

𝑌 

𝑏 

𝑙 

O 𝑙 ||𝑦 − 𝑎𝑥𝑖𝑠 
𝑜𝑟  𝑙 ⊥ 𝑥 − 𝑎𝑥𝑖𝑠 

𝑋 

𝑏 < 𝑜 

𝑏 = 0 

𝑌 

O 𝑙 ||𝑦 − 𝑎𝑥𝑖𝑠 
𝑜𝑟  𝑙 ⊥ 𝑥 − 𝑎𝑥𝑖𝑠 

𝑋 

𝑙 

𝑃 𝑥, 𝑦  

𝑐 𝑜, 𝑐  

c 𝛼 

o 
x 

y 
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𝑠𝑖𝑛𝑐𝑒 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑔ℎ 𝑝𝑜𝑖𝑛𝑡 𝑄 𝑥1, 𝑦1  

𝐿𝑒𝑡 𝑃 𝑥, 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙. 𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙 

Passes through the points 

𝑄 𝑥1, 𝑦1 𝑎𝑛𝑑 𝑃 𝑥, 𝑦 𝑠𝑜 𝑢𝑠𝑖𝑛𝑔 

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
 

⇒ 𝑚 =
𝑦 − 𝑦1

𝑥 − 𝑥1
⇒ 𝑚 𝑥 − 𝑥1 = 𝑦 − 𝑦1 

Or 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

 

Symmetric form 

we know that  

𝑚 𝑥 − 𝑥1 = 𝑦 − 𝑦1             ∵ 𝑚 = 𝑇𝑎𝑛𝛼 =
𝑠𝑖𝑛𝛼

𝑐𝑜𝑠𝛼
 

⇒ 𝑦 − 𝑦1 =
𝑠𝑖𝑛𝛼

𝑐𝑜𝑠𝛼
 𝑥 − 𝑥1  

⇒
𝑦 − 𝑦1

𝑠𝑖𝑛𝛼
=

𝑥 − 𝑥1

𝑐𝑜𝑠𝛼
    𝑡ℎ𝑢𝑠 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 

Form of equation of a straight line. 

Two point form 

Theorem: 

Equation of a non- vertical straight line passing 

through two points 𝑄 𝑥1, 𝑦1 𝑎𝑛𝑑 𝑅 𝑥2, 𝑦2  𝑖𝑠  

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
  0𝑟 |

𝑥 𝑦 1
𝑥1 𝑦1 1
𝑥2 𝑦2 1

| = 0 

Proof: 

Let 𝑝 𝑥, 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙 

∵ 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑅 𝑥2, 𝑦2 𝑝𝑜𝑖𝑛𝑡𝑠 𝑄 𝑥1, 𝑦1  

As 𝑃 , 𝑄, 𝑅 𝑎𝑟𝑒 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑜𝑖𝑛𝑡𝑠. 𝑠𝑜  

𝑠𝑙𝑜𝑝 𝑜𝑓 𝑄𝑅 = 𝑆𝑙𝑜𝑝 𝑜𝑓 𝑄𝑃  

 
𝑦2−𝑦1

𝑦2−𝑦1
=

𝑥−𝑥1

𝑥2−𝑥1
 

⇒  𝑦2 − 𝑦1  𝑥 − 𝑥1 =  𝑦 − 𝑦1  𝑥2 − 𝑥1  
𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑥 − 𝑥1

𝑥2 − 𝑥1
 

 𝑦 𝑥2 − 𝑥1 − 𝑦 𝑥2 − 𝑥1 = 𝑥 𝑦2 − 𝑦1 −

𝑥1 𝑦2 − 𝑦1  

 −𝑥 𝑦2 − 𝑦1 + 𝑦 𝑥2 − 𝑥1 + 𝑥1 𝑦 − 𝑦1 −

𝑦1 𝑥2 − 𝑥1 = 0 

 𝑥 𝑦1 − 𝑦2 − 𝑦 𝑥1 − 𝑥2 + 𝑥1𝑦2 − 𝑥2𝑦1 = 0 

 |

𝑥 𝑦 1
𝑥1 𝑦1 1
𝑥2 𝑦2 1

| = 0  ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

 

𝑖𝑓 𝑥1 = 𝑥2   

 𝑡ℎ𝑒𝑛 𝑠𝑙𝑜𝑝𝑒 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑠𝑜, 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙. 

Intercept form  

Theorem: Equation of a line whose non-zero 

𝒙 𝒂𝒏𝒅 𝒚  

Intercept are 𝒂 𝒂𝒏𝒅 𝒃 𝒓𝒆𝒔𝒑. 𝒊𝒔  
𝒙

𝒂
+

𝒚

𝒃
= 𝟏 

Proof: 

 

 

 

 

 

 

 

 

 

 

 

 

 

∵ 𝑥 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑖𝑠 𝑎 𝑠𝑜 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑥 − 𝑎𝑥𝑖𝑠 𝑖𝑠  𝑎, 0  

 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠 𝑖𝑠  𝑜, 𝑏 .  

Hence equation of line passing through the 

𝑝𝑜𝑖𝑛𝑡𝑠  𝑎, 0  

𝑎𝑛𝑑  0, 𝑏 𝑖𝑠     𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑓𝑜𝑟𝑚 

 
𝑦−0

𝑏−0
=

𝑥−𝑎

0−𝑎
   ∵

𝑦−𝑦1

𝑦2−𝑦1
=

𝑥−𝑥1

𝑥2−𝑥1
 

 
𝑦

𝑏
=

𝑥−𝑎

−𝑎
=

𝑥

−𝑎
+ 1 ⇒

𝑦

𝑏
+

𝑥

𝑎
= 1 

 
𝑥

𝑎
  +

𝑦

𝑏
= 1   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

Normal form: 

Theorem: 

An equation of a non-vertical straight line 𝑙 , such that 

length of the perpendicular from the origin to 𝑙 is P 

and 𝛼 is the inclination of this perpendicular is  

𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝑃 

Proof: 

 

 

 

 

 

 

 

Let 𝑃 𝑥, 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐵 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑂𝑅 𝑏𝑒 ⊥

𝑎𝑟 𝑡𝑜 𝑙𝑖𝑛𝑒 𝑙. 𝑡ℎ𝑒𝑛 |𝑂𝑅| = 𝑝 

Let 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑏𝑒 𝑎 𝑎𝑛𝑑 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑏𝑒 𝑏. 

 𝑠𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑖𝑠   
𝑥

𝑎
+

𝑦

𝑏
= 1 →  1  

In △ 𝐴𝑂𝑅, 𝑐𝑜𝑠𝛼 =
𝑂𝑅

𝑂𝐵
⇒

𝑝

𝑎
 

⇒𝑎 =
𝜌

𝑐𝑜𝑠𝛼
 

In Δ𝐵𝑂𝑅, 𝑠𝑖𝑛𝛼 =
𝑂𝑅

𝑂𝐵
=

𝜌

𝑏
 

𝑏 =
𝜌

𝑠𝑖𝑛𝛼
   𝑠𝑜  1  𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑎𝑠  

 
𝑥
𝜌

𝑐𝑜𝑠𝛼
 
=

𝑦
𝜌

𝑠𝑖𝑛𝛼

= 1 ⇒
𝑥𝑐𝑜𝑠𝛼

𝜌
+

𝑦𝑠𝑖𝑛𝛼

𝜌
= 1 

 𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝜌 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

Linear Equation in two variables  

General equation of straight line 

Theorem: the linear equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0  

 In two variables 

𝑥 𝑎𝑛𝑑 𝑦 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒.  

Proof: 

Consider general linear equation in 𝑥 𝑎𝑛𝑑 𝑦  
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𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 →  𝑖  

Where 𝑎, 𝑏, 𝑐 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑎𝑛𝑑 𝑎 ≠ 0, 𝑏 ≠ 0  

𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦.  

So following cases arises. 

𝑐𝑎𝑠𝑒1. 𝑙𝑒𝑡 𝑎 ≠ 0 𝑏𝑢𝑡 𝑏 = 0 𝑠𝑜  1 ⇒ 𝑎𝑥 + 0𝑦 + 𝑐

= 0 

⇒𝑎𝑥 + 𝑐 = 0 ⇒ 𝑥 = −
𝑐

𝑎
 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒  

||𝑡𝑜 𝑦 − 𝑎𝑥𝑖𝑠.   

Case II. 

Let 𝑎 = 0 𝑏𝑢𝑡 𝑏 ≠ 𝑜 𝑠𝑜 

 1 ⇒ 𝑎 0 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑦 = −
𝑐

𝑏
 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞. 𝑜𝑓 𝑙𝑖𝑛𝑒 ||𝑡𝑜 𝑥 − 𝑎𝑥𝑖𝑠.  

Case III.  

𝑙𝑒𝑡 𝑎 ≠ 0, 𝑏 ≠ 𝑜 𝑠𝑜  
 1 ⇒ 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑏𝑦 = −𝑎𝑥 − 𝑐 

 𝑦 = −
𝑎

𝑏
𝑥 −

𝑐

𝑎
 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑦 = 𝑚𝑥 +

𝑐 
 𝑎 𝑙𝑖𝑛𝑒 𝑖𝑛 𝑠𝑙𝑜𝑝𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚  ℎ𝑒𝑛𝑐𝑒 𝑖𝑛 𝑎𝑙𝑙 𝑐𝑎𝑠𝑒𝑠  

 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑙𝑖𝑛𝑒.    

Transform the general linear equation to standard 

form 

Theorem: to transform the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚 .  

1. Slope intercept form 𝑦 = 𝑚𝑥 + 𝑐 

∵ 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

⇒ 𝑏𝑦 = −𝑎𝑥 − 𝑐 ⇒ 𝑦 = (−
𝑎

𝑏
) 𝑥 + (−

𝑐

𝑏
) 

2. Point slope form :𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

A point on the line is (–
𝑐

𝑏
, 𝑜)  𝑎𝑛𝑑 𝑠𝑙𝑜𝑝𝑒 𝑖𝑠 −

𝑎

𝑏
 𝑠𝑜 

𝑦 − 0 − −
𝑎

𝑏
(𝑥 +

𝑐

𝑏
) 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑝𝑜𝑖𝑛𝑡 𝑠𝑙𝑜𝑝𝑒 𝑓𝑜𝑟𝑚. 

3. Symmetric form: (
𝑥−𝑥1

𝑐𝑜𝑠𝛼
,
𝑦−𝑦1

𝑠𝑖𝑛𝛼
) 

 𝑠𝑖𝑛𝛼 =
𝛼

√𝑎2+𝑏2
, 𝑐𝑜𝑠𝛼 =

𝑏

√𝑎2+𝑏2
∵ 𝑡𝑎𝑛𝛼 = −

𝑎

𝑏
 

𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛 𝑎𝑥 + 𝑏𝑦 + 𝑐

= 0  𝑖𝑠 (−
𝑐

𝑎
, 0)  𝑠𝑜 

𝑥 − (−
𝑐
𝑎)

𝑏

√𝑎2 + 𝑏2

=
𝑦 − 𝑜

𝑏/√𝑎2 + 𝑏2
 

𝑖𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑎𝑛𝑑 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑟𝑎𝑑𝑖𝑐𝑎𝑙  

𝑡𝑜 𝑏𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑐ℎ𝑜𝑠𝑒𝑛.  

4. Two point form   (
𝒚−𝒚𝟏

𝒚𝟐−𝒚𝟏
=

𝒙−𝒙𝟏

𝒙𝟐−𝒙𝟏
) 

We take two points on 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑎𝑟𝑒  

(−
𝑐

𝑎
, 0)  𝑎𝑛𝑑 (0,−

𝑐

𝑏
) . 𝑠𝑜 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 

 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠   

𝑦 − 𝑜

0 +
𝑐
𝑏

=
𝑥 +

𝑐
𝑎

−
𝑐
𝑎 − 0

         ∵
𝒚 − 𝒚𝟏

𝒚𝟐 − 𝒚𝟏
=

𝒙 − 𝒙𝟏

𝒙𝟐 − 𝒙𝟏
  

5. Intercept form  (
𝑥

𝑎
+

𝑦

𝑏
= 1) 

∵ 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑎𝑥 + 𝑏𝑦 = −𝑐 

⇒
𝑎

−𝑐
𝑥 +

𝑏

−𝑐
𝑦 = 1 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑤𝑜 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑠 𝑓𝑜𝑟𝑚. 

6. Normal Form 

∵ 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 →  1  
𝑎𝑛𝑑 𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝜌 →  2  𝑁𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚 

As  1 𝑎𝑛𝑑  2 𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑙𝑒 𝑠𝑜 
𝑎

𝑐𝑜𝑠𝛼
=

𝑏

𝑠𝑖𝑛𝛽
= −

𝑐

𝜌
→  3  

∵ 𝑚 = 𝑡𝑎𝑛𝛼 = −
𝑎

𝑏
   𝑠𝑜    𝑠𝑖𝑛𝛼 =

𝑎

√𝑎2 + 𝑏2
 

𝑐𝑜𝑠𝛼 =
𝑏

√𝑎2 + 𝑏2
   𝑠𝑜  

∵
𝜌

−𝑐
=

𝑐𝑜𝑠𝛼

𝑎
=

𝑠𝑖𝑛𝛼

𝑏
 

√cos2 𝛼 + sin2 𝛽

±√𝑎2 + 𝑏2
=

1

±√𝑎2 + 𝑏2
 

So (3) ⇒ 
𝑎𝑥+𝑏𝑦

±√𝑎2+𝑏2
= −

𝑐

√𝑎2+𝑏2
 

 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑟𝑎𝑑𝑖𝑐𝑙𝑒 𝑡𝑜 𝑏𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑐ℎ𝑜𝑠𝑒𝑛   

 

Position of a point respect to a line 

Theorem: let 

𝑃 𝑥, 𝑦 𝑏𝑒 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑜𝑛𝑡 𝑙𝑦𝑖𝑛𝑔  

On 𝒍  𝒂𝒙 + 𝒃𝒚 + 𝒄 = 𝟎  𝒕𝒉𝒆𝒏 𝒑 𝒍𝒊𝒆𝒔  

a) Above the line 𝒍 𝒊𝒇 𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄 > 𝒐 

b) 𝒃𝒆𝒍𝒐𝒘 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒍 𝒊𝒇 𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄 < 𝟎 

Proof:  

 

 

 

 

 

 

 

 

a) Let we draw ⊥ 𝑃𝑀 𝑓𝑟𝑜𝑚 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑜𝑛 𝑥 −

𝑎𝑥𝑖𝑠. S. that it meets the line 

𝑙  𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑄 𝑥1, 𝑦1  𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑤𝑖𝑙𝑙 𝑙𝑖𝑒  

Above line 𝑙  𝑖𝑓 𝑦1 > 𝑦1
′  𝑜𝑟 𝑦1 − 𝑦′ > 0 →  𝑥  

As the point 𝑄 𝑥1, 𝑦1
′ 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙; 

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑎𝑥1 + 𝑏𝑦′ + 𝑐 = 0 

⇒𝑏𝑦′ = −𝑎𝑥1 − 𝑐 ⇒ 𝑦′ = −
𝑎

𝑏
𝑥1 −

𝑐

𝑏
 𝑝𝑢𝑡 𝑖𝑛 1  

Or 𝑦1 + 𝑏𝑦1 + 𝑐 > 0 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
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b) Let us draw ⊥ 𝑄𝑀 𝑓𝑟𝑜𝑚 𝑝𝑜𝑖𝑛𝑡 𝑄 𝑜𝑛 𝑥 −

𝑎𝑥𝑖𝑠. 

The point P will be lie below the line 𝑙  𝑖𝑓 𝑦′ >

𝑦1  
𝑜𝑟 𝑦1 − 𝑦′ < 0 →  𝑖  

𝑎𝑠 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 Q 𝑥1, 𝑦
′ 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙  

𝑙; 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 = 0 

⇒ 𝑏𝑦′ = −𝑎𝑥1 − 𝑐 

=> 𝑦′ = −
𝑎

𝑏
 𝑥1 −

𝑐

𝑎
  𝑝𝑢𝑡  𝑖  

𝑦1 − (−
𝑎

𝑏
𝑥1 +

𝑐

𝑎
) < 0 

⇒ 𝑦1 −
𝑎

𝑏
𝑥1 +

𝑐

𝑎
+

𝑐

𝑎
< 0 ⇒ 𝑏𝑦1 + 𝑎𝑥1 + 𝑐 < 0 

⇒ 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 < 0 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 

Corollary 1. The point p above or below 

𝒍 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 𝒊𝒇 𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄  𝒂𝒏𝒅 𝒃 𝒉𝒂𝒗𝒆 

 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏𝒔  or have opposite signs. 

Proof: 

 If 𝑃 𝑥1, 𝑦1 𝑎𝑏𝑜𝑣𝑒 𝑙 𝑡ℎ𝑒𝑛 𝑦1 − 𝑦′ > 0 ⇒ 𝑡ℎ𝑒𝑛  

 𝑦1 − 𝑦′ > 0  𝑦1—
𝑎

𝑏
𝑥1 −

𝑐

𝑎
> 0 

 𝑦1 +
𝑎

𝑏
𝑥1 +

𝑐

𝑏
> 0 ⇒

𝑎𝑥1+𝑏𝑦1+𝑐

𝑏
> 𝑜 

 It is only possible if𝑎𝑥1 + 𝑏𝑦1 +

𝑐 𝑎𝑛𝑑 𝑏 ℎ𝑎𝑣𝑒  
𝑠𝑜𝑚𝑒 𝑠𝑖𝑔𝑛𝑠. 

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑃 𝑥, 𝑦 𝑏𝑒𝑙𝑜𝑤 𝑙 𝑡ℎ𝑒𝑛  

𝑦1 − 𝑦′ < 0 ⇒ 𝑦1 − (−
𝑎

𝑏
𝑥1 −

𝑐

𝑏
) < 0 

⇒ 𝑦1 +
𝑎

𝑏
𝑥1 +

𝑐

𝑎
< 0 ⇒

 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 

𝑏
< 𝑜 

It is possible if 𝑖𝑓 𝑎𝑥1 + 𝑏𝑦1 +

𝑐 𝑎𝑛𝑑 𝑏 ℎ𝑎𝑣𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒  

Sign. 

Corollary 2. The point 𝑷 𝒙, 𝒚 𝒂𝒏𝒅 𝒐𝒓𝒈𝒊𝒏 𝒂𝒓𝒆  𝒊 𝒐𝒏 

The same side of 𝒍 according as 𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄 and c 

have the same sign. 

(ii)𝒐𝒏 𝒕𝒉𝒆 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 𝒔𝒊𝒅𝒆 𝒐𝒇 𝒍  𝒂𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒂𝒔  

 𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄 𝒂𝒏𝒅 𝒉𝒂𝒗𝒆 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 𝒔𝒊𝒈𝒏.    

Proof: 

The point 

𝑃 𝑥1, 𝑦1 𝑎𝑛𝑑 𝑂 0,0 𝑎𝑟𝑒 𝑠𝑎𝑚𝑒 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑙 𝑖𝑓  

𝑎𝑥1 + 𝑏𝑦1 + 𝑐 ℎ𝑎𝑣𝑒 𝑠𝑎𝑚𝑒 𝑠𝑖𝑔𝑛.  

(ii)the point 

𝑃 𝑥1, 𝑦1 𝑎𝑛𝑑 𝑂 0,0 𝑎𝑟𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑙 

If 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 𝑎𝑛𝑑 𝑎 0 + 𝑏 0 +

𝑐 ℎ𝑎𝑣𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑖𝑔𝑛 

Two and three straight lines 

  For any two distance lines 𝑙1, 𝑙2 

𝑙1; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0  𝑎𝑛𝑑 𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 

One and only one of following holds. 

 𝑖 𝑙1||𝑙2       𝑖𝑖   𝑙1
⊥ 𝑙2     𝑖𝑖𝑖 𝑙1𝑎𝑛𝑑 𝑙2 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑟𝑒𝑙𝑎𝑡𝑒𝑑  

As  𝑖 𝑎𝑛𝑑  𝑖𝑖  

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑙1 = 𝑚1 = −
𝑎1

𝑏1
 

𝑥𝑙𝑝𝑜𝑒 𝑜𝑓 𝑙2 = 𝑚2 = −
𝑎2

𝑏2
 

(i)𝑙1||𝑙2 

∵ 𝑓𝑜𝑟 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠 𝑠𝑙𝑜𝑝𝑒𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑠𝑜  

⇒ 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙2 

⇒ 𝑚1 = 𝑚2 ⇒ −
𝑎1

𝑏1
= −

𝑎1

𝑏2
 

⇒
𝑎1

𝑏1
=

𝑎2

𝑏2
⇒ 𝑎1𝑏2 = 𝑎2𝑏1 

⇒ 𝑎2𝑏2 − 𝑎2𝑏1 = 0 

(ii)𝑙1 ⊥ 𝑙2 

∵⊥ 𝑙𝑖𝑛𝑒𝑠 , 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑠𝑙𝑜𝑝𝑒𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 − 1 𝑠𝑜 
 𝑠𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑙1  𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙2 = −1 

 𝑚1𝑚2 = −1 ⇒ (−
𝑎1

𝑏1
) (−

𝑎2

𝑏2
) = −1 

 
𝑎1𝑎2

𝑏1𝑏2
= −1 ⇒ 𝑎1𝑎2 = −𝑏1𝑏2 

  𝑎1𝑎2 + 𝑏1𝑏2 = 0 
 𝑖𝑖𝑖  𝑖𝑓 𝑙1 𝑎𝑛𝑑 𝑙2 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑟𝑒𝑎𝑙𝑡𝑑 𝑎𝑠 𝑖𝑛  𝑖 𝑜𝑟  𝑖𝑖  

𝑡ℎ𝑒𝑛 𝑖𝑠 𝑛𝑜 𝑠𝑖𝑚𝑝𝑙𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑓𝑜𝑟𝑚𝑠. 

The point of intersection of two straight lines: 

Let 𝑙1 ; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 →  𝑖  

𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →  𝑖𝑖 𝑏𝑒 𝑡𝑤𝑜 𝑛𝑜𝑛 − 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 

 𝑙𝑖𝑛𝑒𝑠  

Remember; 

Two non para;;e; lines intersect each other at one 

and only one points. 

Let 

𝑃 𝑥1, 𝑦1 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒𝑠 𝑙1, 𝑙2 

Solving 

 𝑖 𝑎𝑛𝑑  𝑖𝑖 𝑏𝑦 𝑐𝑟𝑜𝑠𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑚𝑒𝑡ℎ𝑜𝑑 𝑤𝑒 ℎ𝑎𝑣𝑒 
𝑥1

𝑏1𝑐2 − 𝑏2𝑐1
=

𝑦2

𝑐1𝑎2 − 𝑐2𝑎1
=

1

𝑎1𝑏2 − 𝑎2𝑏1
 

 
𝑥1

𝑏1𝑐2−𝑏2𝑐1
=

1

𝑎1𝑏2−𝑎2𝑏1
 𝑎𝑛𝑑 

𝑦2

𝑐1𝑎2−𝑐2𝑎1
=

1

𝑎1𝑏2−𝑎2𝑏1
 

 𝑥1 =
𝑏1𝑐2−𝑏2𝑐1

𝑎1𝑏2−𝑎2𝑏1
    and 𝑦1 =

𝑐1𝑎2−𝑐2𝑎1

𝑎1𝑏2−𝑎2𝑏1
 

 𝑡ℎ𝑢𝑠 𝑝 𝑥, 𝑦 = (
𝑏1𝑐2−𝑏2𝑐1

𝑎1𝑏2−𝑎2𝑏1
,
𝑐1𝑎2−𝑐2𝑎1

𝑎1𝑏2−𝑎2𝑏1
) 

Note 𝑎1𝑏2 − 𝑎2𝑏2 ≠ 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝑙1||𝑙2 

Condition of concurrency of three straight lines: 

Three non –parallel lines  

𝑙1 ; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 →  𝑖  

𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →  𝑖𝑖   

𝑙3; 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0 𝑎𝑟𝑒 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑓𝑓   

|

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

| = 0 

Proof: 

We know that point of intersection of lines 

𝑙1 𝑎𝑛𝑑 𝑙2  

Is 𝑃 (
𝑏1𝑐2−𝑏2𝑐1

𝑎1𝑏2−𝑎2𝑏1
,
𝑐1𝑎2−𝑐2𝑎1

𝑎1𝑏2−𝑎2𝑏1
)             ∵  𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 
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Concurrent so 

𝑙3 𝑤𝑖𝑙𝑙 𝑎𝑙𝑠𝑜 𝑝𝑎𝑠𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑖𝑠 𝑝𝑜𝑖𝑛𝑡. 

𝑡ℎ𝑒𝑛 𝑙3 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

 𝑎3 (
𝑏1𝑐2−𝑏2𝑐1

𝑎1𝑏2−𝑎2𝑏1
) + 𝑏3 (

𝑐1𝑎2−𝑐2𝑎1

𝑎1𝑏2−𝑎2𝑏1
) + 𝑐3 = 0 

 𝑎3 𝑏1𝑐2 − 𝑏2𝑐1 + 𝑏3 𝑐1𝑎2 − 𝑐2𝑎1 + 

𝑐3 𝑎1𝑏2 − 𝑎2𝑏1   

𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑛𝑡 𝑓𝑜𝑟𝑚   

|

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

| = 0 

This is a necessary and sufficient condition of 

concurrency of the given three lines. 

Equation of lines through the point of 

intersection of two lines. 

Consider 
𝑙1 ; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 →  𝑖  

𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →  𝑖𝑖   
Let 

𝑃 𝑥, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒𝑠 𝑙1  

And 𝑙2 𝑠𝑜  𝑖 𝑎𝑛𝑑  𝑖𝑖 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

𝑎𝑠,    𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 = 0 →  𝑖𝑖𝑖  

𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐2 = 0 →  𝑖𝑣  

Consider 𝑙1 + 𝑘𝑙2 = 0 

 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 + 𝑘 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →

 𝑣  

 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 + 𝑘𝑎2 + 𝑘𝑏2𝑦 + 𝑘𝑐2 = 0 

 𝑎1𝑥 + 𝑘𝑎2𝑥 + 𝑏1𝑦 + 𝑘𝑏2𝑦 + 𝑐1𝑘𝑐2 = 0 

  𝑎1 + 𝑘𝑎2 𝑥 +   𝑏1 + 𝑘𝑏2 𝑦 +  𝑐1 + 𝑘𝑐2 =

0 

Which is of the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

Hence 

 𝑣 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒. 𝑓𝑜𝑟 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑣𝑒𝑠  

𝑜𝑓 𝑘 ,  𝑣 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑙𝑖𝑛𝑒𝑠. 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑎𝑙𝑠𝑜  

Called family of lines. 

Note: 

Now lines (v) will pass through the point 

𝑃 𝑥, 𝑦 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 the eq. of line (v) i.e 

𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 + 𝑘 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2 = 0 

∵ 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 = 0   𝑎𝑛𝑑 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2
= 0 

So  

𝐿. 𝐻. 𝑆 = 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 + 𝑘 𝑎2𝑥2 + 𝑏2𝑦2

+ 𝑐2  

= 0 + 𝑘 0 = 0 𝐿. 𝐻. 𝑆 

 

 

 

 

 

 

Theorem: 

Altitudes of a triangle are concurrent 

  Proof: 

 

 

 

 

 

 

Let 

𝐴 𝑥, 𝑦 , 𝐵 𝑥2, 𝑦2 𝑎𝑛𝑑 𝐶 𝑥3, 𝑏3 𝑏𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑠 𝑜𝑓 ∆𝐴𝐵𝐶 

𝐷𝑟𝑎𝑤

⊥ 𝑎𝑟𝑠 𝐴𝐷, 𝐵𝐸 𝑎𝑛𝑑 𝐴𝐵 𝑟𝑒𝑠𝑝. 𝐴𝐷 , 𝐵𝐸 𝑎𝑛𝑑 𝐶𝐹  

Are altitudes of ∆𝐴𝐵𝐶. 

∵ 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑠𝑖𝑑𝑒 𝐵𝐶 =
𝑦3 − 𝑦2

𝑥3 − 𝑥2
 

 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 altitude AD= −(
𝑥3−𝑥2

𝑦3−𝑦2
)  ∵ 𝐴𝐷′ ⊥

𝐵𝐶   

𝑠𝑜 𝑒𝑞. 𝑜𝑓 𝑎𝑙𝑡𝑖𝑑𝑢𝑒 𝐴𝐷 𝑖𝑠   

𝑦 − 𝑦1 = −(
𝑥3−𝑥2

𝑦3−𝑦2
)  𝑥 − 𝑥1     (point –slope 

form) 

 𝑦 − 𝑦1 = −(
𝑥3−𝑥2

𝑦3−𝑦2
)  𝑥 − 𝑥1 = 0 

  𝑦 − 𝑦1  𝑦3 − 𝑦2 +  𝑥3 − 𝑥2  𝑥 − 𝑥1 =

0 

 𝑥 𝑥3 − 𝑥2 + 𝑦 𝑦3 − 𝑦2 − 𝑥1 𝑥3 −
𝑥2 − 𝑦1 𝑦3 − 𝑦2  

 𝑠𝑜 𝑒𝑞.s of altitude BE and CF respectively 

 𝐵𝑦 𝑠𝑦𝑚𝑚𝑚𝑒𝑡𝑒𝑟𝑦   

𝑥 𝑥3 − 𝑥2 + 𝑦 𝑦3 − 𝑦2 − 𝑥2 𝑥3 − 𝑥1 

− 𝑦2 𝑦3 − 𝑦1 = 0 

𝑥 𝑥2 − 𝑥1 + 𝑦 𝑦2 − 𝑦1 − 𝑥3 𝑥2 − 𝑥1 

− 𝑦3 𝑦2 − 𝑦1 = 0 
How altitude will be concurrent if  

|

𝑥3 − 𝑥2 𝑦3 − 𝑦2 −𝑥1 𝑥3 − 𝑥2 − 𝑦1 𝑦3 − 𝑦2 

𝑥3 − 𝑥1 𝑦3 − 𝑦1 −𝑥2 𝑥3 − 𝑥1 − 𝑦2 𝑦3 − 𝑦1 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −𝑥3 𝑥2 − 𝑥1 − 𝑦3 𝑦2 − 𝑦1 

| = 0 

Now taking (-1) as common from 𝑅2 

=  −1 |

𝑥3 − 𝑥2 𝑦3 − 𝑦2 −𝑥1 𝑥3 − 𝑥2 − 𝑦1 𝑦3 − 𝑦2 

𝑥1 − 𝑥3 𝑦1 − 𝑦3 𝑥2 𝑥3 − 𝑥1 + 𝑦2 𝑦3 − 𝑦1 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −𝑥3 𝑥2 − 𝑥1 − 𝑦3 𝑦2 − 𝑦1 

|

= 0 

 

𝑏𝑦 𝑅1 +  𝑅1 + 𝑅3  

=  −1 |

0 0 0
𝑥1 − 𝑥3 𝑦1 − 𝑦3 𝑥2 𝑥3 − 𝑥1 + 𝑦2 𝑦3 − 𝑦1 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −𝑥3 𝑥2 − 𝑥1 − 𝑦3 𝑦2 − 𝑦1 
|

= 0 

= 0  ∵ 𝑅1 = 0  
Thus altitude of a triangle are concurrent. 

 

𝐴 𝑥1, 𝑦1  

𝐵 𝑥2, 𝑦2  𝐶 𝑥3, 𝑦3  

E F 

D 
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Theorem: Right bisectors of a triangle are 

concurrent. 

Proof: 

 

 

 

 

 

 

 

 

 

𝑙𝑒𝑡 𝐴 𝑥1, 𝑦1 , 𝐵 𝑥2, 𝑦2 𝑎𝑛𝑑 𝐶 𝑥3, 𝑦3 𝑏𝑒  𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑜𝑓  

∆𝐴𝐵𝐶. 𝑙𝑒𝑡 𝐷, 𝐸 𝑎𝑛𝑑 𝐹 𝑏𝑒 𝑚𝑖𝑑 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 

 𝐵𝐶 

, 𝐴𝐶 𝑎𝑛𝑑 𝐴𝐵 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 𝑠𝑜 𝑂𝐷, 𝐷𝐸 𝑎𝑛𝑑 𝐷𝐹  

𝑎𝑟𝑒 𝑟𝑖𝑔ℎ𝑡 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟𝑠.  

𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐷 𝑎𝑟𝑒  
𝑥2 + 𝑥3

2
,
𝑦2 + 𝑦3

2
  

𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐸 𝑎𝑟𝑒  
𝑥1 + 𝑥3

2
.
𝑦1 + 𝑦3

2
  

𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐹 𝑎𝑟𝑒  
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
  

Slope of side 𝐵𝐶𝐶 =
𝑦3−𝑦2

𝑥3−𝑥2
      ∵ 𝑂𝐷 ⊥ 𝐵𝐶 

 Slope of right bisector OD−(
𝑥3−𝑥2

𝑦3−𝑦2
) 

So eq. of right bisector OD is  

𝑦 − (
𝑦2+𝑦3

2
) = −(

𝑥3−𝑥2

𝑦3−𝑦2
)  𝑥 − (

𝑥2+𝑥3

2
)  point 

slope form 

 𝑦 − (
𝑦2+𝑦3

2
) + (

𝑥3−𝑥2

𝑦3−𝑦2
)  𝑥 − (

𝑥2+𝑥3

2
) = 0 

 𝑦 𝑦3 − 𝑦2 −  𝑦3 − 𝑦2 (
𝑦2+𝑦3

2
) +  𝑥3 − 𝑥2  𝑥 − (

𝑥2+𝑥3

2
) = 0 

 𝑥 𝑥3 − 𝑥2 + 𝑦 𝑦3 − 𝑦2 −
1

2
 𝑥3 − 𝑥2  𝑥3 +

𝑥2 −
1

2
 𝑦3 + 𝑦2  𝑦3 − 𝑦2 = 0 

Equations of the other two rights bisectors 

𝑂𝐸 𝑎𝑛𝑑 𝑂𝐹 𝑎𝑟𝑒  

 𝑏𝑦 𝑠𝑚𝑚𝑒𝑡𝑟𝑦  

⇒ 𝑥 𝑥3 − 𝑥1 + 𝑦 𝑦3 − 𝑦1 −
1

2
 𝑥3

2 − 𝑥1
2 −

1

2
 𝑦3

2 − 𝑦1
2 

= 0 

And 

𝑥 𝑥2 − 𝑥1 + 𝑦 𝑥3 − 𝑥1 −
1

2
 𝑥2

2 − 𝑥1
2 −

1

2
 𝑦2

2 − 𝑦1
2 = 0 

Right bisectors will be concurrent if  

|

|
𝑥3 − 𝑥2 𝑦3 − 𝑦2 −

1

2
 𝑥3

2 − 𝑥2
2 −

1

2
 𝑦3

2 − 𝑦2
2 

𝑥3 − 𝑥1 𝑦3 − 𝑦1 −
1

2
 𝑥3

2 − 𝑥1
2 −

1

2
 𝑦3

2 − 𝑦1
2 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −
1

2
 𝑥2

2 − 𝑥1
2 −

1

2
 𝑥2

2 − 𝑥1
2 

|

|
= 0 

 

Now taking (-1) as common from 𝑅2 

 −1 
|

|
𝑥3 − 𝑥2 𝑦3 − 𝑦2 −

1

2
 𝑥3

2 − 𝑥2
2 −

1

2
 𝑦3

2 − 𝑦2
2 

𝑥1 − 𝑥3 𝑦1 − 𝑦3

1

2
 𝑥3

2 − 𝑥1
2 +

1

2
 𝑦3

2 − 𝑦1
2 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −
1

2
 𝑥2

2 − 𝑥1
2 −

1

2
 𝑥2

2 − 𝑥1
2 

|

|

= 0 

𝐵𝑦 𝑅1 +  𝑅2 + 𝑅3  

 −1 |
|

𝑜 𝑜 𝑜

𝑥1 − 𝑥3 𝑦1 − 𝑦3

1

2
 𝑥3

2 − 𝑥1
2 +

1

2
 𝑦3

2 − 𝑦1
2 

𝑥2 − 𝑥1 𝑦2 − 𝑦1 −
1

2
 𝑥2

2 − 𝑥1
2 −

1

2
 𝑥2

2 − 𝑥1
2 

|
|

= 0 

= 0    ∵ 𝑅1 = 0  
Thus right bisectors of triangle are concurrent. 

Note: 

If equations of sides of the triangle are given, 

then intersection of any two lines gives a vertex 

of the triangle. 

Distance of a point from a line: 

Theorem: the distance d from the point 

𝑷 𝒙, 𝒚 𝒕𝒐  

The line 𝒍; 𝒂𝒙 + 𝒃𝒚 + 𝒄 = 𝟎 is given by  

𝒅 =
|𝒂𝒙𝟏 + 𝒃𝒚𝟏 + 𝒄|

√𝒂𝟐 + 𝒃𝟐
 

Proof: 
 

 

 

 

 

 

 

 

 

 

 

 

Let 𝛼 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑙; 𝑎𝑥 + 𝑏𝑦 +

𝑐 = 0 

 Draw ⊥ 𝑎𝑟𝑠 𝑃𝑅 𝑓𝑟𝑜𝑚 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑜𝑛 𝑥 −

𝑎𝑥𝑖𝑠 𝑠𝑢𝑐ℎ  

𝑡ℎ𝑎𝑡 𝑖𝑡 𝑚𝑒𝑒𝑡𝑠 𝑙𝑖𝑛𝑒 𝑙 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑄. 𝐴𝐿𝑠𝑜  𝑑𝑟𝑎𝑤 𝑎 

⊥ 𝑟𝑃𝑀 𝑜𝑛 𝑙𝑖𝑛𝑒 𝑙.   
In ∆𝑃𝑄𝑀      , 𝑚∠𝑄𝑃𝑀 = 𝛼 

|𝑃𝑀| = 𝑑,   |𝑃𝑄| = |𝑦1 − 𝑦2| 

Cos𝛼 =
|𝑃𝑀|

|𝑃𝑄|
⇒ |𝑃𝑀| = |𝑃𝑄|𝑐𝑜𝑠𝛼 

⇒ 𝑑 = |𝑦1 − 𝑦2|𝑐𝑜𝑠𝛼 →  𝑖  

∵ 𝑄 𝑥2 − 𝑦2 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑙𝑖𝑛𝑒 𝑙: 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

So 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 = 0 ⇒ 𝑏𝑦2 = −𝑎𝑥2 − 𝑐 

⇒ 𝑦2 = −
𝑎

𝑏
𝑥2 −

𝑐

𝑏
 

Given eq. of line is 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

𝐴 𝑥1, 𝑦1  

𝐵 𝑥2, 𝑦2  𝐶 𝑥3, 𝑦3  

𝐹  
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
  

𝐷  
𝑥2 + 𝑥3

2
,
𝑦2 + 𝑦3

2
  

𝐸  
𝑥1 + 𝑥3

2
,
𝑦1 + 𝑦3

2
  

M 

R O 
𝛼 

𝑃 𝑥1, 𝑦1  𝑙 

𝑋 

𝑦 

𝑄 𝑥2, 𝑦2  
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 −2,4  

 5,11  
𝑋 

𝑦 

⇒ 𝑦 = −
𝑎

𝑏
𝑥 −

𝑐

𝑏
 

 Slope of given line= 𝑚 = −
𝑎

𝑏
 

 ∵ 𝑚 = 𝑡𝑎𝑛𝛼 ⇒ 𝑡𝑎𝑛𝛼 = −
𝑎

𝑏
 

 1 + tan2 𝛼 = sec2 𝛼 ⇒ 1 + (−
𝑎

𝑏
)
2

=

sec2 𝛼 

 1 +
𝑎2

𝑏2
= sec2 𝛼 ⇒ 𝑠𝑒𝑐𝛼 =

√𝑎2+𝑏2

𝑏
 

 𝑐𝑜𝑠𝛼 =
𝑏

√𝑎2+2
  𝑝𝑢𝑡 𝑎𝑙𝑙 𝑣𝑎𝑙𝑒𝑠 𝑖𝑛  2  

 𝑑 = |𝑦1 +
𝑎𝑥1+𝑐

𝑏
| (

𝑏

√𝑎2+𝑏2
) 

 |
𝑎𝑥1+𝑏𝑦1+𝑐

𝑏
| (

𝑏

√𝑎2+𝑏2
) 

 𝑑 = |
𝑎𝑥1+𝑏𝑦1+𝑐

√𝑎2+𝑏2
| hence proved 

 

Distance b/w two parallel lines 

The distance between two parallel lines is the 

distance from any point on one of the lines to the 

other. 

Corollary: if the points 𝑷,𝑸, 𝑹 𝒂𝒓𝒆 collinear 

then∆= 𝟎 

Trapezium:  

A quadrilateral having two sides parallel and 

two non -parallel is called trapezium. Its area is 
1

2
 𝑠𝑢𝑚 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 ||𝑠𝑖𝑑𝑒𝑠   𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏/𝑤||𝑠𝑖𝑑𝑒𝑠  

 

Exercise 4.3 
Exercise 4.3 

Question no.1: Find the slope and inclination of the 

line joining the plane. 

i: (-2, 4) ; (5,11)  

Solution: slope of 𝑨𝑩̅̅ ̅̅ =m= 
𝟏𝟏−𝟒

𝟓− −𝟐 
 

=
𝟕

𝟕
 

𝒎 = 𝟏           ∴ 𝒎 = 𝒕𝒂𝒏𝜽 

So   𝒕𝒂𝒏𝜽 = 𝟏 

𝜽 = 𝐭𝐚𝐧−𝟏 𝟏 

𝜽 = 𝟒𝟓° =
𝝅

𝟒
 

 

 

 

ii: (3, -2) ;  (2,7) 

sol:      slope of 𝑨𝑩̅̅ ̅̅ = 𝒎 =
𝟕− −𝟐 

𝟐−𝟑
 

=
𝟗

−𝟏
 

𝒎 = −𝟗 

𝒕𝒂𝒏𝜽 = −𝟗 

𝜽 = 𝐭𝐚𝐧−𝟏 −𝟗 

𝜽 = 𝟏𝟖𝟎° − 𝐭𝐚𝐧−𝟏 −𝟗 

∴  𝜽 𝒍𝒊𝒆𝒔 𝒊𝒏 𝑰𝑰 − 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕  

= 𝟏𝟖𝟎 − 𝟖𝟑. 𝟔 = 𝟗𝟔. 𝟑𝟒° 

 

 

 

 

 

 

 

 

 

iii)  ( 4,6) ; ( 4,8)  

 

 

 

Sol: slope of 𝑨𝑩̅̅ ̅̅ = 𝒎 =
𝟖−𝟔

𝟒−𝟒
 

=
𝟐

𝟎
 

= ∞ 

𝒕𝒂𝒏𝜽 = ∞ 

𝜽 = 𝐭𝐚𝐧−𝟏 ∞ 

𝜽 = 𝟗𝟎° 

 

 

Question no.2:  In a triangle A(8,6)   B(-4,2), C(-2,-6), 

find the slopes of (i) each side of the triangle  

(ii)  Each median of the triangle. 

(iii) Each altitude of the triangle. 

Solution: 

i.  A(8,6)   B(-4,2), C(-2,-6), 

 

 

 

 

 

 

 

 

 

Slope of 𝐴𝐵̅̅ ̅̅ =
2−6

−4−8
= −

4

−12
=

1

3
 

Slope of 𝐵𝐶 =̅̅ ̅̅ ̅̅ ̅ −6−2

−2+4
= −

8

2
= −4 

Slope of 𝐴𝐶 =̅̅ ̅̅ ̅̅ ̅ −6−6

−2−8
= −

12

−10
=

6

5
 

SOLUTION: 

ii.  

L, M, N be the mid points of 𝑨𝑩,̅̅ ̅̅ ̅ 𝑩𝑪̅̅ ̅̅  𝑨𝑪 ̅̅ ̅̅ ̅ 

respectively. 

Midpoint of side 𝐴𝐵̅̅ ̅̅ = 𝐿 
8−4

2
,
6+2

2
  = 𝐿 2,4   

 

 

 

 

 4,6  

 4,8  

𝑋 

𝑦 

𝐴 8,6  

𝐶 −2,−6  
𝐵 −4,2  
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Midpoint of side 𝐵𝐶̅̅ ̅̅ ,𝑀 
−4−2

2
,
2−6

2
  = 𝑀 −3,−2  

Midpoint of side 𝐴𝐶̅̅ ̅̅ = 𝑁 
8−2

2
,
6−6

2
  = 𝑁 3,0  

Slope of the median 𝐴𝑀̅̅̅̅̅ =
−2−6

−3−8
= −

8

−11
=

8

11
 

Slope of the median 𝐵𝑁̅̅ ̅̅  =
−0−2

3+4
=

−2

7
 

Slope of the median 𝐶𝐿̅̅̅̅  =
4+6

2+2
=

10

4
=

5

2
 

Solution:  

iii.  

Slope of side 𝑨𝑩̅̅ ̅̅ =𝒎𝟏 =
𝟐−𝟔

−𝟒−𝟖
= −

𝟒

−𝟏𝟐
=

𝟏

𝟑
 

 

 

 

 

 

 

 

 

 

Slope of side 𝐵𝐶̅̅ ̅̅ =𝑚2 =
−6−2

−2+4
=

−8

2
=

−4

1
 

Slope of side 𝐴𝐶̅̅ ̅̅ =𝑚3 =
−6−6

−2−8
=

−12

−10
=

6

5
 

Let 𝐴𝑃̅̅ ̅̅  𝐵𝑄̅̅ ̅̅   𝐶𝑅̅̅ ̅̅  be the altitude of∆𝐴𝐵𝐶 

Slope of altitude 𝐴𝑃̅̅ ̅̅ = 
−1

𝑚2
= −

1

−4
=

1

4
 

Slope of altitude 𝐵𝑄̅̅ ̅̅ = 
−1

𝑚3
= −

1
6

5

= −
5

6
 

Slope of altitude 𝐶𝑅̅̅ ̅̅ = 
−1

𝑚1
= −

1
1

3

= −3    ∵ 𝐶𝐶′ ⊥

𝐴𝐵   

Question no.3: By means of slopes,  show that the 

following points lie on the same line. 

(a)  −𝟏,−𝟑  ;   𝟏, 𝟓  ;   𝟐, 𝟗   

(b)  𝟒,−𝟓  ;  𝟕, 𝟓  ;   𝟏𝟎, 𝟏𝟓  

(c)  −𝟒, 𝟔  ;  𝟑, 𝟖  ;   𝟏𝟎, 𝟏𝟎  

(d)  𝒂, 𝟐𝒃  ;  𝒄, 𝒂 + 𝒃  ;  𝟐𝒄 − 𝒂, 𝟐𝒂)  

Solution:  𝒂 𝑨  −𝟏,−𝟑  ;  𝑩 𝟏, 𝟓  ;  𝑪  𝟐, 𝟗  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =
5 + 3

1 + 1
=

8

2
= 4 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅ =
9 − 5

2 − 1
=

4

1
= 4  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =  𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅  

So the 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴, 𝐵, 𝐶 𝑙𝑖𝑒 𝑜𝑛 the same line. 

Solution: (b) 𝑨 𝟒,−𝟓  ;  𝑩 𝟕, 𝟓  ;  𝑪 𝟏𝟎, 𝟏𝟓) 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =
5 + 5

7 − 4
=

10

3
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅ =
15 − 5

10 − 7
=

10

3
  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =  𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅  

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴, 𝐵, 𝐶 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑙𝑖𝑛𝑒

. 

Solution: (c)     

𝑨 −𝟒, 𝟔  ;  𝑩 𝟑, 𝟖  ;  𝑪 𝟏𝟎, 𝟏𝟎   

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =
8 − 6

3 + 4
=

2

7
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅ =
10 − 8

10 − 3
=

2

7
  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =  𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅  

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴, 𝐵, 𝐶 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑙𝑖𝑛𝑒. 
Solution: (d) 

 𝑎, 2𝑏  ;  𝑐, 𝑎 + 𝑏  ;  2𝑐 − 𝑎, 2𝑎   

 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =
𝑎 + 𝑏 − 2𝑏

𝑐 − 𝑎
=

𝑎 − 𝑏

𝑐 − 𝑎
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅ =
2𝑎 − 𝑎 − 𝑏

2𝑐 − 𝑎 − 𝑐
=

𝑎 − 𝑏

𝑐 − 𝑎
  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅ =  𝑆𝑙𝑜𝑝𝑒 𝑜𝑓𝐵𝐶̅̅ ̅̅  

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴, 𝐵, 𝐶 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑙𝑖𝑛𝑒. 

Question no.4:   Find k so that the line joining A(7,3), 

B(K,6) and the line joining C(-4,5) D(-6,4) are  

i) Parallel 

ii) Perpendicular 

Solution: 𝐴 7,3 , 𝐵 𝐾, 6   𝐶 −4,5  𝐷 −6,4   

𝑚1 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓𝐴𝐵̅̅ ̅̅  =
−6 − 3

𝐾 − 7
= −

9

𝐾 − 7
 

𝑚2 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓𝐶𝐷̅̅ ̅̅  =
4 − 5

−6 + 4
= −

1

−2
= 

1

2
 

(i) 𝐴𝑠 𝐴𝐵̅̅ ̅̅  𝑎𝑛𝑑 𝐶𝐷̅̅ ̅̅  𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  

𝑚1 = 𝑚2 
−9

𝑘 − 7
=

1

2
 

−18=k-7 

𝑘 = −11 

  𝑖𝑖   As 𝐴𝐵̅̅ ̅̅  and 𝐶𝐷̅̅ ̅̅  are Perpendicular, therefore 

  

𝑚1.𝑚2 = −1 

                                          (
−9

𝑘−7
) . (

1

2
) = −1 

−9 = −2 𝑘 − 7   

−9 = −2𝑘 + 14 

2𝑘 = 23 

𝑲 = 𝟐𝟑/𝟐   

Question no.5:  Using slopes, show that the triangle 

with 𝒊𝒕𝒔 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝑨 𝟔, 𝟏 , 𝑩 𝟐, 𝟕  and 𝑪 −𝟔,−𝟕  is 

a right triangle. 

𝑺𝒐𝒍𝒕𝒊𝒐𝒏: 𝑨 𝟔, 𝟏 , 𝑩 𝟐, 𝟕  , 𝑪 −𝟔,−𝟕  

Slope of 𝐴𝐵̅̅ ̅̅  = 𝑚1 =
7−1

2−6
=

6

−4
= −

3

2
  

 

𝐴 8,6  

𝐶 −2,−6  
𝐵 −4,2  

𝐸 3, ,0  𝐹 2,4  

𝐷 −3,−2  

A 

B C 
𝐴′ 

𝐵′ 𝐶′ 
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Slope of 𝐵𝐶̅̅ ̅̅  = 𝑚2 =
−7−7

−6−2
=

−14

−8
=

7

4
 

Slope of 𝐴𝐶̅̅ ̅̅  = 𝑚3 =
−7−1

−6−6
=

−8

−12
=

2

3
 

Since 𝑚1. 𝑚2 = (−
3

2
) (

2

3
) 

                    𝑚1. 𝑚2        = -1, therefore  

𝐴𝐵̅̅ ̅̅ ⊥ 𝐴𝐶̅̅ ̅̅  so ∆𝐴𝐵𝐶 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒  

Question No.6: The three points A(7,-1) B(-2,2) and 

C(1,4) are consecutive vertices of a parallelogram. 

Find the fourth vertex. 

Solution: 𝑨 𝟕,−𝟏  𝑩 −𝟐, 𝟐  𝒂𝒏𝒅 𝑪 𝟏, 𝟒  

𝐿𝑒𝑡 𝑓𝑜𝑢𝑟𝑡ℎ 𝑣𝑒𝑟𝑡𝑒𝑥 =  𝐷 𝑥, 𝑦    

𝑆𝑖𝑛𝑐𝑒 𝐴𝐵𝐶𝐷 𝑖𝑠 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 , 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  

 Slope of 𝐴𝐵̅̅ ̅̅  = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐶𝐷̅̅ ̅̅  
2+1

=2−7
=

𝑌−4

𝑋−1
  

3

−9
=

𝑌−5

𝑥−1
  

3 𝑥 − 1 = −9 𝑦 − 4   

3𝑥 − 3 = −9𝑦 + 36  

3𝑥 + 9𝑦 − 3 − 36 = 0  

3𝑥 + 9𝑦 − 39 = 0  

Dividing by 3 on both sides  

𝑥 + 3𝑦 − 13 = 0 − − − − −  𝑖   

Now, 

Since ABCD is a parallelogram, therefore 

 Slope of 𝐴𝐷̅̅ ̅̅  = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶̅̅ ̅̅  
𝑦 + 1

𝑥 − 7
=

4 − 2

1 + 2
 

𝑦 + 1

𝑥 − 7
=

2

3
 

3 𝑦 + 1 = 2 𝑥 − 7  

3𝑦 + 3 = 2𝑥 − 14 

0 = 2𝑥 − 14 − 3𝑦 − 3 

2𝑥 − 3𝑦 − 17 = 0 − − − − − 𝑖𝑖 
𝐵𝑦 𝐴𝑑𝑑𝑖𝑛𝑔  𝑖 𝑎𝑛𝑑 𝑖𝑖 𝑤𝑒 𝑔𝑒𝑡 

𝑥 + 3𝑦 − 13 = 0 

2𝑥 − 3𝑦 − 17 = 0 

3𝑥 − 30 = 0 

𝑥 = 10 

Put value of x in eq. i 

10 + 3𝑦 − 13 = 0 

3𝑦 − 3 = 0 

𝑦 = 1 

Hence fourth vertex = 𝐷 𝑥, 𝑦 = 𝐷 10,1  

Question no.7: 

The point A(-1,2) B(3,-1) and C(6,3) are consecutive 

vertices of rhombus. Find the fourth vertex and show 

that the diagonal of the rhombus are perpendicular 

to each other. 

Solution: 

Let 𝐷 𝑎, 𝑏  be the fourth vertex of rhombus  

 

 

 

 

 

 

 

 

   

Slope of𝐴𝐵̅̅ ̅̅  = 
−1−2

3+1
= −

3

4
 

Slope of𝐵𝐶̅̅ ̅̅  = 
3+1

6−3
=

4

3
 

Slope of𝐶𝐷̅̅ ̅̅  = 
𝑏−3

𝑎+6
 

Slope of𝐷𝐴̅̅ ̅̅  = 
2−𝑏

−1−𝑏
 

Since ABCD is a rhombus therefore 

Slope of 𝐴𝐵̅̅ ̅̅  = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐶𝐷̅̅ ̅̅  

 
−3

4
=

𝑏 − 3

𝑎 − 6
 

−3 𝑎 − 6 = 4 𝑏 − 3  

−3𝑎 + 18 = 4𝑏 − 12 

−3𝑎 − 4𝑏 = −12 − 18 

−3𝑎 − 4𝑏 + 30 = 0 − − − −𝑖 

Slope of 𝐵𝐶̅̅ ̅̅  = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐷𝐴̅̅ ̅̅  
4

3
=

2 − 𝑏

−1 − 𝑎
 

4 −1 − 𝑎 = 3 2 − 𝑏  

−4 − 4𝑎 = 6 − 3𝑏 

−4𝑎 + 3𝑏 − 10 = 0 − − − −𝑖𝑖 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑖 𝑏𝑦 3 𝑎𝑛𝑑 𝑖𝑖 𝑏𝑦 4 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑎𝑑𝑑𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 

−9𝑎 − 12𝑏 + 90 = 0 

−16𝑎 + 12𝑏 − 40 = 0 

−25𝑎 + 50 = 0 

25𝑎 = 50 

𝑎 =
50

25
 

𝑎 = 2 

Putting value of 𝑎 𝑖𝑛 𝑖𝑖 

−4 2 + 3𝑏 − 10 = 0 

−8 + 3𝑏 − 10 = 0 

3𝑏 − 18 = 0 

𝑏 = 6 

𝐻𝑒𝑛𝑐𝑒 𝐷 2,6  is the fourth vertex of rhombus. 

QUESTION NO.8: 

Two pairs of points are given. Find whether the two 

lines determined by these points are  

i) Parallel  

ii) Perpendicular  

iii) None  

a) (1,-2) (2,4)  and (4,1) (-8,2) 

𝐴 7, −1  𝐵 −2,3  

𝐶 1,4  𝐷 𝑥, 𝑦  

𝐴 −1,2  

𝐵 3,−1  𝐷 𝑥, 𝑦  

𝐶 6,3  
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b) (-3,4)  ( 6,2) and (4,5) (-2,-7)  

Solution: (a) slope of joining (1,-2) and  2,4  

= 𝑚1 =
4 + 2

2 − 1
= 6 

 Slope of joining (4,1)and(-8,2)= 𝑚2 =
2−1

−8−4
=

1

−12
 

Sine 𝑚1 ≠ 𝑚2 aand also  

𝑚1.𝑚2 = 6.
1

−12
≠ −1 

So the lines are neither parallel nor perpendicular. 

Solution: (b) : (a) slope of joining(-3,4)and  ( 6,2)  

= 𝑚1 =
2 − 4

6 + 3
= −

2

9
 

slope of joining(4,5) and (-2,-7)= 𝑚2 =
−7−4

−2−4
=

−11

−6
 

Sine 𝑚1 ≠ 𝑚2 aand also  

𝑚1.𝑚2 = −
2

9
.
−11

−6
≠ −1 

So the lines are neither parallel not perpendicular. 

Question no.9: find an equation of  

a) The horizontal line through (7,-9)  

b) The vertical line through (-5,3)  

c) The line bisecting the first and third 

quadrant. 

d) The line bisecting the second and fourth 

quadrants. 

Solution: (a) slope of horizontal line m=0 

And  𝑥1, 𝑦1 =  7,−9   

Therefore equation of line  

𝑦 −  −9 = 0 𝑥 − 7  

                                                𝑦 + 9 = 0  

(b) Since the slope of vertical line 𝑚 = ∞ =
1

0
 

And  𝑥1, 𝑦1 =  −5,3  

Therefore required equation of line  

 

𝑦 − 3 = ∞(𝑥 −  −5 ) 

𝑦 − 3 =
1

0
 𝑥 + 5  

𝑥 + 5 = 0 

(c)   The line bisecting the first and third quadrant 

makes an angle of 45°with the x-axis therefore  

 

 

 

 

 

 

 

 

 

Slope of line= 𝑚 = 𝑡𝑎𝑛45° = 1  

Also it passes through origin (0,0), so its equation  

𝑦 − 0 = 1 𝑥 − 0  

𝑦 = 𝑥 

𝑦 − 𝑥 = 0 

(d) The line bisecting the 2nd and 4th quadrant 

makes an angle of 135𝑜 𝑤𝑖𝑡ℎ 𝑥 − 𝑎𝑥𝑖𝑠.  

 

 

 

 

 

 

 

So slope =𝑚 = 𝑡𝑎𝑛1350 = −1 

∵ 𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑟𝑔𝑖𝑛 𝑠𝑜 𝑒𝑞 𝑖𝑠  

𝑦 − 𝑜 =  −1  𝑥 − 0  

 𝑦 = −𝑥 ⇒ 𝑦 + 𝑥 = 0 

Question no 10: find an equation of line  

a) Through A(-6,5) and slope 7 

b) Through (8,-3) and slope 0 

c) Through (-8,5) having slope undefined 

d) Through (-5,-3) and (9,-1)  

e) Y-intercept -7 and slope -5 

f) X-intercept -3 and y-intercept -4 

g) X-intercept -9 and slope -4 

Solution: (a)        𝒙𝟏, 𝒚𝟏 =  −𝟔, 𝟓  

And slope of line = 𝒎 = 𝟕 

So required equation  

𝑦 − 5 = 7(𝑥 −  −6 ) 

𝑦 − 5 = 7𝑥 + 42 

7𝑥 − 𝑦 + 42 + 5 = 0 

7𝑥 − 𝑦 + 47 = 0 

Solution: (b)         𝒙𝟏, 𝒚𝟏 =  𝟖,−𝟑   

And slope of line = 𝑚 = 0 

So required equation  

𝑦 −  −3 = 0(𝑥 −  8 ) 

                                          𝑦 + 3 = 0    

Solution: (c)  𝒙𝟏, 𝒚𝟏 =(-8,5) 

And slope of line = 𝑚 = ∞ 

So required equation  

𝑦 − 5 = ∞(𝑥 −  −8 ) 

𝑦 − 5 =
1

0
 𝑥 + 8  

0 = 𝑥 + 8 

    𝑥 + 8 = 0 

Solution: (d)     Through (-5,-3) and (9,-1)   

𝑦 −  −3 =
−1 −  −3 

9 −  −5 
(𝑥 −  −5 ) 

𝑦 + 3 =
2

14
 𝑥 + 5  

𝑦 + 3 =
1

7
 𝑥 + 5  

7 𝑦 + 3 =  𝑥 + 5  

7𝑦 + 21 − 𝑥 − 5 = 0 

−𝑥 + 7𝑦 + 16 = 0 

𝑥 − 7𝑦 − 16 = 0 

Solution: (e) Y-intercept -7 and slope -5  

 0, −7  Lies on a required line  

𝑋 

𝑌 𝑙 

450 

𝑂 0,0  

X 

Y 

𝑙 

𝑂 0,0  
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And slope of line = 𝑚 = −5 

So required equation  

𝑦 −  −7 = −5(𝑥 −  0 ) 

𝑦 + 7 = −5𝑥 

5𝑥 + 𝑦 + 7 = 0 

Solution: (F) X-intercept -3 and y-intercept 4 

 −𝟑, 𝟎 𝒂𝒏𝒅  𝟎,−𝟒 𝒍𝒊𝒆𝒔 𝒐𝒏 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒍𝒊𝒏𝒆  

ℎ𝑒𝑟𝑒 𝑎 = −3 and b=4 

𝑤𝑒 𝑢𝑠𝑒 ℎ𝑒𝑟𝑒 𝑡𝑤𝑜 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚  
𝑥

𝑎
+

𝑦

𝑏
= 1 

𝑥

−3
+

𝑦

4
= 1 

Multiplying by -12 

4𝑥 − 3𝑦 = −12 

4𝑥 − 3𝑦 + 12 = 0 

 

g)  𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡: − 9 𝑎𝑛𝑑 𝑠𝑙𝑜𝑝𝑒 − 4 

𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = −9 𝑠𝑜 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑥 − 𝑎𝑥𝑖𝑠 𝑖𝑠  −9,0  

𝑎𝑛𝑑 𝑙𝑒𝑡 𝐴 𝑥1, 𝑦1 = 𝐴 −9,0  and slope 𝑚 = −4 

𝑒𝑞 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑦 − 𝑦!

= 𝑚 𝑥 − 𝑥1  𝑝𝑜𝑖𝑛𝑡 𝑠𝑙𝑜𝑝𝑒 𝑓𝑜𝑟𝑚  

⇒ 𝑦 − 0 = −4(𝑥 −  −9 ) ⇒ 𝑦 = −4 𝑥 + 9  

𝑦 = −4𝑥 − 36 ⇒ 4𝑥 + 𝑦 + 36 = 0 

Rhombus: A ||gram having equal sides is called 

rhombus. 

Question no 11: find an equation of perpendicular 

bisector of the segment joining the points A(3,5) and 

B(9,8). 

Solution: Given point A(3,5) and B(9,8). 

 

 

 

 

 

 

 

 

 

Midpoint of 𝐴𝐵̅̅ ̅̅ =(
3+9

2
,
5+8

2
) = (

12

2
,
13

2
) =  6,

13

2
) 

Slope of 𝐴𝐵̅̅ ̅̅ = 𝑚 =
8−5

9−3
=

3

6
=

1

2
 

Slope of line is ⊥ to 𝐴𝐵̅̅ ̅̅ =−
1

𝑚
=

−1
1

2

= −2 

Noe equation of ⊥ bisector having slope -2 

through 6,
13

2
) 

𝑦 −
13

2
= −2 𝑥 − 6  

𝑦 −
13

2
= −2𝑥 + 12 

2𝑦 − 13 = −4𝑥 + 24 

4𝑥 + 2𝑦 − 13 − 24 = 0 

4𝑥 + 2𝑦 − 37 = 0 

Question no 12: find equation of the side’s altitudes 

and medians of the triangle whose vertices are 

 A(-3,2) B(5,4) and C(3,-8). 

Solution: given vertices of triangle are A(-3,2) B(5,4) 

and C(3,-8). 

 

 

 

 

 

 

 

Slope of 𝐴𝐵̅̅ ̅̅ =𝑚1 =
4−2

5− −3 
=

2

8
=

1

4
 

Slope of 𝐵𝐶̅̅ ̅̅ =𝑚2 =
−8−4

−3−5
=

−12

−8
=

3

2
 

Slope of 𝐶𝐴̅̅ ̅̅ =𝑚3 =
2− −8 

−3−3
=

10

−6
= −

5

3
 

Now equation of side 𝐴𝐵̅̅ ̅̅   having slope ¼ passing 

through A(-3,2) .     (you may take B(5,4) instead of 

A(-3,2) ) 

𝑦 − 2 =
1

4
(𝑥 −  −3 ) 

4 𝑦 − 2 = 𝑥 + 3 

4𝑦 − 8 − 𝑥 − 3 = 0 

−𝑥 + 4𝑦 − 11 = 0 

𝑥 − 4𝑦 + 11 = 0 

  Now equation of side 𝐵𝐶 ̅̅ ̅̅ ̅  having slope 6 passing 

through B(5,4)  

𝑦 − 4 = 6 𝑥 − 5  

𝑦 − 4 = 6𝑥 − 30 

−6𝑥 + 𝑦 − 4 + 30 = 0 

6𝑥 − 𝑦 − 26 = 0 

  Now equation of side 𝐶𝐴 ̅̅ ̅̅̅  having slope −
5

3
 

passing through B(3,-8) 

𝑦 −  −8 = −
5

3
 𝑥 − 3  

−3 𝑦 + 8 = 5 𝑥 − 3  

−3𝑦 − 24 = 5𝑥 − 15 

−5𝑥 − 3𝑦 − 24 + 15 = 0 

−5𝑥 − 3𝑦 − 9 = 0 

5𝑥 + 3𝑦 + 9 = 0 

Equation of Altitudes: 

 

 

 

 

 

 

 

 

 

 

Since altitudes are perpendicular to the sides of 

the triangle therefore  

Slope of altitude on 𝐴𝐵̅̅ ̅̅ = −
1

𝑚1
=

−1
1

4

= −4 

Equation of altitude from C(3,-8) having slope -4 

𝐴 3,5  𝐵 9,8  
C 

D 

𝐴 −3,2  

𝐶 3,−8  

𝐵 5,4  

𝐴 −1,2  

𝐸 
1

2
,−1  𝐷  

5

2
,
5

2
  

𝐶 2,−4  𝐵 6,3  
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𝑦 + 8 = −4 𝑥 − 3  

𝑦 + 8 = −4𝑥 + 12 

4𝑥 + 𝑦 + 8 − 12 = 0 

4𝑥 + 𝑦 − 4 = 0 

Slope of altitude on 𝐴𝐵̅̅ ̅̅ = −
1

𝑚2
=

−1

6
 

Equation of altitude from C(-3,2) having slope -1/6  

𝑦 − 2 = −
1

6
 𝑥 + 3  

6 𝑦 − 2 = −1 𝑥 + 3  

6𝑦 − 12 = −𝑥 − 3 

𝑥 + 6𝑦 − 12 + 3 = 0 

𝑥 + 6𝑦 − 9 = 0 

Slope of altitude on 𝐶𝐴̅̅ ̅̅ = −
1

𝑚3
=

−1

−
5

3

=
3

5
 

Equation of altitude from B(5,4) having slope 3/5  

𝑦 − 4 =
3

5
 𝑥 − 5  

5 𝑦 − 4 = 3 𝑥 − 5  

5𝑦 − 20 = 3𝑥 − 15 

−3𝑥 + 5𝑦 − 20 + 15 = 0 

−3𝑥 + 5𝑦 − 5 = 0 

3𝑥 − 5𝑦 + 5 = 0 

Equation of medians: 

Suppose D, E and F are the medians of 𝐴𝐵̅̅ ̅̅  

,𝐵𝐶̅̅ ̅̅ 𝑎𝑛𝑑  𝐶𝐴̅̅ ̅̅  respectively  

The coordinate D=(
−3+5

2
,
2+4

2
) = (

2

2
,
6

2
) =  1,3  

The coordinate E=(
5+3

2
,
4−8

2
) = (

8

2
,
−4

2
) =  4,−2  

The coordinate F=(
3−3

2
,
−8+2

2
) = (

0

2
,
−6

2
) =

 0,−3  

Equation of 𝐴𝐸̅̅ ̅̅  BY two point form  

𝑦 − 2 =
−2− 2

4 −  −3 
(𝑥 −  −3 ) 

𝑦 − 2 = −
4

7
 𝑥 + 3  

7 𝑦 − 2 = −4 𝑥 + 3  

7𝑦 − 14 = −4𝑥 − 12 

4𝑥 + 7𝑦 − 14 + 12 = 0 

4𝑥 + 7𝑦 − 2 = 0 

Equation of 𝐵𝐹̅̅ ̅̅  BY two point form  

𝑦 − 4 =
−3 − 4

0 − 5
 𝑥 − 5  

𝑦 − 4 =
−7

−5
 𝑥 − 5  

5 𝑦 − 4 = 7 𝑥 − 5  
5𝑌 − 20 = 7𝑥 − 35 

−7𝑋 + 5𝑌 − 20 + 35 = 0 

7𝑥 − 5𝑦 − 15 = 0 

Equation of 𝐶𝐷̅̅ ̅̅  BY two point form  

𝑦 −  −8 =
3 −  −8 

1 − 3
 𝑥 − 3  

𝑦 + 8 =
11

−2
 𝑥 − 3  

−2 𝑦 + 8 = 11 𝑥 − 3  

−2𝑦 − 16 = 11𝑋 − 33 

−11𝑋 − 2𝑌 − 16 + 33 = 0 

11𝑥 + 2𝑦 − 17 = 0 

Question no 13: find an equation of the line 

through (-4,-6) and perpendicular to the line 

having slope−
𝟑

𝟐
. 

Solution: slope of line = −
3

2
 

Slope of required line= 𝑚 =
−1

−
3

2

=
2

3
∴

𝑙𝑖𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 
𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 = 𝐴 −4,−6   

𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠   

𝑦 + 6 =
2

3
 𝑥 + 4  

3 𝑦 + 6 = 2 𝑥 + 4  

3𝑦 + 18 = 2𝑥 + 8 

−2𝑥 + 3𝑦 + 18 − 8 = 0 

2𝑥 − 3𝑦 − 10 = 0 

Question no. 14:  find an equation of the line 

through (11,-5) and parallel to a line with slope -

24. 

Solution: Slope of required line= 𝑚 = −24 

∴ 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙  
𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 = 𝐴 11,−5  

𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠  

𝑦 + 5 = −24 𝑥 − 11  
 𝑦 + 5 = −24 𝑥 − 11  

𝑦 + 5 = −24𝑥 + 264 

24𝑥 + 𝑦 + 5 − 264 = 0 

24𝑥 + 𝑦 − 259 = 0 

Question no.15: the points A(-1,2) B(6,3) and 

C(2,-4) are vertices of triangle. Show that the line 

joining the midpoint D of AB and the midpoint E 

of AC is parallel to BC and DE=
𝟏

𝟐
𝑩𝑪 

Solution: A(-1,2) B(6,3) and C(2,-4) 

Midpoint of 𝐴𝐵̅̅ ̅̅ =𝐷 ( 
–1+6

2
,
2+3

2
) = 𝐷 (

5

2
,
5

2
) 

Midpoint of 𝐴𝐶̅̅ ̅̅ =𝐸 ( 
–1+2

2
,
2−4

2
) = 𝐸 (

1

2
, −1) 

Slope of 𝐷𝐸̅̅ ̅̅ =𝑚1 =
−1−

5

2
1

2
−

5

2

=
−2−5

2
1−5

2

= −
7

−4
=

7

4
 

Slope of 𝐵𝐶̅̅ ̅̅ =𝑚2 =
−4−3

2−6
= −

7

−4
=

7

4
 

As 𝑚1 = 𝑚2, so  𝐷𝐸̅̅ ̅̅  is parallel to 𝐵𝐶̅̅ ̅̅  

Now  

𝐷𝐸̅̅ ̅̅ = √ 
5

2
−

1

2
 
2

+  
5

2
+ 1 

2

 

𝐷𝐸̅̅ ̅̅ = √ 
5 − 1

2
 
2

+  
5 + 2

2
 
2

 

= √
16

4
+

49

4
 

= √
65

4
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𝐷𝐸̅̅ ̅̅ =
1

2
√65 

𝐵𝐶̅̅ ̅̅ = √ 6 − 2 2 +  3 + 4 2 

 

= √16 + 49 

= √65 

𝑐𝑙𝑒𝑎𝑟𝑙𝑦 , 𝐷𝐸̅̅ ̅̅ =
1

2
𝐵𝐶̅̅ ̅̅  As required. 

Question No.16,17,18,19,20 ( Not solved) 

Question no.21:   convert each of the following into  

I) Slope intercept form  

II) Two intercept form  

III) Normal form  

(a) 𝟐𝒙 − 𝟒𝒚 + 𝟏𝟏 = 𝟎      (b)   𝟒𝒙 + 𝟕𝒚 −

𝟐 = 𝟎   (c)   𝟏𝟓𝒚 − 𝟖𝒙 + 𝟑 = 𝟎 

Solution:  (a) 2𝑥 − 4𝑦 + 11 = 0            

Slope intercept form: (𝑦 = 𝑚𝑥 + 𝑐  

−4𝑦 = −2𝑥 − 11 

𝑦 =
1

2
𝑥 +

11

4
 

𝑚 =
1

2
 , 𝑐 =

11

4
 

Two intercept form: (
𝑥

𝑎
+

𝑦

𝑏
= 1  

2𝑥 − 4𝑦 + 11 = 0 

2𝑐 − 4𝑦 = −11 

𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 − 11 
2

−11
𝑥 +

4

11
𝑦 = 1 

𝑥

−
11
2

+
𝑦

11
4

= 1 

𝑎 = −
11

2
    ,    𝑏 =

11

4
 

Normal form:  𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝑝  

2𝑥 − 4𝑦 + 11 = 0 

2𝑥 − 4𝑦 = −11 

√22 +  −4 2 

√4 + 16 

√20 = 2√5 
2

2√5
𝑥 −

4

2√5
𝑦 =

−11

2√5
 

1

√5
𝑥 −

2

√5
𝑦 =

−11

2√5
 

Multiplying both sides by -1 

−
1

√5
𝑥 +

2

√5
𝑦 =

11

2√5
 

Where 𝑐𝑜𝑠𝛼 = −
1

√5
, 𝑠𝑖𝑛𝛼 =

2

5
 , 𝑝 =

11

2√5
 

𝛼 𝑙𝑖𝑒𝑠 𝑖𝑛 2𝑛𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 , 𝑠𝑜  

𝛼 = cos−1 −
1

√5
= 116.57° 

Length of perpendicular form (0,0) to line 2𝑥 −

4𝑦 + 12 = 0 𝑖𝑠 𝑝 =
11

2√5
 

 𝑏  4𝑥 + 7𝑦 − 2 = 0     

Slope intercept form: (𝑦 = 𝑚𝑥 + 𝑐  

−7𝑦 = −4𝑥 + 2 

𝑦 =
−4

7
𝑥 +

2

7
 

𝑚 =
−4

7
 , 𝑐 =

2

7
 

Two intercept form: (
𝑥

𝑎
+

𝑦

𝑏
= 1  

4𝑥 − 7𝑦 − 2 = 0 

4𝑥 − 7𝑦 = 2 
𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 2 

4

2
𝑥 −

7

2
𝑦 = 1 

2𝑥 +
7𝑦

2
= 1 

𝑥

1
2

+
𝑦

2
7

= 1 

𝑎 =
1

2
    ,    𝑏 =

2

7
 

Normal form:  𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝑝  

4𝑥 − 7𝑦 − 2 = 0 

4𝑥 − 7𝑦 = 2 

Dividing both sides by  

√42 +  7 2 

√16 + 49 

√65 = 
4

√65
𝑥 −

7

√65
𝑦 =

2

√65
 Normal form  

Where 𝑐𝑜𝑠𝛼 =
4

√65
, 𝑠𝑖𝑛𝛼 =

2

√65
 , 𝑝 =

2

√65
 

𝛼 𝑙𝑖𝑒𝑠 𝑖𝑛 1𝑠𝑡 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 , 𝑠𝑜  

𝛼 = cos−1
4

√65
= 60.26° 

Length of perpendicular form (0,0) to line 4𝑥 − 7𝑦 − 2 = 0 𝑖𝑠 𝑝 =
2

√65
 

(C)  

(i) Slope-intercept form: 𝑦 = 𝑚𝑥 + 𝑐 

∵ 15𝑦 − 8𝑥 + 3 = 0 ⇒ 15𝑦 = 8𝑥 − 3 

⇒ 𝑦 =
8

15
𝑥 −

3

15
→ 𝑦 = 𝑚𝑥 + 𝑐 

Where 𝑚 =
8

15
, 𝑐 = −

3

15
= −

1

5
 

𝑖𝑖   𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚:   (
𝑥

𝑎
+

𝑦

𝑏
= 1) 

∵ 15𝑦 − 8𝑥 + 3 = 0 ⇒ 15𝑦 − 8𝑥 = −3 

 
15𝑦

−3
−

8𝑥

−3
= 1 ⇒ −5𝑦 +

8

3
𝑥 = 1 

 
𝑥
3

8

+
𝑦

−
1

5

= 1 →
𝑥

𝑎
+

𝑦

𝑏
= 1 

 𝑤ℎ𝑒𝑟𝑒 𝑎 =
3

18
, 𝑏 = −

1

5
 

(iii)Normal line (𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼 = 𝑝 

∵ 15𝑦 − 8𝑥 + 3 = 0 ⇒ 15𝑦 − 8𝑥 = −3 

⇒ −8𝑥 + 15𝑦 = −3 

⇒ −8𝑥 + 15𝑦 = −3 

÷ 𝑏𝑦 √ −8 2 +  15 2 = √64 + 225 = √89

= 17 
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⇒ −
8

17
𝑥 +

15

17
𝑦 = −

3

17
⇒

8

17
𝑥 −

15

17
=

3

17
 

⇒ 𝑥  
8

17
 + 𝑦  −

15

17
 =

3

17
→ 𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼

= 𝜌 

𝑤ℎ𝑒𝑟𝑒 𝑐𝑜𝑠𝛼 =
8

17
, 𝑠𝑖𝑛𝛼 = −

15

17
 

𝑡𝑎𝑛𝛼 =
𝑠𝑖𝑛𝛼

𝑐𝑜𝑠𝛼
= −

15
17
8
17

∵ 𝑐𝑜𝑠𝛼 > 𝑜  𝑠𝑖𝑛𝛼 < 𝑜 

⇒ 𝛼𝑙𝑖𝑒𝑠 𝑖𝑛  𝑖𝑣 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 

⇒ 𝑡𝑎𝑛𝛼 = −
15

8
⇒ 𝛼 = 𝑡𝑎𝑛6 − 1  −

15

8
 = −61.930 

𝛼 = 3600 − 61.930 = 298.070 

𝑡ℎ𝑢𝑠 𝑥𝑐𝑜𝑠298.070 + 𝑦𝑠𝑖𝑛289.070 

Thus length of ⊥ 𝑓𝑟𝑜𝑚  0,0  𝑖𝑠 𝜌 =
3

17
 

QUESTION NO.22: IN each of the following check 

whether the two lines are  

I: parallel  

Ii: perpendicular  

Iii: neither parallel nor perpendicular  

a) 𝟐𝒙 + 𝒚 − 𝟑 = 𝟎 ; 𝟒𝒙 + 𝟐𝒚 + 𝟓 = 𝟎 

b) 𝟑𝒚 = 𝟐𝒙 + 𝟓  ;    𝟑𝒙 + 𝟐𝒚 − 𝟖 = 𝟎 

c) 𝟒𝒚 + 𝟐𝒙 − 𝟏 = 𝟎  ; 𝒙 − 𝟐𝒚 − 𝟕 = 𝟎 

d) 𝟒𝒙 − 𝒚 + 𝟐 = 𝟎  ;   𝟏𝟐𝒙 − 𝟑𝒚 + 𝟏 = 𝟎 
e) 𝟏𝟐𝒙 + 𝟑𝟓𝒚 − 𝟕 = 𝟎  ;   𝟏𝟎𝟓𝒙 − 𝟑𝟔𝒚 + 𝟏𝟏 =

𝟎 

Solution: (a) 2𝑥 + 𝑦 − 3 = 0; 4𝑥 + 2𝑦 + 5 = 0 

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙𝑖𝑛𝑒 1 = 𝑚1 = −
2

1
= −2 

𝑠𝑙𝑜𝑝𝑒𝑜𝑓 𝑙𝑖𝑛𝑒 2 = 𝑚2 = −
4

2
= −2 

Since   𝑚1 = 𝑚2  therefore given lines are parallel  

(b)  

3𝑦 = 2𝑥 + 5  ;    3𝑥 + 2𝑦 − 8 = 0 

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙𝑖𝑛𝑒 1 = 𝑚1 = −
2

−3
=

2

3
 

𝑠𝑙𝑜𝑝𝑒𝑜𝑓 𝑙𝑖𝑛𝑒 2 = 𝑚2 =
3

2
 

Since   𝑚1.𝑚2 = (
2

3
) (−

3

2
)  therefore given lines are 

perpendicular. 

(c) 4𝑦 + 2𝑥 − 1 = 0; 𝑥 − 2𝑦 − 7 = 0 

Solution: 

2𝑥 + 4𝑦 − 1 = 0, 𝑥 − 2𝑦 − 7 = 0 

∵ 𝑚1 = −
𝑎

𝑏
= −

2

4
= −

1

2
,𝑚2 = −

𝑎

𝑏
= −

1

−2
=

1

2
 

∵ 𝑚1 ≠ 𝑚2𝑠𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 ||𝑛𝑜𝑟

⊥ 𝑎𝑟 
𝑑   4𝑥 − 𝑦 + 2 = 0; 12𝑥 − 3𝑦 + 1 = 0 

∵ 𝑚1 = −
𝑎

𝑏
= −

4

−1
= 4,𝑚2 = −

𝑎

𝑏
= −

2

−3
= 4 

∵ 𝑚1 = 𝑚2  𝑠𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙. 
 𝑒 12𝑥 + 35𝑦 − 7 = 0;   105𝑥 − 36𝑦 + 11 = 0 

Solution: 

∵ 𝑚1 = −
𝑎

𝑏
= −

12

35
,𝑚2 = −

𝑎

𝑏
= −

105

−36
=

35

12
 

∵ 𝑚1𝑚2 =  −
12

35
  

35

12
 = −1 

𝑠𝑜 𝑔𝑖𝑣𝑒𝑠 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑢𝑐𝑢𝑙𝑎𝑟.   

𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏 𝑵𝒐.23 

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 

Lines sketch the lines. Also find an equation of 

the parallel line lying midway between them. 

a) 𝟑𝒙 − 𝟒𝒚 + 𝟑 − 𝟎; 𝟑𝒙 − 𝟒𝒚 + 𝟕 = 𝟎 
Solution: 

𝒍𝟏; 𝟑𝒙 − 𝟒𝒚 + 𝟑 = 𝟎; 𝒍𝟐 = 𝟑𝒙 − 𝟒𝒚 + 𝟕 = 𝟎 

For 𝑙1; 𝑝𝑢𝑡 𝑥 = 0,3 0 − 4𝑦 + 3 = 0 ⇒ −4𝑦 = −3 

𝑦 =
3

4
 

Put𝑦 = 0,3𝑥 − 4 0 + 3 = 0 ⇒ 3𝑥 = −3 

⇒ 𝑥 = −1 𝑠𝑜  𝑜,
3

4
 𝑎𝑛𝑑  −1,0  𝑜𝑛 𝑙1 

𝑓𝑜𝑟 𝑙2, 𝑝𝑢𝑡𝑥 = 0, 3 0 − 4𝑦 + 7 = 0 ⇒ −4𝑦 = −7 

𝑦 =
7

4
 

put𝑦 = 0, 3𝑥 − 4 0 + 7 = 0 ⇒ 3𝑥 = −7 

⇒ 𝑥 = −
7

3
𝑠𝑜  𝑜,

7

4
  𝑎𝑛𝑑  −

7

3
, 0 𝑜𝑛 𝑙2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now distance d from  −1,0 𝑡𝑜 𝑙2 𝑖𝑠  

𝑑 =
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐|

√𝑎2 + 𝑏2
 

=
|3 −1 − 4 0 + 7|

√ 3 2+ −  4 2  
 

𝑑 =
|−3 + 7|

√9 + 16
=

4

√25  
=

4

5
 

⇒ 𝑑

=
4

5
 𝑡ℎ𝑢𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠

4

5
 

Now midpoint of  −1,0 𝑎𝑛𝑑 (−
7

3
, 0) 𝑖𝑠  

= (
−1−

7
3

2
,
0 + 0

2
) =  

−3 − 7

6
, 0 =  

−10

6
, 0  

=  
−5

3
, 0  
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Slope = 𝑚 = −
𝑎

𝑏
= −

3

−4
=

3

4
 

Now required equation of line passing through point 

 
−5

3
, 0)  and slope =3/4  is  

𝑦 − 0 =
3

4
 𝑥 +

5

3
     ∵ 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

 4𝑦 = 3𝑥 + 5 ⇒ 3𝑥 − 4𝑦 + 5 = 0 

b)  

Solution: 

𝒍𝟏; 𝟏𝟐𝒙 + 𝟓𝒚 − 𝟔 = 𝟎; 𝒍𝟐 = 𝟏𝟐𝒙 + 𝟓𝒚 + 𝟏𝟑 = 𝟎 

 

 

 

 

 

 

 

 

 

 

 

 

For 𝑙1; 𝑝𝑢𝑡 𝑥 = 0,12 0 + 5𝑦 − 6 = 0 ⇒ 5𝑦 = 6 

𝑦 =
6

5
 

Put𝑦 = 0,12𝑥 + 5 0 − 6 = 0 ⇒ 12𝑥 = 6 

⇒ 𝑥 =
1

2
 𝑠𝑜  𝑜,

6

5
 𝑎𝑛𝑑  

1

2
, 0  𝑜𝑛 𝑙1 

𝑓𝑜𝑟 𝑙2, 𝑝𝑢𝑡𝑥 = 0, 12 0 + 5𝑦 + 13 = 0 ⇒ 5𝑦 = −13 

𝑦 = −
13

5
 

put𝑦 = 0, 12𝑥 + 5 0 + 13 = 0 ⇒ 12𝑥 = −13 

⇒ 𝑥 = −
13

12
𝑠𝑜  𝑜,

−13

5
  𝑎𝑛𝑑  

−13

12
, 0 𝑜𝑛 𝑙2 

Now distance d from (
1

2
, 0) 𝑡𝑜 𝑙2 𝑖𝑠  

𝑑 =
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐|

√𝑎2 + 𝑏2
 

=
|12(

1
2) − 5 0 + 13|

√ 12 2 +  5 2  
 

𝑑 =
|6 + 13|

√144 + 25
=

19

√169  
=

19

13
 

⇒ 𝑑

=
19

13
 𝑡ℎ𝑢𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠

  19

13
 

Now midpoint of (
1

2
, 0) 𝑎𝑛𝑑 (−

13

12
, 0) 𝑖𝑠  

= (

1
2 −

13
12

2
,
0 + 0

2
) = (

6 − 13
6
2

, 0) =  
−7

24
, 0  

=  
−7

24
, 0  

Slope = 𝑚 = −
𝑎

𝑏
=

−12

5
 

Now required equation of line passing through point 

 
−7

24
, 0)  and slope  −

12

5
𝑖𝑠 is  

𝑦 − 0 = −
12

5
 𝑥 +

7

24
     ∵ 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

 𝟓𝒚 = −𝟏𝟐𝒙 −
𝟕

𝟐
⇒ 𝟏𝟐𝒙 + 𝟓𝒚 +

𝟕

𝟐
= 𝟎 

c) 𝒙 + 𝟐𝒚 − 𝟓 = 𝟎; 𝟐𝒙 + 𝟒𝒚 = 𝟏 

Solution: 

𝑙1; 𝑥 + 2𝑦 − 5 = 0   𝑎𝑛𝑑 𝑙2; 2𝑥 + 4𝑦 = 1 

For 𝑙1; 𝑃𝑖𝑡𝑥 = 0 ⇒ 0 + 2𝑦 − 5 = 0 

 2𝑦 = 5 ⇒ 𝑦 =
5

2
 

 

 

 

 

 

 

 

 

 

 

Put𝑦 = 0 ⇒ 𝑥 + 2 0 − 5 = 0 ⇒ 𝑥 = 5 

𝑠𝑜  0,
5

2
  𝑎𝑛𝑑  5,0 𝑜𝑛 𝑙1 

𝑓𝑜𝑟 𝑙2; 𝑝𝑢𝑡 𝑥 = 0 , 2 0 + 4𝑦 = 1 ⇒ 𝑦 =
1

4
 

𝑝𝑢𝑡 𝑦 = 0,2𝑥 + 4 0 = 1 ⇒ 𝑥 =
1

2
  

𝑠𝑜  0,
1

4
  𝑎𝑛𝑑  

1

2
, 0 𝑜𝑛 𝑙2 

𝑛𝑜𝑤 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑑 𝑓𝑟𝑜𝑚  5,0  𝑡𝑜 𝑙2𝑖𝑠  

𝑑 =
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐|

√𝑎2 + 𝑏2
 

=
|2 5 + 4 0 + 1|

√ 2 2 +  4 2  
 

𝑑 =
|10 − 1|

√4 + 16
=

9

√20  
=

9

√5
 

⇒ 𝑑

=
9

2√5
 𝑡ℎ𝑢𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠

9

2√5
 

Now midpoint of  5,0 𝑎𝑛𝑑 (
1

2
, 0) 𝑖𝑠  

= (
5+

1
2

2
,
0 + 0

2
) =  

10 + 1

4
, 0 =  

11

4
, 0  

Slope = 𝑚 = −
𝑎

𝑏
=

−1

2
 

Now required equation of line passing through 

point 
11

4
, 0)  and slope −

1

2
𝑖𝑠 is  

𝑦 − 0 = −
1

2
 𝑥 −

11

4
     ∵ 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

 𝟐𝒚 = −𝒙 −
𝟏𝟏

𝟒
⇒ 𝒙 + 𝟐𝒚 −

𝟏𝟏

𝟒
= 𝟎 

  QUESTION NO.24: Find an equation of the line 

through      

(-4,7) and parallel to the line 𝟐𝒙 − 𝟕𝒚 + 𝟒 = 𝟎. 

Solution:   given that 𝟐𝒙 − 𝟕𝒚 + 𝟒 = 𝟎 

Slope of given line =−
𝟐

−𝟕
=

𝟐

𝟕
 

𝑌′ 

𝑋 𝑥′ 

𝑌 

 0,
5

2
  

 
1

2
, 0  

 5,0  
 0,

1

4
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Slope of required line = 𝒎 =
𝟐

𝟕
 

Point on the required line = 𝑨 −𝟒, 𝟕  

Equation of the line through A(-4,7) is  

𝒚 − 𝒚𝟏 = 𝒎 𝒙 − 𝒙𝟏  

𝒚 − 𝟕 =
𝟐

𝟕
 𝒙 − 𝟒  

𝟕𝒚 − 𝟒𝟗 = 𝟐𝒙 + 𝟖 

𝟐𝒙 − 𝟕𝒚 + 𝟓𝟕 = 𝟎 

Question no.25: 

Find an equation of the line through (5,-8) and 

perpendicular to the join of A(-15,8) B(10,7). 

Solution: points on given line= A(-15,8) B(10,7) 

Slope of given line =
𝟕+𝟖

𝟏𝟎+𝟏𝟓
=

𝟏𝟓

𝟐𝟓
=

𝟑

𝟓
 

Slope of required line = 𝒎 =
−𝟏
𝟑

𝟓

= −
𝟓

𝟑
 

Point on required line = p(5,-8)  

Equation of required line through p(5,-8) is  

𝒚 + 𝟖 = −
𝟓

𝟑
 𝒙 − 𝟓  

𝟑𝒚 + 𝟐𝟒 = −𝟓𝒙 + 𝟐𝟓 

𝟓𝒙 + 𝟑𝒚 + 𝟐𝟒 − 𝟐𝟓 = 𝟎 

𝟓𝒙 + 𝟑𝒚 − 𝟏 = 𝟎 

Question no.26: 

Find equation of two parallel lines perpendicular 

to 𝟐𝒙 − 𝒚 + 𝟑 = 𝟎 such that the product of the x 

and y-intercept of each is 3. 

Solution: 

Given line = 𝟐𝒙 − 𝒚 + 𝟑 = 𝟎 

Any line perpendicular to given line is  

𝒙 + 𝟐𝒚 + 𝒄 = 𝟎 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒍𝒊𝒏𝒆  

For x-intercept put y=0  

𝒙 + 𝒄 = 𝟎 

𝒙 = −𝒄 

According to given condition  

X-intercept × y-intercept =3 

−𝒄 × −
𝒄

𝟐
= 𝟑 

𝒄𝟐 = 𝟔 

𝒄 = ±√𝟔 

Putting c in required line  

𝒙 + 𝟐𝒚 ± √𝟔 = 𝟎 

Question no 27:  
One vertex of a parallelogram is  1,4 , 𝑡ℎ𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑠 
 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑎𝑡  2,1 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 ℎ𝑎𝑣𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 

 1 𝑎𝑛𝑑
1

7
 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 

 𝑜𝑡ℎ𝑒𝑟 Three vertices. 

Solution: 

 

 

 

 

 

 
𝑙𝑒𝑡  1,4 𝑏𝑒 𝑔𝑖𝑣𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝐵 𝑥1, 𝑦1 𝐶 𝑥2, 𝑦2 𝑎𝑛𝑑 𝐷 𝑥3, 𝑦3  

Be required vertices. 

∵ 𝐸 𝑖𝑠 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐶 𝑠𝑜  

 2,1 =  
1 + 𝑥2

2
,
4 + 𝑦2

2
  

 2 =
1+𝑥2

2
 ,1 =

4+𝑦2

2
 

 1 + 𝑥2 = 4   ,1 =
4+𝑦2

2
 

 𝑥2 = 3   , 𝑦2 − 2 

So C 𝑐2, 𝑦2 =  3, −2  

Now  

Slope of AD=
𝑦3−4

𝑥3−1
⇒ 1 =

𝑦3−4

𝑥3−1
 

 𝑥3 − 1 = 𝑦3 − 4 ⇒ 𝑥3 − 𝑦3 − 1 + 4 = 0 

 𝑥3 − 𝑦3 + 5 = 0 →  𝑖  

Slope of BC=
−2−𝑦1

3−𝑥1
⇒ 1 =

−2−𝑦1

3−𝑥1
 

 3 − 𝑥1 = −2 − 𝑦1 ⇒ 𝑥1 − 3 − 2 − 𝑦1 = 0 

 𝑥1 − 𝑦1 − 5 = 0 →  𝑖𝑖  

Slope of AB =
𝑦1−4

𝑥1−1
⇒ −

1

7
=

𝑦1−4

𝑥1−1
 

 −𝑥1  + 1 = 7𝑦1 − 28 ⇒ 𝑥1 + 7𝑦1 − 1 − 28 = 0 

 𝑥1 + 7𝑦1 − 29 = 0 →  𝑖𝑖𝑖  

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝐷𝐶 =
−2 − 𝑦3

3 − 𝑥2

⇒ −
1

7
=

−2 − 𝑦3

3 − 𝑥3

  

⇒ −3 + 𝑥3 = −14 − 7𝑦3 

⇒ −3 + 𝑥3 + 14 + 7𝑦3 = 0 

−3 + 𝑥3 + 14 + 7𝑦3 = 0 

⇒ 𝑥3 + 7𝑦3 + 11 = 0 →  𝑖𝑣  

𝑏𝑦 𝑖𝑣 −  𝑖   ⇒ 𝑥1 + 7𝑦3 + 11 = 0 

                             
 −𝑥3 ∓ 𝑦3 ± 3 = 0

8𝑦3 + 8 = 0
 

⇒ 8𝑦3 = −8 ⇒ 𝑦3 = −1 𝑝𝑢𝑡 𝑖𝑛  1  

𝑥3 −  −1 + 3 = 0 ⇒ 𝑥3 + 1 + 3 = 0 

𝑥3 + 4 = 0 ⇒ 𝑥3 = −4 

𝑏𝑦   𝑖𝑖𝑖 −  𝑖𝑖 ⇒ 𝑥1 + 7𝑦 + 29 = 0 

                            
±𝑥1 ∓ 𝑦1 ∓ 5 = 0

8𝑦1 − 24 = 0

8𝑦1 = 24 ⇒ 𝑦1 = 3 𝑝𝑢𝑡 𝑖𝑛  𝑖𝑖 

 

𝑥1 − 3 − 5 = 0 ⇒ 𝑥1 − 8 = 0 

𝑥1 = 8 

Hence required vertices are 𝐵 𝑥1, 𝑦1 = 𝐵 8,3 , 

𝐶 𝑥2, 𝑦2 = 𝐶 3, −2 , 𝐷 𝑥3, 𝑦3 = 𝐷 −4,−1  

𝑅𝑒𝑚𝑒𝑚𝑏𝑒𝑟 𝒂𝒃𝒐𝒗𝒆 𝒍𝒊𝒏𝒆: 𝑖𝑓 𝑠𝑖𝑔𝑛 𝑦 𝑖𝑛 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 

Our answer is same. 

Below line: if sign 𝑦 in given equation and our answer 

is different 

Question no 28: find whether the given point lies 

above or below the given line. 

a)  𝟓, 𝟖 ; 𝟐𝒙 − 𝟑𝒚 + 𝟔 = 𝟎 

b)   −𝟕, 𝟔 ; 𝟒𝒙 + 𝟑𝒚 − 𝟗 = 𝟎 

Solution: (a) given line 𝟐𝒙 − 𝟑𝒚 + 𝟔 = 𝟎 →  𝒊  

−𝟐𝒙 + 𝟑𝒚 − 𝟔 = 𝟎          ∴ 𝒃 > 𝟎 

𝑮𝒊𝒗𝒆𝒏 𝒑𝒐𝒊𝒏𝒕     𝒑 𝟓, 𝟖    

𝑷𝒖𝒕 𝒙 = 𝟓 𝒚 = 𝟖 𝒊𝒏 𝑳.𝑯. 𝑺. 𝒊𝒏  𝒊 ) 

𝟐 𝟓 − 𝟑 𝟖 + 𝟔 = −𝟏𝟎 + 𝟐𝟒 − 𝟔 

                                                           −𝟏𝟔 + 𝟐𝟖 = 𝟖 > 𝟎    

So the point p(5,8) lies above the line  

Solution: (b) given line 𝟒𝒙 + 𝟑𝒚 − 𝟗 = 𝟎 − − − 𝒊     ∴

𝒃 > 𝟎 
𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡     𝑝 −7,6   

𝑃𝑢𝑡 𝑥 = −7 𝑎𝑛𝑑 𝑦 = 6 𝑖𝑛 𝑖 

𝐴 1,4  

𝐷 𝑥3, 𝑦3  

𝐸 2,1  

𝐶 𝑥2, 𝑦2  

𝐵 𝑥1, 𝑦1  
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4 −7 + 3 6 − 9 = −28 + 18 − 9 

−𝟑𝟕 + 𝟏𝟖 = −𝟏𝟗 = −𝒗𝒆 

So the point (-7, 6) lies below the line 

Question no 29: check whether the given points 

are on the same or opposite sides of the given 

line. 

Solution: 

a) (0,0) and (-4,7) ;𝟔𝒙 − 𝟕𝒚 + 𝟕𝟎 = 𝟎 

b) (2,3)and (-2,3) ; 𝟑𝒙 − 𝟓𝒚 + 𝟖 = 𝟎 

Solution: (a) given line      𝟔𝒙 − 𝟕𝒚 + 𝟕𝟎 = 𝟎 

−6𝑥 + 7𝑦 − 70 = 0             ∴ 𝑏 > 0 
𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡 𝑝 0,0  , 𝑄 −4,7    

𝐹𝑜𝑟 𝑝𝑜𝑖𝑛𝑡 𝑝 0,0 :  

𝑃𝑢𝑡 𝑥 = 0 𝑦 = 0 𝑖𝑛 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛   
−6 0 + 7 0 − 70 =  0 + 0 − 70 = −70 < 0  

𝑆𝑜 𝑡ℎ𝑒 𝑝 0,0  𝑙𝑖𝑒𝑠 𝑏𝑒𝑙𝑜𝑤 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒   

𝐹𝑜𝑟 𝑝𝑜𝑖𝑛𝑡 𝑄 −4,7 :  

𝑃𝑢𝑡 𝑥 = −4 𝑎𝑛𝑑 𝑦 = 7 𝑖𝑛 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛   

−6 −4 + 7 7 − 70 = 24 + 49 − 70   

3 > 0 

So Q lies above the line. 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:  𝒃  𝒈𝒊𝒗𝒆𝒏 𝒍𝒊𝒏𝒆    𝟑𝒙 − 𝟓𝒚 + 𝟖 = 𝟎 

3𝑥 − 5𝑦 + 8 = 0         
∵ 𝑠𝑖𝑔𝑛 𝑜𝑓 𝑐𝑜𝑒𝑓𝑓𝑒𝑖𝑐𝑒𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦 = −5 = −𝑣𝑒 

𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠      𝑝 2,3  𝑄  −2,3   

𝐹𝑜𝑟 𝑝𝑜𝑖𝑛𝑡 𝑝 2,3 : 

𝑃𝑢𝑡 𝑥 = 2 𝑎𝑛𝑑 𝑦 = 3 𝑖𝑛 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  

3 2 − 5 3 + 8 = 6 − 15 + 8 

                    =  − 1 = −𝑣𝑒 

𝑆𝑜 𝑝𝑜𝑖𝑛𝑡 𝑃 𝑙𝑖𝑒𝑠 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 
𝐹𝑜𝑟 𝑝𝑜𝑖𝑛𝑡 𝑄 −2,3 : 

3 −2 − 5 3 + 8 = −6 − 15 + 8 

                        =  −15 + 2 

                        = − 13 = −𝑣𝑒  

𝑆𝑜 𝑝𝑜𝑖𝑛𝑡 𝑄 𝑙𝑖𝑒𝑠 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒.  

∵ 𝑏𝑜𝑡ℎ 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑟𝑒 𝑎𝑏𝑜𝑣𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑟𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 

 𝑠𝑖𝑑𝑒𝑠  

Question No 30: find the distance from the point 

p (6,-1) in the line𝟔𝒙 − 𝟒𝒚 + 𝟗 = 𝟎. 

Solution: given point   p (6,-1)  

Line        𝟔𝒙 − 𝟒𝒚 + 𝟗 = 𝟎. 

As we know that distance from the points p 

(𝑥1, 𝑦1 𝑡𝑜 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

𝑑 =
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐|

√𝑎2 + 𝑏2
 

Here a=6 b=-4 c=9 and 𝑥1 = 6, 𝑦1 = −1 

𝑑 =
|6 6 − 4 −1 + 9|

√62 +  −4 2
 

𝑑 =
|36 + 4 + 9|

√36 + 16
 

𝑑 =
49

√52
 

Question no 31: find the area of triangular region 

whose vertices are 𝑨  𝟓, 𝟑  𝑩 −𝟐, 𝟐  𝑪 𝟒, 𝟐 . 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝐴  5,3  𝐵 −2,2  𝐶 4,2). 

AREA of triangular region= 
1

2
|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

| 

                                          =  
1

2
|
5 3 1
−2 2 1
4 2 1

| 

=
1

2
[5 2 − 2 − 3 −2 − 4 + 1 −4 − 8 ] 

1

2
 0 + 18 − 12  

1

2
 6 = 3𝑠𝑞. 𝑢𝑛𝑖𝑡 

Question no32: the coordinates of three points are 

𝑨 𝟐, 𝟑 , 𝑩 −𝟏, 𝟏  and 𝑪 𝟒,−𝟓  by comparing the 

area bounded by ABC check whether the points are 

collinear. 

Solution:      

AREA of triangular region= 
1

2
|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

| 

                                          =  
1

2
|
2 3 1
−1 1 1
4 −5 1

| 

           = 1/2 [2 1 + 5 − 3 −1 − 4 + 1 5 − 4 ] 

                             =
1

2
 12 + 15 + 1  

=
1

2
 28 = 14 ≠ 0 

𝑠𝑜 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴, 𝐵, 𝐶 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟. 

 

Angle between two lines 

Theorem: 𝑙𝑒𝑡 𝑙1 𝑎𝑛𝑑 𝑙2𝑏𝑒 𝑡𝑤𝑜 𝑛𝑜𝑛 − 𝑣𝑒𝑟𝑡𝑖𝑐𝑙𝑒 𝑙𝑖𝑛𝑒𝑠 

 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑛𝑜𝑡 ⊥ 𝑎𝑟 𝑡𝑜 𝑒𝑎𝑐ℎ 𝑜𝑡ℎ𝑒𝑟. 

𝑖𝑓 𝑚1𝑎𝑛𝑑  

𝑚2 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑙1 𝑎𝑛𝑑 𝑙2 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, 𝑡ℎ𝑒𝑛 

 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝜃 𝑓𝑟𝑜𝑚 𝑙1𝑡𝑜 𝑙2𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦  

𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚1𝑚2
 

Proof: 

∵ 𝑠𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑟𝑒𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 1800 𝑠𝑜  

𝛼1 + 𝜃 + 1800 

 𝛼1 − 𝛼2 + 𝜃 = 1800 − 𝛼2 = 1800 
 𝛼1 − 𝛼2 + 𝜃 = 0 

 𝜃 = 𝛼2 − 𝛼1 

𝑡𝑎𝑛𝜃 = tan 𝛼2 − 𝛼1  

𝑡𝑎𝑛𝜃 =
𝑡𝑎𝑛𝛼2 − 𝑡𝑎𝑛𝛼1

1 + 𝑡𝑎𝑛𝛼1𝑡𝑎𝑛𝛼2
 

 ∵ tan 𝛼 − 𝛽 =
𝑡𝑎𝑛𝛼−𝑡𝑎𝑛𝛽

1+𝑡𝑎𝑛𝛼𝑡𝑎𝑛𝛽
 

 𝑡𝑎𝑛𝜃 =
𝑚2−𝑚1

1+𝑚1𝑚2
 

∵ 𝑚1 = 𝑡𝑎𝑛𝛼1 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙1 

𝑚2 = 𝑡𝑎𝑛𝛼2 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙2 

Corollary 1. If two lines are parallel then their slopes 

are equal. 

𝒊. 𝒆 𝒍𝟏||𝒍𝟐 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒎𝟏 = 𝒎𝟐 

Proof: 

𝑙𝑒𝑡 𝑚1𝑎𝑛𝑑 𝑚2 𝑏𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑙𝑖𝑛𝑒𝑠 𝑙1𝑎𝑛𝑑 𝑙2 𝑟𝑒𝑠𝑝. 
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𝑙𝑒𝑡 𝜃 𝑏𝑒 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙1𝑡𝑜 𝑙2 

∵ 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 ||𝑠𝑜 𝜃 = 0 

We know that 𝑡𝑎𝑛𝜃 =
𝑚2−𝑚1

1+𝑚1𝑚2
 

𝑡𝑎𝑛0 =
𝑚2 − 𝑚1

1 + 𝑚1𝑚2
⇒ 0 =

𝑚2 − 𝑚1

1 + 𝑚1𝑚2
 

⇒ 𝑚2 − 𝑚1 = 0 ⇒ 𝑚1 = 𝑚2  ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

Corollary 2. 

𝑖𝑓 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒

⊥ 𝑎𝑟 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑠𝑙𝑜𝑝𝑒𝑠 

Is equal to -1 

𝑖. 𝑒 𝑙1 ⊥ 𝑙2 𝑖𝑓𝑓 1 + 𝑚1𝑚2 = 0 

Proof: 

𝑙𝑒𝑡 𝑚1 𝑎𝑛𝑑 𝑚2 𝑏𝑒 𝑠𝑙𝑜𝑝𝑒𝑠 𝑜𝑓 𝑙1 𝑎𝑛𝑑 𝑙2 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 

𝑙𝑒𝑡 𝜃𝑏𝑒 𝑎𝑛 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙1𝑎𝑛𝑑 𝑙2 

∵ 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 ⊥ 𝑎𝑟 𝑠𝑜 𝜃 = 900 

We know that  

 𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚1𝑚2
 

𝑡𝑎𝑛900 =
𝑚2 − 𝑚1

1 + 𝑚1𝑚2
 

∞ =
𝑚2 − 𝑚1

1 + 𝑚1𝑚2
⇒

1

0
=

𝑚2 − 𝑚1

1 + 𝑚1𝑚2
 

⇒ 1 + 𝑚1𝑚2 = 0 ⇒ 𝑚1𝑚2 = −1 

Hence proved. 

Equation of a straight line in matrix form  

One linear equation: 

A linear equation 𝑙; 𝑎𝑥 + 𝑏𝑦 + 𝑐 =

0 𝑖𝑛 𝑡𝑤𝑜 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 
𝑥 𝑎𝑛𝑑 𝑦 ℎ𝑎𝑠 𝑖𝑡𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚 𝑎𝑠  

[𝑎𝑥 + 𝑏𝑦] = [−𝑐] 

0𝑟 [1  𝑏] [
𝑥
𝑦] = [−𝑐] 

⇒ 𝐴𝑋 = 𝐵      𝐴 = [𝑎     𝑏]  , 𝑋 = [
𝑥
𝑦] , 𝐵 = [−𝑐] 

A system of linear equation: 

A system of two linear equations  

𝑙1; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 

𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 𝑖𝑛 𝑡𝑤𝑜 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠. 

𝑥 𝑎𝑛𝑑 𝑦 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑎𝑠 

[
𝑎1𝑥 𝑏1𝑦
𝑎2𝑥 𝑏2𝑦

] = [
−𝑐1
−𝑐2

] 

⇒ [
𝑎1 𝑏1

𝑎2 𝑏2
] [

𝑥
𝑦] = [

−𝑐1
−𝑐2

] 

𝐴𝑋 = 𝐶 

Where 𝐴 = [
𝑎1 𝑏1

𝑎2 𝑏2
] , 𝐶 = [

−𝑐1
−𝑐2

] , 𝑋 = [
𝑥
𝑦] 

 

A system of three linear equations; 

A system of three linear equations 

𝑙1; 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 

𝑙2; 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 

𝑙3; 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0 

In two variables 𝑥 𝑎𝑛𝑑 𝑦 𝑡𝑎𝑘𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 

As 

[

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1
𝑎2𝑥 + 𝑏2𝑦 + 𝑐2
𝑎3𝑥 + 𝑏3𝑦 + 𝑐3

] = [ 
0
0
 0 

] 

⇒ [

𝑎1 𝑏1 𝑐!
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

] = [
0
0
0
] 

Exercise 4.4 
Q#1) Find the point of intersection of the lines: 

i) 𝑥 − 2𝑦 + 1 = 0 and 2𝑥 − 𝑦 + 2 = 0 

ii) 3𝑥 + 𝑦 + 12 = 0 and 𝑥 + 2𝑦 − 1 = 0 

iii) 𝑥 + 4𝑦 − 12 = 0 and 𝑥 − 3𝑦 + 3 = 0 

(i) 𝑥 − 2𝑦 + 1 = 0 and 2𝑥 − 𝑦 +

2 = 0   

 Sol: Let 𝑥 − 2𝑦 + 1 = 0 →(1),   2𝑥 − 𝑦 + 2 = 0 →(2) 

From Eq.1, we have   

𝑥 − 2𝑦 + 1 = 0 ⇒ 𝑥 = 2𝑦 − 1  

Put in Eq. (2) 

2𝑥 − 𝑦 + 2 = 0 ⇒  2 2𝑦 − 1 − 𝑦 + 2 = 0 

  ⇒ 4𝑦 − 2 − 𝑦 + 2 = 0 

⇒  3𝑦=0 ⇒ 𝑦 = 0  put in Eq. (1) 

𝑥 = 2𝑦 − 1 ⇒ 𝑥 = 2 0 − 1  ⇒ 𝑥 = −1   

 Hence point of intersection of Eq. (1) and (2) 

is𝐴 −1,0 . 
(ii) 3𝑥 + 𝑦 + 12 = 0 and 𝑥 + 2𝑦 − 1 =

0 

Sol: Let 3𝑥 + 𝑦 + 12 = 0 →(1),   𝑥 + 2𝑦 − 1 = 0 →(2) 

From Eq.1, we have   

3𝑥 + 𝑦 + 12 = 0 ⇒ 𝑦 = −3𝑥 − 12  

put in Eq. (2) 

𝑥 + 2𝑦 − 1 = 0 ⇒  𝑥 + 2 −3𝑥 − 12 − 1 = 0  

 ⇒ 𝑥 − 6𝑥 − 24 − 1 = 0 

⇒ −5𝑥 − 25=0 ⇒ 𝑦 =
25

−5
= −5  put in Eq. (1) 

𝑦 = −3𝑥 − 12 ⇒ 𝑦 = −3 −5 − 12  

 ⇒ 𝑥 = 15 − 12 = 3   

 Hence point of intersection of Eq. (1) and (2) is 

𝐵 −5,3 . 
(iii) 𝑥 + 4𝑦 − 12 = 0 and 𝑥 − 3𝑦 + 3 =

0 

Sol: Let 𝑥 + 4𝑦 − 12 = 0 = 0 →(1),   𝑥 − 3𝑦 + 3 = 0 →(2) 

From Eq.1, we have   

𝑥 + 4𝑦 − 12 = 0 ⇒ 𝑥 = −4𝑦 + 12  

Put in Eq. (2) 

𝑥 − 3𝑦 + 3 = 0 ⇒   −4𝑦 + 12 − 3𝑦 + 3 = 0 

  ⇒ −4𝑦 + 12 − 3𝑦 + 3 = 0 

⇒ −7𝑦 + 15=0 ⇒ 𝑦 =
−15

−7
=

15

7
  put in Eq. (1) 

𝑥 = −4𝑦 + 12 ⇒ 𝑥 = −4(
15

7
) + 12   

⇒ 𝑥 = −
60

7
+ 12 =

−60+84

7
=

24

7
    

 Hence point of intersection of Eq. (1) and (2) 

is𝐶 
24

7
,
15

7
 . 

Q#2) Find an equation of the line through 
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(i) the point  2, −9  and the intersection of 

the lines 

2𝑥 + 5𝑦 − 8 = 0 And 3𝑥 − 4𝑦 − 6 = 0 

Sol: Let𝑙1: 2𝑥 + 5𝑦 − 8 = 0, 𝑙2: 3𝑥 − 4𝑦 − 6 = 0  

and  2, −9  

Equation of line through the intersection of 𝑙1 and 𝑙2is 

given by 

𝑙:  𝑙1 + 𝑘𝑙2 = 0 
 2𝑥 + 5𝑦 − 8 + 𝑘 3𝑥 − 4𝑦 − 6 = 0 →(1) 

2𝑥 + 5𝑦 − 8 + 3𝑘𝑥 − 4𝑘𝑦 − 6𝑘 = 0 

Put 𝑥 = 2 and 𝑦 = −9 in above 

⇒    2 2 + 5 −9 − 8 + 3𝑘 2 − 4𝑘 −9 − 6𝑘 = 0 

⇒     4 − 45 − 8 + 6𝑘 + 36𝑘 − 6𝑘 = 0 

⇒     −49 + 36𝑘 = 0   ⇒   𝑘 =
49

36
 

Put in (1) 

 2𝑥 + 5𝑦 − 8 +
49

36
 3𝑥 − 4𝑦 − 6 = 0 

⇒ 36 2𝑥 + 5𝑦 − 8 + 49 3𝑥 − 4𝑦 − 6 = 0 

⇒  72𝑥 + 180𝑦 − 288 + 147𝑥 − 196𝑦 − 294 = 0 

⇒  219𝑥 − 16𝑦 − 582 = 0 

(ii) the intersection f the lines  

𝑥 − 𝑦 − 4 = 0  𝑎𝑛𝑑 7𝑥 + 𝑦 + 20

= 0 𝑎𝑛𝑑 
 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙   𝑏 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑎𝑙𝑟 𝑡𝑜 𝑏𝑒 𝑙𝑖𝑛𝑒 6𝑥 + 𝑦 − 14

= 0  

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛:  

𝑥 − 𝑦 − 4 = 0 →  𝑖  

7𝑥 + 𝑦 + 20 = 0 →  𝑖𝑖  

By  𝑖 +  𝑖𝑖 ⇒ 8𝑥 + 16 = 0 ⇒ 8𝑥 = −16 

⇒ 𝑥 = −2 𝑝𝑢𝑡 𝑖𝑛  𝑖 ⇒ −2 − 𝑦 − 4 = 0 

⇒ −𝑦 − 6 = 0 ⇒ −𝑦 = 6 ⇒ 𝑦 = −6 
So point of intersection is  −2,−6  

Given line is 

 6𝑥 + 𝑦 − 14 = 0 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 = −6 
(a) slope of required line is = −6 

           ∵ 𝑙𝑖𝑛𝑒 𝑖𝑠 ||𝑡𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒  

𝑡ℎ𝑢𝑠 𝑒𝑞. 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ  −2,−6 𝑎𝑛𝑑 𝑠𝑙𝑜𝑝𝑒 𝑖𝑠 − 6 

𝑦 −  −6 = −6 𝑥 −  −2  ∵ 𝑦 − 𝑦1

= 𝑚 𝑥 − 𝑥1  

 𝑦 + 6 = −6 𝑥 −  −2  

 𝑦 + 6 = −6 𝑥 + 2  

 𝑦 + 6 = −6𝑥 − 12 

 6𝑥 + 𝑦 + 6 + 12 = 0 

 6𝑥 + 𝑦 + 18 = 0 𝑟𝑒𝑞. 𝑙𝑖𝑛𝑒𝑠  

(b) ∵ 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 − 6 

Slope of required line =
1

6
 ∵ 𝑟𝑒𝑞. 𝑙𝑖𝑛𝑒 𝑖𝑠 ⊥

𝑎𝑟 𝑡𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒  

So eq. of lines through 

 −2,−6 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑠𝑙𝑜𝑝𝑒
1

6
𝑖𝑠 

𝑦 −  −6 =
1

6
 𝑥 + 2  ∵ 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1  

⇒ 𝑦 + 6 =
1

6
 𝑥 + 2  

6𝑦 + 36 = 𝑥 + 2 

 𝑥 − 6𝑦 + 2 − 36 = 0 

 𝑥 − 6𝑦 − 34 = 0 𝑟𝑒𝑞. 𝑙𝑖𝑛𝑒  
(iii) Through the intersection of the lines 

𝑥 + 2𝑦 + 3 = 0 , 3𝑥 + 4𝑦 + 7

= 0 𝑎𝑛𝑑 𝑚𝑎𝑘𝑖𝑛𝑔 
Equal intercepts on the axes. 

Solution: 

𝑎𝑛𝑦 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓   

𝑥 + 2𝑦 + 3 = 0  𝑎𝑛𝑑   3𝑥 + 4𝑦 + 7 = 0 𝑖𝑠 

𝑥 + 2𝑦 + 3 + 𝑘 3𝑥 + 4𝑦 + 7 = 0 →  𝑖  

 𝑥 + 2𝑦 + 3𝑘𝑥 + 7𝑘𝑦 + 7𝑘 = 0 

  (

∵ 𝑎 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔
𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 

𝑙1 𝑎𝑛𝑑 𝑙2 𝑖𝑠 𝑙1 + 𝑘𝑙2 
) 

  3𝑘 + 1 𝑥 +  2 + 4𝑘 𝑦 + 3 + 7𝑘 = 0 

For 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 , 𝑦 = 0 − 

So  3𝑘 + 1 𝑥 + 3 + 7𝑘 = 0 

 𝑥 =
− 3+7𝑘 

3𝑘+1
 

𝑓𝑜𝑟 𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡, 𝑥 = 0  

  2 + 4𝑘 𝑦 + 3 + 7𝑘 = 0 

 𝑦 =
− 3+7𝑘 

2+4𝑘
 

∵ 𝑏𝑜𝑡ℎ 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑠𝑜  
− 3 + 7𝑘 

3𝑘 + 1
=

− 3 + 7𝑘 

2 + 4𝑘
 

⇒
1

3𝑘 + 1
=

1

2 + 4𝑘
 

⇒ 3𝑘 + 1 = 2 + 4𝑘 

 4𝑘 − 3𝑘 + 2 − 1 = 0 

 K+1=0 

 𝑘 = −1      𝑠𝑜  𝑖 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

As 𝑥 + 2𝑦 + 3 +  −1  3𝑥 + 4𝑦 + 7 = 0 

 𝑥 + 2𝑦 + 3 − 3𝑥 − 4𝑦 − 7 = 0 

 −2𝑥 − 2𝑦 − 4 = 0 

 2𝑥 + 2𝑦 + 4 = 0 
 𝑥 + 𝑦 + 2 = 0 ÷ 𝑏𝑦 2       

Q#3) Find an equation of the line through the 

intersection of 

𝟏𝟔𝒙 − 𝟏𝟎𝒚 − 𝟑𝟑 = 𝟎; 𝟏𝟐𝒙 + 𝟏𝟒𝒚 + 𝟐𝟗 = 𝟎  

And the intersection of 𝒙 − 𝒚 + 𝟒 = 𝟎; 𝒙 − 𝟕𝒚 + 𝟐 =

𝟎 

Solution: 

Let𝑙1: 16𝑥 − 10𝑦 − 33 = 0, 𝑙2: 12𝑥 + 14𝑦 + 29 = 0 

And𝑙3: 𝑥 − 𝑦 + 4 = 0, 𝑙4: 𝑥 − 7𝑦 + 2 = 0 

First, we find the intersection of 𝑙1 and 𝑙2 

Let 16𝑥 − 10𝑦 − 33 = 0 →(1),   12𝑥 + 14𝑦 + 29 = 0 →(2) 

From Eq.1, we have   

16𝑥 − 10𝑦 − 33 = 0 ⇒ 𝑥 =
10𝑦+33

16
  

https://NewsonGoogle.com/

http://cbs.wondershare.com/go.php?pid=5239&m=db


Class 12                                  Chapter 4                               

33 | P a g e  
 

put in Eq. (2) 

12𝑥 + 14𝑦 + 29 = 0  

⇒  12 
10𝑦+33

16
 + 14𝑦 + 29 = 0   

⇒ 3 
10𝑦+33

4
 + 14𝑦 + 29 = 0 

⇒ 30𝑦 + 99 + 56𝑦 + 116 = 0 

⇒  86𝑦+215=0 ⇒ 𝑦 = −
215

86
= −

5

2
  put in Eq. (1) 

𝑥 =
10𝑦+33

16
 ⇒ 𝑥 =

10 −
5

2
 +33

16
  ⇒ 𝑥 =

1

2
   

 Hence point of intersection of Eq. (1) and (2) is 

𝐴 
1

2
, −

5

2
 . 

Equation of line through the intersection of 𝑙3 and 

𝑙4 is given by 

𝑙:  𝑙3 + 𝑘𝑙4 = 0 
 𝑥 − 𝑦 + 4 + 𝑘 𝑥 − 7𝑦 + 2 = 0 →(3) 

Put 𝑥 =
1

2
 and 𝑦 = −

5

2
 in above 

⇒     
1

2
 −  −

5

2
 + 4 + 𝑘  

1

2
 − 7 −

5

2
 + 2 = 0 

Multiply by 2, we get 

 

⇒     1 + 5 + 8 + 𝑘 1 + 35 + 4 = 0 

⇒      14 + 40𝑘 = 0   ⇒   𝑘 =
−14

40
= −

7

20
 

Put in (3) 

 𝑥 − 𝑦 + 4 −
7

20
 𝑥 − 7𝑦 + 2 = 0 

⇒ 20 𝑥 − 𝑦 + 4 − 7 𝑥 − 7𝑦 + 2 = 0 

⇒  20𝑥 − 20𝑦 + 80 − 7𝑥 + 49𝑦 − 14 = 0 

⇒  13𝑥 − 29𝑦 + 66 = 0 (Required line) 

Q#4) Find the condition that the lines  

𝑦 = 𝑚1𝑥 + 𝑐1 , 𝑦 = 𝑚2𝑥 + 𝑐2 and 𝑦 = 𝑚3𝑥 + 𝑐3  

are concurrent. 

Sol: Let  𝑙1:𝑚1𝑥 − 𝑦 + 𝑐1 = 0, 𝑙2:𝑚2𝑥 − 𝑦 + 𝑐2 = 0 

And 𝑙3:𝑚3𝑥 − 𝑦 + 𝑐3 = 0 

As we know that the line are concurrent if  

|

𝑚1 −1 𝑐1
𝑚2 −1 𝑐2
𝑚3 −1 𝑐3

| = 0 

|

𝑚1 −1 𝑐1
𝑚2 − 𝑚1 0 𝑐2 − 𝑐1
𝑚3 − 𝑚1 0 𝑐3 − 𝑐1

| = 0  By 𝑅2 − 𝑅1 and 𝑅2 −

𝑅3 

Expanding by 𝑅1, we have  
⇒ 𝑚1 0 − 0 + 1( 𝑚2 − 𝑚1  𝑐3 − 𝑐1 −  𝑚3 − 𝑚1  𝑐2 − 𝑐1 )

− 𝑐1 0 − 0 = 0 

⇒  𝑚2 − 𝑚1  𝑐3 − 𝑐1 =  𝑚3 − 𝑚1  𝑐2 − 𝑐1   

 (Which is the required condition) 

Q#5) Determine the value 𝒑 such that 𝟐𝒙 − 𝟑𝒚 −

𝟏 = 𝟎, 𝟑𝒙 − 𝒚 − 𝟓 = 𝟎 and 𝟑𝒙 + 𝒑𝒚 + 𝟖 = 𝟎  

Sol: Let𝑙1: 2𝑥 − 3𝑦 − 1 = 0, 𝑙2: 3𝑥 − 𝑦 − 5 = 0 

And 𝑙3: 3𝑥 + 𝑝𝑦 + 8 = 0 

As we know that the line are concurrent if  

|

𝑚1 −1 𝑐1
𝑚2 −1 𝑐2
𝑚3 −1 𝑐3

| = 0 

Put values 

As we know that the line are concurrent if  

|
2 −3 −1
3 −1 −5
3 p 8

| = 0 

⇒  2 −8 + 5𝑝 + 3 24 + 15 − 1 3𝑝 + 3 = 0 

⇒   −16 + 10𝑝 + 72 + 25 − 3𝑝 − 3 = 0 

⇒    7𝑝 + 98 = 0 

⇒     𝑝 = −
98

7
= −14 

Q#6) Show that the lines 𝟒𝒙 − 𝟑𝒚 − 𝟖 = 𝟎,  

𝟑𝒙 − 𝟒𝒚 − 𝟔 = 𝟎 and 𝒙 − 𝒚 − 𝟐 = 𝟎 are concurrent 

and the third line bisects the angle formed by first 

two lines. 

Sol: Let𝑙1: 4𝑥 − 3𝑦 − 8 = 0, 𝑙2: 3𝑥 − 4𝑦 − 6 = 0 

And 𝑙3: 𝑥 − 𝑦 − 2 = 0 

To check 𝑙1, 𝑙2 and 𝑙3 are concurrent, we take 

|
4 −3 −8
3 −4 −6
1 −1 −2

| = 4 8 − 6 + 3 −6 + 6 − 8 −3 + 4  

                         = 8 + 0 − 8 = 0 

 Hence, the given lines are concurrent. 

Now, we find the slopes of these line i.e. 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙1 = 𝑚1 = −
4

−3
=

4

3
  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙2 = 𝑚2 = −
3

−4
=

3

4
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑙3 = 𝑚3 = −
1

−1
= 1 

Let 𝜃1, be the angle between 𝑙1 and 𝑙3 

𝑡𝑎𝑛𝜃1 =
𝑚3 − 𝑚1

1 + 𝑚1𝑚3
 

=
1 −

4
3

1 +  1  
4
3 

=

3 − 4
3

3 + 4
3

 

 = −
1

7
→(1) 

Let 𝜃1, be the angle between 𝑙3 and 𝑙2 

𝑡𝑎𝑛𝜃2 =
𝑚2 − 𝑚3

1 + 𝑚2𝑚3
 

=

3
4 − 1

1 +  1  
3
4 

=

3 − 4
4

4 + 3
4

 

 = −
1

7
→(2) 

From eq. (1) and (2) 

𝑡𝑎𝑛𝜃1 = 𝑡𝑎𝑛𝜃2 

⇒  𝜃1 = 𝜃2 

⇒ 𝑙3 Bisect the angle formed by first two lines. 

Q#7) the vertices of a triangle are 𝑨 −𝟐, 𝟑 , 𝑩 −𝟒, 𝟏  

and 𝑪 𝟑, 𝟓 . Find the coordinates of (i) centroid (ii) 

orthocenter (iii) circumcenter. Are these three points 

collinear? 

(I) Sol: Centroid  

Centroid of a triangle is the point of concurrency of its 

three medians.    

Let 𝐷 and 𝐸 be the mid points of 𝐵𝐶̅̅ ̅̅  and 𝐴𝐶̅̅ ̅̅  

respectively. 
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Midpoint of 𝐵𝐶̅̅ ̅̅ = 𝐷 (
−4+3

2
,
1+5

2
) = 𝐷 −

1

2
, 3  

Mid-point of 𝐴𝐶̅̅ ̅̅ = 𝐸 (
−2+3

2
,
5+3

2
) = 𝐸 

1

2
, 4  

Equation of the median 𝐵𝐸̅̅ ̅̅  

The points on 𝐵𝐸̅̅ ̅̅  are 𝐵 −4, 1 , 𝐷 
1

2
, 4  

Slope of 𝐵𝐸̅̅ ̅̅ =
4−1
1

2
+4

=
3
9

2

=
2

3
   

Now, 𝑦 − 𝑦1 = 𝑚1 𝑥 − 𝑥1   ⇒ 𝑦 − 1 =
2

3
 𝑥 + 4  

using the point 𝐵 −4, 1 . 

3𝑦 − 3 = 2𝑥 + 8  ⇒   2𝑥 − 3𝑦 + 11 = 0 →(1) 

Equation of the median 𝐴𝐷̅̅ ̅̅  

The points on 𝐴𝐷̅̅ ̅̅  are 𝐴 −2, 3 , 𝐷 −
1

2
, 3  

Slope of 𝐴𝐷̅̅ ̅̅ =
3−3

−
1

2
+2

= 0   

Now, 𝑦 − 𝑦1 = 𝑚2 𝑥 − 𝑥1   ⇒ 𝑦 − 3 = 0 𝑥 + 2  

using the point 𝐴 −2, 3 . 

𝑦 − 3 = 0  ⇒ 𝑦 = 3 put in eq. (1) 

2𝑥 − 3𝑦 + 11 = 0  ⇒   2𝑥 − 3 3 + 11 = 0   

⇒  2𝑥 − 9 + 11 = 0 ⇒ 𝑥 = −1 

Hence Centroid is  −1, 3 .  

(II) Sol: Orthocenter  

Orthocenter of a triangle is the point of concurrency of 

its three altitudes.    

Let 𝐴𝑃̅̅ ̅̅  ⊥  𝐵𝐶̅̅ ̅̅    and 𝐵𝑄̅̅ ̅̅  ⊥  𝐴𝐶̅̅ ̅̅  be the altitudes of the 

triangle𝐴𝐵𝐶. 

Slope of 𝐵𝐶̅̅ ̅̅ = 𝑚1 =
5−1

3+4
=

4

7
   

Slope of 𝐴𝐶̅̅ ̅̅ = 𝑚2 =
5−3

3+2
=

2

5
   

Equation of the Altitude 𝐴𝑃̅̅ ̅̅  

Slope of 𝐴𝑃̅̅ ̅̅ = −
1

𝑚1
= −

7

4
   

Now, 𝑦 − 𝑦1 = 𝑚1 𝑥 − 𝑥1   ⇒ 𝑦 − 3 = −
7

4
 𝑥 + 2  

using the point 𝐴 −2, 3  on 𝐴𝑃̅̅ ̅̅ . 

4𝑦 − 12 = −7𝑥 − 14  ⇒ 7𝑥 + 4𝑦 + 2 = 0…… (1) 

Equation of the Altitude 𝐵𝑄̅̅ ̅̅  

Slope of 𝐵𝑄̅̅ ̅̅ = −
1

𝑚2
= −

5

2
   

Now, 𝑦 − 𝑦1 = 𝑚2 𝑥 − 𝑥1   ⇒ 𝑦 − 1 = −
5

2
  𝑥 + 4  

using the point 𝐵 −4, 1  on 𝐵𝑄̅̅ ̅̅ . 

2𝑦 − 2 = −5𝑥 − 20  ⇒ 5𝑥 + 2𝑦 + 18 = 0…… (2) 

From eq. (2) 

5𝑥 + 2𝑦 + 18 = 0 ⇒ 𝑥 =
−2𝑦−18

5
  

put in Eq. (1) 

7𝑥 + 4𝑦 + 2 = 0 ⇒  7 
−2𝑦−18

5
 + 4𝑦 + 2 = 0   

⇒ −14𝑦 − 126 + 20𝑦 + 10 = 0 

⇒  6𝑦-116=0 ⇒ 𝑦 =
116

6
=

58

3
  put in Eq. (2) 

𝑥 =
−2𝑦−18

5
 ⇒ 𝑥 =

−2 
58

3
 −18

5
  ⇒ 𝑥 = −

34

3
   

 Hence, the orthocenter is  −
34

3
,
58

3
 . 

(III) Sol: Circumcenter  

Circumcenter of a triangle is the point of concurrency 

of right bisectors of its sides.    

Let 𝑃𝑄̅̅ ̅̅   and 𝑅𝑆̅̅̅̅  be the right bisectors 𝐵𝐶̅̅ ̅̅   and 𝐴𝐶̅̅ ̅̅  

respectively. 

Slope of 𝐴𝐶̅̅ ̅̅ = 𝑚1 =
5−3

3+2
=

2

5
   

Slope of 𝐴𝐶̅̅ ̅̅ = 𝑚2 =
5−1

3+4
=

4

7
   

Midpoint of 𝐵𝐶̅̅ ̅̅ = 𝐷 (
−4+3

2
,
1+5

2
) = 𝐿 −

1

2
, 3  

Midpoint of 𝐴𝐶̅̅ ̅̅ = 𝐸 (
−2+3

2
,
5+3

2
) = 𝑀 

1

2
, 4  

 

Equation of the Altitude 𝑅𝑆̅̅̅̅  

Slope of  𝑅𝑆̅̅̅̅ = −
1

𝑚1
= −

5

2
   

Now, 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1   ⇒ 𝑦 − 4 = −
5

2
 (𝑥 −

1

2
) 

using the point 𝑀(
1

2
, 4) on  𝑅𝑆̅̅̅̅ . 

2𝑦 − 8 = −5𝑥 +
5

2
  ⇒  4𝑦 − 16 = −10𝑥 + 5   

⇒ 10𝑥 + 4𝑦 − 21 = 0…… (1) 

 

Equation of the Bisector  𝑃𝑄̅̅ ̅̅  

Slope of 𝑃𝑄̅̅ ̅̅ = −
1

𝑚2
= −

7

4
   

Now, 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1   ⇒ 𝑦 − 3 = −
7

4
(𝑥 +

1

2
) 

using the point 𝐿 (−
1

2
, 3) on 𝑃𝑄̅̅ ̅̅ . 

4𝑦 − 12 = −7𝑥 −
7

2
  ⇒ 14𝑥 + 8𝑦 − 17 = 0…… (2) 

From eq. (2) 

14𝑥 + 8𝑦 − 17 = 0 ⇒ 𝑥 =
−8𝑦+17

14
  

put in Eq. (1) 

10𝑥 + 4𝑦 − 21 = 0 ⇒  10 
−8𝑦+17

14
 + 4𝑦 − 21 = 0   

⇒ −80𝑦 + 170 + 56𝑦 − 294 = 0 

⇒ −24𝑦 − 124 = 0 ⇒ 𝑦 =
124

−24
= −

31

6
  put in Eq. (2) 

𝑥 =
−8𝑦+17

14
 ⇒ 𝑥 =

−8 −
31

6
 +17

14
  ⇒ 𝑥 =

25

6
   

 Hence, the Circumcenter is  
25

6
, −

31

6
 . 

(IV) Now, we check whether centroid, 

orthocenter and circumcenter are 

collinear or not. 

Centroid is  −1, 3 , orthocenter is  −
34

3
,
58

3
  and 

Circumcenter is  
25

6
, −

31

6
 . 

Let  

|
|

−1 3 1

−
34

3

58

3
1

25

6
−

31

6
1

|
| 

= −1 
58

3
+

31

6
 − 3 −

34

3
−

25

6
 

+ 1 
1054

18
−

1450

18
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= −1 
116 + 31

6
 + 3 

68 + 25

6
 

+ 1 
1054 − 1450

18
 

= −
49

2
+

93

2
− 22 

=
−49 + 93 − 44

2
= 0 

Thus, all the points are collinear (lying on a straight 

line). 

Q#8) Check whether the lines 𝟒𝒙 − 𝟑𝒚 − 𝟖 = 𝟎, 

𝟑𝒙 − 𝟒𝒚 − 𝟔 = 𝟎 and 𝒙 − 𝒚 − 𝟐 = 𝟎 are concurrent. 

If so, find the point where they meet.   

Sol: Let𝑙1: 4𝑥 − 3𝑦 − 8 = 0, 𝑙2: 3𝑥 − 4𝑦 − 6 = 0 

and 𝑙3: 𝑥 − 𝑦 − 2 = 0 

To check 𝑙1, 𝑙2 and 𝑙3 are concurrent, we take 

|
4 −3 −8
3 −4 −6
1 −1 −2

| = 4 8 − 6 + 3 −6 + 6 − 8 −3 + 4  

                         = 8 + 0 − 8 = 0 

 Hence, the given lines are concurrent. 

For the point of concurrency, we solve , 𝑙2 and𝑙3. 

Let 3𝑥 − 4𝑦 − 6 = 0 →(1),   𝑥 − 𝑦 − 2 = 0 →(2) 

From Eq.1, we have   

3𝑥 − 4𝑦 − 6 = 0 ⇒ 𝑥 =
4𝑦+6

3
  

Put in Eq. (2) 

𝑥 − 𝑦 − 2 = 0 ⇒   
4𝑦+6

3
 − 𝑦 − 2 = 0  ⇒ 4𝑦 + 6 − 3𝑦 − 6 = 0 

⇒  𝑦=0   put in Eq. (1) 

𝑥 =
4𝑦+6

3
 ⇒ 𝑥 =

4 0 +6

3
⇒ 𝑥 =

6

3
= 2   

 Hence point of intersection of Eq. (1) and (2) is 

𝐵 2,0 . 

Q#9.find the coordinates of the vertices of the 

triangle formed by the lines 𝒙 − 𝟐𝒚 − 𝟔 = 𝟎; 

𝟑𝒙 − 𝒚 + 𝟑 = 𝟎 ; 𝟐𝒙 + 𝒚 − 𝟒 = 𝟎 𝒂𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 
Measures of the angles of the triangle. 

Solution: 

𝑥 − 2𝑦 − 6 = 0 →  𝑖  

3𝑥 − 𝑦 + 3 = 0 →  𝑖𝑖  

2𝑥 + 𝑦 − 4 = 0 →  𝑖𝑖𝑖  
Solving (i) and (ii) 

𝑥

−6 − 6
=

𝑦

−18 − 3
=

1

−1 + 6
 

 
𝑥

−12
=

𝑦

−21
=

1

5
 

 
𝑥

−12
=

𝑦

−21
=

1

5
 

 𝑥 = −
12

5
   𝑎𝑛𝑑 𝑦 = −

21

5
 

Solving (ii) and (iii) 
𝑥

4 − 3
=

𝑦

6 + 12
=

1

3 + 2
 

 
𝑥

1
=

𝑦

18
=

1

5
 

 
𝑥

1
=

𝑦

18
=

1

5
 

 
𝑥

1
=

1

5
   𝑎𝑛𝑑

𝑦

18
−

1

5
 

 𝑥 =
1

5
𝑎𝑛𝑑 𝑦 =

18

5
 

Solving (i) and (iii) 
𝑥

8 + 6
=

𝑦

−12 + 4
=

1

1 + 4
 

𝑥

14
=

1

5
 𝑎𝑛𝑑

𝑦

−8
=

1

5
 

𝑦 =
14

5
 𝑎𝑛𝑑 𝑦 = −

8

5
 

So vertices of triangle are  

𝐴  −
14

8
,−

8

5
 , 𝐵  

1

5
,
18

5
 , 𝐶  −

12

5
,−

21

5
  

Now  

𝑚1 = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵 =

18
5

− (−
18
5
)

1
5
− (

14
5

)
=

18 + 8
5

1 − 14
5

 

𝑚1 =
26

−13
= −2 

𝑚2 = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶 =
−

21
5

−
18
5

−
12
5

− −
1
5

=
−

39
5

−
13
5

= −
39

−13
 

 𝑚2 = 3 

𝑚3 = 𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐶𝐴 =
−

3
5
+

21
5

14
5

+
12
5

=

13
5
26
5

=
13

26
=

1

2
 

𝑚2 =
1

2
 

𝑇𝑎𝑛𝜃1 =
𝑚1 − 𝑚2

1 + 𝑚1𝑚2
 

 ∵ 𝜃 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙2𝑡𝑜 𝑙1  

=
−2 −  −3 

1 +  −2  3 
=

−5

1 − 6
= −

5

−5
= 1 

 𝑇𝑎𝑛𝜃1 = 1 

 𝜃1 = tan−1 1 = 450 

𝑡𝑎𝑛𝜃2 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚3
 

 ∵ 𝜃2 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙3 𝑡𝑜 𝑙2  

 𝑇𝑎𝑛𝜃2 =
3 −

1
2

1 + 3 (
1
2)

=

6 − 1
2

2 + 3
2

=
5

5
= 1 

𝑇𝑎𝑛𝜃2 = 1 

𝜃2 = 𝑇𝑎𝑛−1 1 = 450 

𝑇𝑎𝑛𝜃3 =
𝑚3 − 𝑚1

1 + 𝑚3𝑚1
=

1
2 −  −2 

1 +  
1
2  −2 

=

1
2 + 2

1 − 1

= ∞ 

 𝑇𝑎𝑛𝜃3 = ∞ 

 𝜃3 = 𝑇𝑎𝑛−1 ∞ = 900 
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 ∵ 𝜃3 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙1𝑡𝑜 𝑙3  
Q#10) Find the angle measured from the line 𝒍𝟏 to 

the line 𝒍𝟐 where 

a) 𝑙1; joining  2, 7  and  7, 10   

𝑙2; joining  1, 1  and  −5, 3   

 

Sol: (a) 

Let 𝑙1 :  joining  2, 7  and  7, 10  

Slope of 𝑙1 = 𝑚1 =
10−7

7−2
=

3

5
 

Let 𝑙2: joining  1, 1  and  −5, 3  

Slope of 𝑙2 = 𝑚2 =
3−1

−5−1
=

2

−6
= −

1

3
 

Let 𝜃 be the angle from 𝑙1  → 𝑙2, then  

𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
 

=

−1
3

−
3
5

1 +  
−1
3

  
3
5
 
=

−5 − 9
15

15 − 3
15

 

 = −
7

6
…. 

𝜃 = tan−1  −
7

6
 = 130.6𝑜 

Acute angle  

  

𝑡𝑎𝑛𝜃 = |
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
| = |−

7

6
| =

7

6
 

𝜃 = tan−1  
7

6
 = 49.4𝑜 

b) 𝑙1; joining  3, −1  and  5, 7   

𝑙2; joining  2, 4  and  −8, 2   

 

Sol: (b) 

Let 𝑙1  : joining  3, −1  and  5, 7  

Slope of 𝑙1 = 𝑚1 =
7+1

5−3
=

8

2
= 4 

Let 𝑙2: joining  2, 4  and  −8, 2  

Slope of 𝑙2 = 𝑚2 =
2−4

−8−2
=

−2

−10
=

1

5
 

Let 𝜃 be the angle from 𝑙1  → 𝑙2, then  

𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
 

=

1
5
− 4

1 +  
1
5
  4 

=

1 − 20
5

5 + 4
5

 

 = −
19

5
…. 

𝜃 = tan−1  −
19

5
 

= 180𝑜 − tan−1  
19

5
 

= 115.35𝑜 

Acute angle  

  

𝑡𝑎𝑛𝜃 = |
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
| = |−

19

5
| =

19

5
 

𝜃 = tan−1  
19

5
 = 64.65𝑜 

c) 𝑙1; joining  1, −7  and  6, −4   

𝑙2; joining  −1,   2  and  −6 , −1   

 

Sol: (c) 

Let 𝑙1 :  joining  1, −7  and  6,−4   

Slope of 𝑙1 = 𝑚1 =
−4+7

6−1
=

3

5
 

Let 𝑙2: joining  −1,   2  and  −6 ,−1  

Slope of 𝑙2 = 𝑚2 =
−1−2

−6+1
=

−3

−6
=

3

5
 

Let 𝜃 be the angle from 𝑙1  → 𝑙2, then  

𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
 

=

3
5
−

3
5

1 +  
3
5
  
3
5
 
= 0 

 = 0…. 

𝜃 = tan−1 0 = 0𝑜 

Acute angle  

  

𝑡𝑎𝑛𝜃 = |
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
| = |0| = 0 

𝜃 = tan−1 0 = 0𝑜 

d) 𝑙1; joining  −9,−1  and  3, −5   

𝑙2; joining  2, 7  and  −6,−7   

 

Sol: (d) 

Let 𝑙1 :  joining  −9,−1  and  3, −5  

Slope of 𝑙1 = 𝑚1 =
−5+1

3+9
=

−4

12
= −

1

3
 

Let 𝑙2: joining  2, 7  and  −6,−7  

Slope of 𝑙2 = 𝑚2 =
−7−7

−6−2
=

−14

−8
=

7

4
 

Let 𝜃 be the angle from 𝑙1  → 𝑙2, then  

𝑡𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
 

=

7
4 +

1
3

1 +  
−1
3   

7
4 

=

21 + 4
12

12 − 7
12

 

 =
25

5
= 5…. 

𝜃 = tan−1 5 = 78.69𝑜 

Acute angle  

 𝜃 = tan−1 5 = 78.69𝑜 

Q#11) Find the interior angle of the triangle, whose 

vertices are  

a) 𝐴 −2, 11 , 𝐵 −6,−3  and 𝐶 4,−9  

Sol:  𝐴 −2, 11 , 𝐵 −6,−3  and 𝐶 4,−9  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵̅̅ ̅̅ = 𝑚1 =
−3 − 11

−6 + 2
=

14

4
=

7

2
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶̅̅ ̅̅ = 𝑚2 =
−3 + 9

−6 − 4
=

6

−10
=

−3

5
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐶̅̅ ̅̅ = 𝑚3 =
−9 − 11

4 + 2
=

−20

6

=
−10

3
 

Let 𝛼, 𝛽 and 𝛾 be the angles from 𝐴𝐵̅̅ ̅̅  to 𝐴𝐶̅̅ ̅̅ , 

𝐵𝐶̅̅ ̅̅  to 𝐵𝐴̅̅ ̅̅  and 𝐶𝐴̅̅ ̅̅  to 𝐶𝐵̅̅ ̅̅  respectively. 
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𝑡𝑎𝑛𝛼 =
𝑚3 − 𝑚1

1 + 𝑚3𝑚1
 

=
−

10
3

−
7
2

1 + (−
10
3

)(
7
2
)
=

−20 − 21
6

6 − 70
6

 

=
41

64
 

𝛼 = tan−1  
41

64
 = 32.64𝑜 

𝑡𝑎𝑛 𝛽 =
𝑚1 − 𝑚2

1 + 𝑚2𝑚1
 

=

7
2
+

3
5

1 + (−
3
5
) (

7
2
)
=

35 + 6
10

10 − 21
10

 

=
−41

11
 

 𝛽 = tan−1  
−41

11
 = 180𝑜 − tan−1  

41

11
 = 105.02𝑜 

𝑡𝑎𝑛𝛾 =
𝑚2 − 𝑚3

1 + 𝑚3𝑚2
 

=
−

3
5
+

10
3

1 + (−
10
3 )(−

3
5
)
=

−9 + 50
15

15 + 30
15

 

=
41

45
 

𝛾 = tan−1  
41

45
 = 42.34𝑜 

 
Q#12) Find the interior angle of the triangle, whose 

vertices are 

𝐴 5, 2 , 𝐵 −2, 3 ,  𝐶 −3,−4  and 𝐷 4,−5 . 

Sol:  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵̅̅ ̅̅ = 𝑚1 =
3 − 2

−2 − 5
= −

1

7
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶̅̅ ̅̅ = 𝑚2 =
−4 − 3

−3 + 2
=

−7

−1
= 7 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐶𝐷̅̅ ̅̅ = 𝑚3 =
−5 + 4

4 + 3
=

−1

7
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐷̅̅ ̅̅ = 𝑚4 =
−5 − 2

4 − 5
=

−7

−1
= 7 

 

Let 𝛼, 𝛽, 𝛾 and 𝛿 be the angles from 𝐴𝐵̅̅ ̅̅  to 

𝐴𝐷̅̅ ̅̅ , 𝐵𝐶̅̅ ̅̅  to 𝐵𝐴̅̅ ̅̅ , 𝐶𝐷̅̅ ̅̅  to 𝐶𝐵̅̅ ̅̅  and 𝐴𝐷̅̅ ̅̅  to 𝐶𝐷̅̅ ̅̅  

respectively. 

𝑡𝑎𝑛𝛼 =
𝑚4 − 𝑚1

1 + 𝑚4𝑚1
 

=
7 +

1
7

1 +  7 (
−1
7 )

=

49 + 1
7
0
7

 

= ∞ 

𝛼 = tan−1 ∞ = 90𝑜 

𝑡𝑎𝑛 𝛽 =
𝑚1 − 𝑚2

1 + 𝑚2𝑚1
 

=

−1
7 − 7

1 + (
−1
7 )  7 

=

−1 − 49
7
0
7

= −∞ 

 𝛽 = tan−1 −∞ = 180𝑜 − tan−1 ∞ = 90𝑜 

𝑡𝑎𝑛𝛾 =
𝑚2 − 𝑚3

1 + 𝑚3𝑚2
 

=
7 +

1
7

1 +  7 (
−1
7 )

=

49 + 1
7
0
7

 

= ∞ 

𝛾 = tan−1 ∞ = 90𝑜 

𝑡𝑎𝑛𝛿 =
𝑚3 − 𝑚4

1 + 𝑚3𝑚4
 

=

−1
7 − 7

1 + (
−1
7

)  7 
=

−1 − 49
7
0
7

= −∞ 

 𝛿 = tan−1 −∞ = 180𝑜 − tan−1 ∞ = 90𝑜   
 ∵ 𝜃4 𝑖𝑠 𝑎𝑛𝑔𝑙𝑒 𝑓𝑟𝑜𝑚 𝑙4𝑡𝑜 𝑙3  

Q#13) Show that the points 𝑨 𝟎, 𝟎 , 𝑩 𝟐, 𝟏 ,  𝑪 𝟑, 𝟑  

and 𝑫 𝟏, 𝟐  are vertices of the rhombus. Find the its 

interior angles. 

Sol:  

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐵̅̅ ̅̅ = 𝑚1 =
1 − 0

2 − 0
=

1

2
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐵𝐶̅̅ ̅̅ = 𝑚2 =
3 − 1

3 − 2
=

2

1
= 2 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐶𝐷̅̅ ̅̅ = 𝑚3 =
2 − 3

1 − 3
=

−1

−2
=

1

2
 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝐴𝐷̅̅ ̅̅ = 𝑚4 =
2 − 0

1 − 0
=

2

1
= 2 

 

Let 𝛼, 𝛽, 𝛾 and 𝛿 be the angles from 𝐴𝐵̅̅ ̅̅  to 

𝐴𝐷̅̅ ̅̅ , 𝐵𝐶̅̅ ̅̅  to 𝐵𝐴̅̅ ̅̅ , 𝐶𝐷̅̅ ̅̅  to 𝐶𝐵̅̅ ̅̅  and 𝐴𝐷̅̅ ̅̅  to 𝐶𝐷̅̅ ̅̅  

respectively. 

𝑡𝑎𝑛𝛼 =
𝑚4 − 𝑚1

1 + 𝑚4𝑚1
 

=
2 −

1
2

1 +  2 (
1
2)

=

4 − 1
2

1 + 1
=

3

4
 

𝛼 = tan−1  
3

4
 = 36.87𝑜 

𝑡𝑎𝑛 𝛽 =
𝑚1 − 𝑚2

1 + 𝑚2𝑚1
 

=

1
2 − 2

1 + (
1
2)

 2 
=

1 − 4
2
2

= −
3

4
 

 𝛽 = tan−1  −
3

4
 = 180𝑜 − tan−1  

3

4
 = 143.13𝑜 

𝑡𝑎𝑛𝛾 =
𝑚2 − 𝑚3

1 + 𝑚3𝑚2
 

=
2 −

1
2

1 +  2 (
1
2)

=

4 − 1
2

1 + 1
=

3

4
 

𝛾 = tan−1  
3

4
 = 36.87𝑜 

𝑡𝑎𝑛𝛿 =
𝑚3 − 𝑚4

1 + 𝑚3𝑚4
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=

1
2
− 2

1 + (
1
2
)  2 

=

1 − 4
2
2

= −
3

4
 

 𝛿 = tan−1  −
3

4
 = 180𝑜 − tan−1  

3

4
 = 143.13𝑜 

For rhombus As 𝑚1 = 𝑚3 and 𝑚2 = 𝑚4 

⇒ 𝐴𝐵̅̅ ̅̅ ∥ 𝐶𝐷̅̅ ̅̅  and 𝐴𝐷̅̅ ̅̅ ∥ 𝐵𝐶̅̅ ̅̅  

Thus, 𝐴𝐵𝐶𝐷 is a parallelogram. 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝐴𝐶̅̅ ̅̅ = 𝑚5 =
3 − 0

3 − 0
= 1 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝐵𝐷̅̅ ̅̅ = 𝑚6 =
2 − 1

1 − 2
=

−1

1
= −1 

⇒ Product of slopes= 𝑚5 × 𝑚6 =  1  −1 = −1 

⇒ 𝐴𝐶̅̅ ̅̅ ∥ 𝐵𝐷̅̅ ̅̅  no interior angle is 90𝑜. 

Hence, it is clear that 𝐴𝐵𝐶𝐷 is rhombus. 

Q#15) the vertices of a triangle 𝑨𝑩𝑪 are 

𝑨 −𝟐, 𝟑 , 𝑩 −𝟒, 𝟏  and 𝑪 𝟑, 𝟓 . Find the Centre of 

the circumcenter of the triangle. 

Sol: Circumcenter  

Circumcenter of a triangle is the point of concurrency 

of right bisectors of its sides.    

Let 𝑃𝑄̅̅ ̅̅   and 𝑅𝑆̅̅̅̅  be the right bisectors 𝐵𝐶̅̅ ̅̅   and 𝐴𝐶̅̅ ̅̅  

respectively. 

Slope of 𝐴𝐶̅̅ ̅̅ = 𝑚1 =
5−3

3+2
=

2

5
   

Slope of 𝐴𝐶̅̅ ̅̅ = 𝑚2 =
5−1

3+4
=

4

7
   

Mid point of 𝐵𝐶̅̅ ̅̅ = 𝐷 (
−4+3

2
,
1+5

2
) = 𝐿 −

1

2
, 3  

Mid point of 𝐴𝐶̅̅ ̅̅ = 𝐸 (
−2+3

2
,
5+3

2
) = 𝑀 

1

2
, 4  

 

Equation of the Altitude 𝑅𝑆̅̅̅̅  

Slope of  𝑅𝑆̅̅̅̅ = −
1

𝑚1
= −

5

2
   

Now, 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1   ⇒ 𝑦 − 4 = −
5

2
 (𝑥 −

1

2
) 

using the point 𝑀(
1

2
, 4) on  𝑅𝑆̅̅̅̅ . 

2𝑦 − 8 = −5𝑥 +
5

2
  ⇒  4𝑦 − 16 = −10𝑥 + 5   

⇒ 10𝑥 + 4𝑦 − 21 = 0…… (1) 

 

Equation of the Bisector  𝑃𝑄̅̅ ̅̅  

Slope of 𝑃𝑄̅̅ ̅̅ = −
1

𝑚2
= −

7

4
   

Now, 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1   ⇒ 𝑦 − 3 = −
7

4
(𝑥 +

1

2
) 

using the point 𝐿 (−
1

2
, 3) on 𝑃𝑄̅̅ ̅̅ . 

4𝑦 − 12 = −7𝑥 −
7

2
  ⇒ 14𝑥 + 8𝑦 − 17 = 0…… (2) 

From eq. (2) 

14𝑥 + 8𝑦 − 17 = 0 ⇒ 𝑥 =
−8𝑦+17

14
  

put in Eq. (1) 

10𝑥 + 4𝑦 − 21 = 0 ⇒  10 
−8𝑦+17

14
 + 4𝑦 − 21 = 0   

⇒ −80𝑦 + 170 + 56𝑦 − 294 = 0 

⇒ −24𝑦 − 124 = 0 ⇒ 𝑦 =
124

−24
= −

31

6
  put in Eq. (2) 

𝑥 =
−8𝑦+17

14
 ⇒ 𝑥 =

−8 −
31

6
 +17

14
  ⇒ 𝑥 =

25

6
   

 Hence, the Circumcenter is  
𝟐𝟓

𝟔
, −

𝟑𝟏

𝟔
 . 

Q#16) Express the given system of equations in 

matrix form. Find in each case whether the lines are 

concurrent or not. 

(a) 𝑥 + 3𝑦 − 2 = 0, 2𝑥 − 𝑦 + 14 = 0 and 𝑥 −

11𝑦 + 14 = 0 

Sol:  

𝑥 + 3𝑦 − 2 = 0 

2𝑥 − 𝑦 + 14 = 0 

𝑥 − 11𝑦 + 14 = 0 

In matrix form 

(
1 3 −2
2 −1 4
1 −11 14

) [
𝑥
𝑦
0
] = [

0
0
0
] 

Consider  

|
1 3 −2
2 −1 4
1 −11 14

| = 1 −14 + 44 − 3 28 − 4 

− 2 −22 + 1  

                         = 30 − 72 + 42 = 0 

 Hence, the given lines are not concurrent. 

(b) 2𝑥 + 3𝑦 + 4 = 0, 𝑥 − 2𝑦 − 3 = 0 and 3𝑥 +

1𝑦 − 8 = 0 
Sol:  

2𝑥 + 3𝑦 + 4 = 0 

𝑥 − 2𝑦 − 3 = 0 

3𝑥 + 1𝑦 − 8 = 0 

In matrix form 

(
2 3 4
1 −2 −3
3 1 −8

) [
𝑥
𝑦
0
] = [

0
0
0
] 

Consider  

|
2 3 4
1 −2 −3
3 1 −8

| = 2 16 + 3 − 3 −8 + 9 + 4 1 + 6  

                         = 38 − 3 + 28 = 63 ≠ 0 

 Hence, the given lines are not concurrent. 

 

(c) 3 − 4𝑦 − 2 = 0, 𝑥 + 2𝑦 − 4 = 0 and 3𝑥 −

2𝑦 + 5 = 0 

Sol:  

3 − 4𝑦 − 2 = 0 

𝑥 + 2𝑦 − 4 = 0 

3𝑥 − 2𝑦 + 5 = 0 

In matrix form 

(
3 −4 −2
1 2 −4
3 −2 5

) [
𝑥
𝑦
0
] = [

0
0
0
] 

Consider  

|
3 −4 −2
1 2 −4
3 −2 5

| = 3 10 − 8 + 4 5 + 12 − 2 −2

− 6  

                         = 6 + 68 + 16 = 90 ≠ 0 

 Hence, the given lines are not concurrent 
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Q#17) Find a system of linear equations 

corresponding to the given matrix form. Check 

whether the lines represented by the system of 

concurrent. 

(a)  

Sol:   

(
1 0 −1
2 0 1
0 −1 2

) [
𝑥
𝑦
0
] = [

0
0
0
] 

[

𝑥 + 0𝑦 − 1
2𝑥 + 0𝑦 + 1
0𝑥 − 𝑦 + 2

] = [
0
0
0
] 

System of linear equations are 

𝑥 + 0𝑦 − 1 = 0 

2𝑥 + 0𝑦 + 1 = 0 

0𝑥 − 𝑦 + 2 = 0 

Consider  

|
1 0 −1
2 0 1
0 −1 2

| = 1 0 + 1 − 0 4 − 0 − 1 −2 − 0  

                         = 1 − 4 + 3 = 0 

 Hence, the given lines are concurrent. 

(b)  

Sol:   

(
1 1 2
2 4 −3
3 6 −5

) [
𝑥
𝑦
0
] = [

0
0
0
] 

[

𝑥 + 𝑦 + 2
2𝑥 + 4𝑦 − 3
3𝑥 + 6𝑦 − 5

] = [
0
0
0
] 

System of linear equations are 

𝑥 + 𝑦 + 2 = 0 

2𝑥 + 4𝑦 − 3 = 0 

3𝑥 + 6𝑦 − 5 = 0 

Consider  

|
1 1 2
2 4 −3
3 6 −5

| = 1 −20 + 18 − 1 −10 + 9 + 2 12

− 12  

                         = −2 + 1 + 0 = −1 ≠ 0 

 Hence, the given lines are not concurrent. 

Homogenous Equation of the second degree in two 

variables: 

Suppose two straight lines  
𝑎1𝑥 + 𝑏1𝑦 + 𝑐 = 0 →  𝑖  𝑎𝑛𝑑 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →  𝑖𝑖  

𝑠𝑜 𝑏𝑦  𝑖 𝑎𝑛𝑑  𝑖𝑖    
 𝑎1𝑥 + 𝑏1𝑦 + 𝑐  𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 →  𝑖𝑖𝑖  

It is second degree equation in 

𝑥 𝑎𝑛𝑑 𝑦 𝐸𝑞.  𝑖𝑖𝑖 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑗𝑜𝑖𝑛𝑡 

Equation of the pair of the lines  𝑖 𝑎𝑛𝑑  𝑖𝑖  

General Homogenous Equation: 

𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎𝑤ℎ𝑒𝑟𝑒 𝑎, ℎ, 𝑏 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜  

Is called general homogenous quadratic equation. 

Note: 

Let 𝑦 = 𝑚1𝑥 𝑎𝑛𝑑 𝑦 = 𝑚2𝑥 𝑏𝑒 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒𝑠 𝑝𝑎𝑠𝑠𝑖𝑛𝑔  

𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑟𝑖𝑔𝑖𝑛. 𝑡ℎ𝑒𝑖𝑟 𝑗𝑜𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠   
 𝑦 − 𝑚1𝑥  𝑚2𝑥 = 0 

Or  𝑦2 − 𝑚2𝑥𝑦 − 𝑚1𝑥𝑦 + 𝑚1𝑚2𝑥
2 = 0 

 𝑦2 −  𝑚1 + 𝑚2 𝑥𝑦 + 𝑚1𝑚2𝑥
2 = 0 

 This is special types of second degree 

homogenous equation. 

Homogenous Equation: 
Let 𝑓 𝑥, 𝑦 = 0 →  𝑖 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 

𝑥 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 

𝑛  𝑎 + 𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑖𝑓  

𝑓 𝑘𝑥, 𝑘𝑦 = 𝑘𝑛𝑓 𝑥, 𝑦 𝑓𝑜𝑟 𝑘 ∈ 𝑅 

For example  

𝑦2 −  𝑚1𝑚2 𝑥𝑦 + 𝑚1𝑚2𝑦
2 = 0 

Replacing 𝑥, 𝑦 𝑏𝑦 𝑘𝑥 𝑎𝑛𝑑 𝑘𝑦 
  𝑘𝑦 2 −  𝑚1 + 𝑚2  𝑘𝑥  𝑘𝑦 + 𝑚1𝑚2 𝑘𝑦 

2 = 0 

 𝑘2 𝑦2 −  𝑚1 + 𝑚2 𝑥𝑦 + 𝑚1𝑚2𝑦
2 = 0 

 𝑘2𝑓 𝑥, 𝑦 = 0  
𝑡ℎ𝑢𝑠 𝑖𝑡 𝑖𝑠 𝐻𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 2  

𝐴  𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑒𝑐𝑜𝑛𝑑 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 

 𝑎𝑠 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 

Where 𝑎, ℎ, 𝑏 𝑎𝑟𝑒 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦 𝑛𝑜𝑡 𝑧𝑒𝑟𝑜. 

Theorem: 

Every homogenous equation of second degree 

 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 =
𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒍𝒊𝒏𝒆𝒔 

Through the origin the lines are  

i. Real and distinct if 𝒉𝟐 > 𝒂𝒃 

ii. Real and distinct ,if 𝒉𝟐 = 𝒂𝒃 

iii. Imaginary, if 𝒉𝟐 < 𝒂𝒃 

Proof:  

∵ 𝑎𝑥2 + 2ℎℎ𝑥𝑦 + 𝑎𝑥2 = 0 
 𝑒𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞. 𝑖𝑛 𝑦  

Using quadratic formula 

𝑦 =
−2ℎ𝑥 ± √ 2ℎ𝑥 2 − 4 𝑏  𝑎𝑥2 

2𝑏
 

𝑦 =
−2ℎ𝑥 ± √4ℎ2𝑥2 − 4𝑏𝑎𝑥2

2𝑏
 

𝑦 =
−2ℎ𝑥 ± √4𝑥2 ℎ2 − 𝑎𝑏 

2𝑏
 

𝑦 =
−2ℎ𝑥 ± 2𝑥√ ℎ2 − 𝑎𝑏 

2𝑏
 

𝑦 =
2 −ℎ𝑥 ± 𝑥 √ ℎ2 − 𝑎𝑏 

2𝑏
 

𝑦 = (
−ℎ ± √ ℎ2 − 𝑎𝑏 

𝑏
)𝑥 

Clearly this represents a pair of lines through origin 

the lines are 

i. Real and distinct if ℎ2 > 𝑎𝑏 

ii. Real and coincident if ℎ2 = 𝑎𝑏 

iii. Imaginary 𝑖𝑓 ℎ2 < 𝑎𝑏 

To find measure of the angle between the lines 

represented by 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎 

We know that every homogenous equation a pair of 

lines through origin is 

 𝑦 =  
−ℎ±√ ℎ2−𝑎𝑏 

𝑏
 𝑥 
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𝑦 =  
−ℎ+√ ℎ2−𝑎𝑏 

𝑏
 𝑥 and 𝑦 =  

−ℎ−√ ℎ2−𝑎𝑏 

𝑏
 𝑥 

Slope of 𝑙1 = 𝑚1 =  𝑦 =  
−ℎ+√ ℎ2−𝑎𝑏 

𝑏
 𝑥 

Slope of 𝑙2 = 𝑚2 = 𝑦 =  
−ℎ−√ ℎ2−𝑎𝑏 

𝑏
  

∵ 𝑚1 + 𝑚2 = (
−ℎ + √ ℎ2 − 𝑎𝑏 

𝑏
)

+ (
−ℎ − √ ℎ2 − 𝑎𝑏 

𝑏
) 

=
−ℎ + √ ℎ2 − 𝑎𝑏 − ℎ − √ ℎ2 − 𝑎𝑏 

𝑏
 

𝑚1 + 𝑚2 = −
2ℎ

𝑏
 

And 𝑚1𝑚2 =  
−ℎ+√ ℎ2−𝑎𝑏 

𝑏
  

−ℎ−√ ℎ2−𝑎𝑏 

𝑏
  

𝑚1𝑚2 =
 −ℎ 2 − (√ ℎ2 − 𝑎𝑏 )

2

𝑏2
=

ℎ2 −  ℎ2 − 𝑎𝑏 

𝑏2
 

𝑚1𝑚2 =
ℎ2 − ℎ2 + 𝑎𝑏

𝑏2
 

 𝑚1𝑚2 =
𝑎

𝑏
 

If 𝜃 𝑖𝑠 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑓𝑟𝑜𝑚 𝑙1 𝑡𝑜 𝑙2 𝑠𝑜  

𝑇𝑎𝑛𝜃 =
𝑚2 − 𝑚1

1 + 𝑚2𝑚1
  

𝑇𝑎𝑛𝜃 =
√ 𝑚1 + 𝑚2 

2 − 4𝑚1𝑚2

4𝑚2𝑚1
 

 ∵  𝑎 + 𝑏 2 −  𝑎 − 𝑏 2 = 4𝑎𝑏 

 √ 𝑎 + 𝑏 2 − 4𝑎𝑏 = 𝑎 − 𝑏 

 𝑇𝑎𝑛𝜃 =
√(−

2ℎ

𝑏
)
2
−

4𝑎

𝑏

1+
𝑎

𝑏

 

 =
√(−

2ℎ

𝑏
)
2
−

4𝑎

𝑏
𝑏+𝑎

𝑏

 

 
√4ℎ2−4𝑎

𝑏2

𝑏+𝑎

𝑏

=

√4(ℎ2−𝑎𝑏)

𝑏
𝑎+𝑏

𝑏

 

𝑇𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

𝑎+𝑏
  

Note: 

The two lines are parallel 𝑖𝑓 𝜃 = 0 𝑠𝑜 𝑇𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

𝑎+𝑏
 

 𝑖𝑓 𝜃 = 0 𝑠𝑜 𝑇𝑎𝑛 0 =
2√ℎ2−𝑎𝑏

𝑎+𝑏
 

 0=
2√ℎ2−𝑎𝑏

𝑎+𝑏
 

 2√ℎ2 − 𝑎𝑏 = 0 

 ℎ2 − 𝑎𝑏 = 0 

 ℎ2 = 𝑎𝑏 

Thus lines will be parallel if ℎ2 = 𝑎𝑏 

Two lines are perpendicular 𝑖𝑓 𝜃 = 900 𝑠𝑜 

 𝑇𝑎𝑛𝜃 =
2√ℎ2 − 𝑎𝑏

𝑎 + 𝑏
 

Tan900 =
2√ℎ2−𝑎𝑏

𝑎+𝑏
 

 
1

0
=

2√ℎ2−𝑎𝑏

𝑎+𝑏
 

 𝑎 + 𝑏 =  0 (2√ℎ2 − 𝑎𝑏) 

 𝑎 + 𝑏 = 0 𝑡ℎ𝑢𝑠 𝑙𝑖𝑛𝑒𝑠 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑎𝑙  

If 𝑎 + 𝑏 = 0 

Exercise 4.5 
Find the lines represented by each of the following and 

also find measure of the angle between them 
(Problems 1-6): 
Q#1) 

 10𝑥2 − 23𝑥𝑦 − 5𝑦2 = 0 

10𝑥2 − 25𝑥𝑦 + 2𝑥𝑦 − 5𝑦2 = 0 
5𝑥 2𝑥 − 5𝑦 + 𝑦 2𝑥 − 5𝑦 = 0 
 2𝑥 − 5𝑦  5𝑥 + 𝑦 = 0 

Hence  2𝑥 − 5𝑦 = 0 𝑎𝑛𝑑  5𝑥 + 𝑦 = 0 are the 

required lines. 

For angle 

10𝑥2 − 23𝑥𝑦 − 5𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 10, 𝑏 = −5, 2ℎ = −23 ⇒ ℎ = −
23

2
 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√(−

23

2
)
2
− 10  −5 

 10 + −5 
=

2√
529

4
+50

5
 

           =
2√

529+200

4

5
=

2√
729

4

5
 

         =
2 

27

2
 

5
=
27

5
 

          𝑡𝑎𝑛𝜃 =
27

5
 

            𝜃 = 𝑡𝑎𝑛−1 (
27

5
) = 79.51𝑜 

Q#2) 

 3𝑥2 + 7𝑥𝑦 + 2𝑦2 = 0 

 3𝑥2 + 6𝑥𝑦 + 𝑥𝑦 + 2𝑦2 = 0 

3𝑥 𝑥 + 2𝑦 + 𝑦 𝑥 + 2𝑦 = 0 
 𝑥 + 2𝑦  3𝑥 + 𝑦 = 0 
Hence 𝑥 + 2𝑦 = 0 𝑎𝑛𝑑  5𝑥 + 𝑦 = 0 are the 

required lines. 

For angle 

3𝑥2 + 7𝑥𝑦 + 2𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 3, 𝑏 = 2, 2ℎ = 7  ⇒ ℎ =
7

2
 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√(

7

2
)
2
− 3  2 

 3 + 2 
=

2√
49

4
−6

5
 

           =
2√

49−24

4

5
=

2√
25

4

5
 

         =
2 

5

2
 

5
=

5

5
= 1 

          𝑡𝑎𝑛𝜃 = 1 

            𝜃 = 𝑡𝑎𝑛−1 1 = 45𝑜 

Q#3) 
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 9𝑥2 + 24𝑥𝑦 + 16𝑦2 = 0 

9𝑥2 + 12𝑥𝑦 + 12𝑥𝑦 + 16𝑦2 = 0 
3𝑥 3𝑥 + 4𝑦 + 4𝑦 3𝑥 + 4𝑦 = 0 
 3𝑥 + 4𝑦  3𝑥 + 4𝑦 = 0 

Hence  3𝑥 + 4𝑦 = 0 𝑎𝑛𝑑  3𝑥 + 4𝑦 = 0 are the 

required lines. 

For angle 

 9𝑥2 + 24𝑥𝑦 + 16𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 9, 𝑏 = 16, 2ℎ = 24 ⇒ ℎ =
24

2
= 12 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√ 12 2− 9  16 

 9 + 16 
=

2√144−144

25
 

           =
2√0

25
= 0 

  𝑡𝑎𝑛𝜃 = 0 

            𝜃 = 𝑡𝑎𝑛−1 0 = 0𝑜 

Both lines are parallel. 

 Q#4) 

 2𝑥2 + 3𝑥𝑦 − 5𝑦2 = 0 

2𝑥2 − 2𝑥𝑦 + 5𝑥𝑦 − 5𝑦2 = 0 
2𝑥 𝑥 − 𝑦 + 5𝑦 𝑥 − 𝑦 = 0 
 2𝑥 + 5𝑦  𝑥 − 𝑦 = 0 

Hence 2𝑥 + 5𝑦 = 0 𝑎𝑛𝑑  𝑥 − 𝑦 = 0 are the 

required lines. 

For angle 

2𝑥2 + 3𝑥𝑦 − 5𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 2, 𝑏 = −5, 2ℎ = 3      ⇒ ℎ =
3

2
 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√(

3

2
)
2
− 2  −5 

 2 + −5 
=

2√
9

4
+10

−3
 

           =
2√

9+40

4

−3
=

2√
49

4

−3
 

         =
2 

7

2
 

−3
=

7

−3
 

          𝑡𝑎𝑛𝜃 =
7

−3
 

            𝜃 = 𝑡𝑎𝑛−1 (
7

−3
) = 180𝑜 − 𝑡𝑎𝑛−1 (

7

3
) =

180𝑜 − 66.8𝑜 

           𝜃 = 113.2𝑜 

Q#5) 

 6𝑥2 − 19𝑥𝑦 + 15𝑦2 = 0 

6𝑥2 − 10𝑥𝑦 − 9𝑥𝑦 + 15𝑦2 = 0 
2𝑥 3𝑥 − 5𝑦 − 3𝑦 3𝑥 − 5𝑦 = 0 
 3𝑥 − 5𝑦  2𝑥 − 3𝑦 = 0 

Hence  3𝑥 − 5𝑦 = 0 𝑎𝑛𝑑  2𝑥 − 3𝑦 = 0 are the 

required lines. 

For angle 

6𝑥2 − 19𝑥𝑦 + 15𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 6, 𝑏 = 15, 2ℎ = −19      ⇒ ℎ =
−19

2
 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√(

−19

2
)
2
− 6  15 

 6 + 15 
=

2√
361

4
−90

21
 

           =
2√

361−360

4

21
=

2√
1

4

21
 

         =
2 

1

2
 

21
=

1

21
 

          𝑡𝑎𝑛𝜃 =
1

21
 

            𝜃 = 𝑡𝑎𝑛−1 (
1

21
) 

           𝜃 = 2.73𝑜 

Q#6) 

 𝑥2 + 2𝑥𝑦 𝑠𝑒𝑐𝛼 + 𝑦2 = 0 

𝑦2 +  2𝑥 𝑠𝑒𝑐𝛼 𝑦 + 𝑥2 = 0 

This is quadratic equation is 𝑦 

𝑎 = 1, 𝑏 = 2𝑥 𝑠𝑒𝑐𝛼, 𝑐 = 𝑥2 

𝑦 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2a
 

=
− 2𝑥 𝑠𝑒𝑐𝛼 ± √ 2𝑥 𝑠𝑒𝑐𝛼 2 − 4 1  𝑥2  

2 1 
 

=
− 2𝑥 𝑠𝑒𝑐𝛼 ±√4𝑥2  𝑠𝑒𝑐2𝛼−1  

2 1 
 

=
− 2𝑥 𝑠𝑒𝑐𝛼 ± 2𝑥√  𝑡𝑎𝑛2𝛼  

2 1 
 

=  −𝑠𝑒𝑐𝛼 ± tan𝛼 𝑥 

=  
−1

𝑐𝑜𝑠𝛼
±

sin𝛼

𝑐𝑜𝑠𝛼
 𝑥 

𝑦 =  
−1 ± sin𝛼

𝑐𝑜𝑠𝛼
 𝑥 

𝑐𝑜𝑠𝛼𝑦 =  −1 ± sin𝛼 𝑥 

𝑐𝑜𝑠𝛼𝑦 =  −1 + sin𝛼 𝑥     

 𝑐𝑜𝑠𝛼𝑦 =  −𝑥 − sin𝛼 𝑥 
 1 − sin𝛼 𝑥 + 𝑐𝑜𝑠𝛼𝑦 = 0   

    1 + sin𝛼 𝑥 + 𝑐𝑜𝑠𝛼𝑦 = 0                                                                

Hence 1 − sin𝛼 𝑥 + 𝑐𝑜𝑠𝛼𝑦 = 0  

 𝑎𝑛𝑑  1 + sin𝛼 𝑥 + 𝑐𝑜𝑠𝛼𝑦 = 0 are the required lines. 

For angle 

 𝑥2 + 2𝑥𝑦 𝑠𝑒𝑐𝛼 + 𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 1, 𝑏 = 1, 2ℎ = 2 𝑠𝑒𝑐𝛼      ⇒ ℎ = 𝑠𝑒𝑐𝛼 

As 𝑡𝑎𝑛𝜃 =
2√ℎ2−𝑎𝑏

a+𝑏
 

            =
2√ 𝑠𝑒𝑐𝛼 2− 1  1 

 1 + 1 
=

2√𝑠𝑒𝑐2𝛼−1

2
 

           =
2√𝑡𝑎𝑛2𝛼

2
=

2tan𝛼

2
 

         = 𝑡𝑎𝑛𝛼 

          𝑡𝑎𝑛𝜃 = 𝑡𝑎𝑛𝛼 

            𝜃 = 𝛼 

Q#7) Find a joint equation of the lines through 

the origin and perpendicular to the lines: 

 𝒙𝟐 − 𝟐𝒙𝒚𝒕𝒂𝒏𝜶 − 𝒚𝟐 = 𝟎 

Sol: 

𝑥2 − 2𝑥𝑦𝑡𝑎𝑛𝛼 − 𝑦2 = 0 

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 
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𝑎 = 1, 𝑏 = −1, 2ℎ = −2 𝑡𝑎𝑛𝛼      ⇒ ℎ = −𝑡𝑎𝑛𝛼 

Suppose 𝑚1 and 𝑚2 are slopes of given lines, then   

            𝑚1 + 𝑚2 = −
2ℎ

𝑏
 

                  = −
2 −𝑡𝑎𝑛𝛼 

−1
 

𝑚1 + 𝑚2 = −2𝑡𝑎𝑛𝛼 

Also, 𝑚1.𝑚2 =
𝑎

𝑏
=

1

−1
= −1 

           Now, Slopes perpendicular to the given slopes 

are given by 
−1

𝑚1
 and 

−1

𝑚2
, their corresponding equations 

are as 

𝑦 =
−1

𝑚1
𝑥 and 𝑦 =

−1

𝑚2
𝑥  

⇒   𝑚1𝑦 = −𝑥 and 𝑚2𝑦 = −𝑥 

⇒  𝑚1𝑦 + 𝑥 = 0 and 𝑚2𝑦 + 𝑥 = 0 

Joint equation form 

 𝑚1𝑦 + 𝑥  𝑚2𝑦 + 𝑥 = 0 

𝑚1𝑚2𝑦
2 + 𝑚1𝑥𝑦 + 𝑚2𝑥𝑦 + 𝑥2 = 0 

 𝑚1𝑚2 𝑦
2 +  𝑚1 + 𝑚2 𝑥𝑦 + 𝑥2 = 0 

Putting values of 𝑚1 + 𝑚2 and 𝑚1.𝑚2 in above 

 −1 𝑦2 +  −2𝑡𝑎𝑛𝛼 𝑥𝑦 + 𝑥2 = 0 

𝑥2 − 2𝑡𝑎𝑛𝛼𝑥𝑦 − 𝑦2 = 0  𝑅𝑒𝑞. 𝑗𝑜𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

 Q#8) Find a joint equation of the lines through 

the origin and perpendicular to the lines: 

 𝒂𝒙𝟐 + 𝟐𝒉𝒙𝒚 + 𝒃𝒚𝟐 = 𝟎  
Sol: 

𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0  

Comparing it with 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 , we have 

𝑎 = 𝑎, 𝑏 = 𝑏, 2ℎ = 2ℎ      ⇒ ℎ = ℎ 

Suppose 𝑚1 and 𝑚2 are slopes of given lines, then   

            𝑚1 + 𝑚2 = −
2ℎ

𝑏
 

Also, 𝑚1.𝑚2 =
𝑎

𝑏
 

           Now, Slopes perpendicular to the given slopes 

are given by 
−1

𝑚1
 and 

−1

𝑚2
, their corresponding equations 

are as 

𝑦 =
−1

𝑚1
𝑥 and 𝑦 =

−1

𝑚2
𝑥  

⇒   𝑚1𝑦 = −𝑥 and 𝑚2𝑦 = −𝑥 

⇒  𝑚1𝑦 + 𝑥 = 0 and 𝑚2𝑦 + 𝑥 = 0 

Joint equation form 

 𝑚1𝑦 + 𝑥  𝑚2𝑦 + 𝑥 = 0 

𝑚1𝑚2𝑦
2 + 𝑚1𝑥𝑦 + 𝑚2𝑥𝑦 + 𝑥2 = 0 

 𝑚1𝑚2 𝑦
2 +  𝑚1 + 𝑚2 𝑥𝑦 + 𝑥2 = 0 

Putting values of 𝑚1 + 𝑚2 and 𝑚1.𝑚2 in above 

 

 
𝑎

𝑏
 𝑦2 +  −

2ℎ

𝑏
 𝑥𝑦 + 𝑥2 = 0 

Multiplying by 𝑏, we get   

𝑏𝑥2 − 2ℎ𝑥𝑦 + a𝑦2 = 0  𝑟𝑒𝑞. 𝑗𝑜𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

Q#9) Find the area of the region bounded by:  

𝟏𝟎𝒙𝟐 − 𝒙𝒚 − 𝟐𝟏𝒚𝟐 = 𝟎 and 𝒙 + 𝒚 + 𝟏 = 𝟎 

Sol: 
10𝑥2 − 𝑥𝑦 − 21𝑦2 = 0 

10𝑥2 − 15𝑥𝑦 + 14𝑥𝑦 − 21𝑦2 = 0 

5𝑥 2𝑥 − 3𝑦 + 7𝑦 2𝑥 − 3𝑦 = 0 
 2𝑥 − 3𝑦  5𝑥 + 7𝑦 = 0 

Hence,  𝑥 + 𝑦 + 1 = 0…..(1)  2𝑥 − 3𝑦 = 0 …….(2) 

and    5𝑥 + 7𝑦 = 0………(3) are the lines, that 

bounded the area. We solve them and find the point if 

intersection.   

From Eq. (1) and (2) 

𝑥 + 𝑦 + 1 = 0  ⇒ 𝑥 = −𝑦 − 1 put in Eq. (2) 

2𝑥 − 3𝑦 = 0 ⇒  2 −𝑦 − 1 − 3𝑦 = 0  ⇒ −2𝑦 − 2 −

3𝑦 = 0 

⇒ −5𝑦 − 2=0 ⇒ 𝑦 = −
2

5
 put in Eq. (1) 

𝑥 = −𝑦 − 1 ⇒ 𝑥 = −(−
2

5
) − 1  ⇒ 𝑥 =

2−5

5
  ⇒ 𝑥 =

−3

5
 

 Hence point of intersection of Eq. (1) and (2) is 

𝐴 −
3

5
, −

2

5
 . 

From Eq. (1) and (3) 

𝑥 + 𝑦 + 1 = 0  ⇒ 𝑥 = −𝑦 − 1 put in Eq. (3) 

5𝑥 + 7𝑦 = 0 ⇒  5 −𝑦 − 1 + 7𝑦 = 0  ⇒ −5𝑦 − 5 +

7𝑦 = 0 

⇒  2𝑦 − 5=0 ⇒ 𝑦 =
5

2
  put in Eq. (1) 

𝑥 = −𝑦 − 1 ⇒ 𝑥 = −(
5

2
) − 1  ⇒ 𝑥 =

−5−2

2
  ⇒ 𝑥 =

−
7

2
 

 Hence point of intersection of Eq. (1) and (3) is 

𝐵 −
7

2
,
5

2
 . 

From Eq. (2) and (3) 

2𝑥 − 3𝑦 = 0  ⇒ 𝑥 = −
3𝑦

2
 put in Eq. (3) 

5𝑥 + 7𝑦 = 0 ⇒  5 (−
3𝑦

2
) + 7𝑦 = 0  ⇒ −

15𝑦

2
+ 7𝑦 =

0 

⇒ −15𝑦 + 14𝑦=0 ⇒ 𝑦 = 0  put in Eq. (2) 

𝑥 = −
3𝑦

2
 ⇒ 𝑥 = −

3 0 

2
=0   

 Hence point of intersection of Eq. (2) and (3) is 

𝐶 0,0 . 

Now Area of triangular region =
1

2
|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

| =

1

2
|

−3

5

−2

5
1

−7

2

5

2
1

0 0 1

| 

Expanding by 𝑅3 

=
1

2
[−0 + 0 − 1 −

3

5
×

5

2
 −  −

2

5
× −

7

2
 ] 

=
−1

2
[ −

15

10
 −  

14

10
 ] 

=
−1

2
(
−15−14

10
) =

29

20
 Square Units 

With best wishes 
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