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Class 12

Integration:

The technique or method to

find such a function whose derivative is given

involves the inverse process of differentiation,
called anti derivative or integration.

Differential of variable:

Let f be a differentiable function defined as
y=fx) =2y+8y=[f(x+bx)
=>d0x=f(x+6x)—y=0dy

= f(x +6x) — f(x)

- fx+6x) — f(x)

Now lim 2 = |
OW x08x x50 Sx

» before the limit is reached.—y differs from

bx
5
f'(x)bysmall real number €.. e% =f'(x)+
€

= f'(x)is called dif ferntial of dependent varib

y we denoted dif ferential of y as dy.
sody = f'(x)6x = dx =8y = f'(x)dx
Note: 1.The differential of x is denoted by dx
and defined as dx = dx

d
i.eforyzx::»dy:a(x)Sx

>dy=16x=>dx=86x ~y=x
2. f'(x)is used dif ferential coef ficeient.

Distinguishing between dy and §

Let us draw the graph of curve of a function
y = f(x)Let P(x,y) and Q(x + 6x,y
+ 8y)be two
neighbouring points on the curve at point P(x,y)
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s.that it makes an angle @ with x
— axis.Also

Draw L PM and QN on x — axix also draw L
PRon QN on x — axis.in fig.|PR| = dx

In ATPR,

|QR| = |QT| + |TR|
= 0y = |QT| + |TR| - (i)
TR| _ |TR]
|PR|  dx
= |TR| = tan@dx

tan@dx =

So(i) = 8y = tan@®dx + |QT|

= &y = (—) dx + QT
8y = dy + |QT|

d
% = tan®

~ |QT| is very small

dy
d

So by neglecting |QT|

= Jy = dy

Example:

Finddy and dy of the function defined as
f(x) = x> whenx =2 and dx = 0.01

Solution:

=
=

Lety = f(x)
y = x*
dy _ _
E—szdy—de

dy =?

Take x = 2 and dx = 0.01

dy = 2(2)(0.01) = 0.04

Now we find 8y, y + 8y = (x + 6x)?

=

=(240.01)2—4

By =(x+602—y ,y=()?=
(22 =4
wdx =6x =0.01

6y = 4.041 — 4 = 0.0401
Example:

Use differentials find % when% —Inx = Inc

Solution:

g £ 480 4 4 40 0

Y_ Inx = Inc
X

d (% — lnx) =d(Inc)

d (%) - d(nx) =0
xdy—zydx _ ldx —0
X X
xdy-ydx 1,

X X

xdy — ydx = xdx
xdy = xdx + ydx
dy = “Tydx

dy _

dx X

x+y
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Class 12 Chapter 3

Exercise 3.1

Q.1:Find 6y and dy in the following cases:

Dy=x*-1

when x changes from 3 to 3.02
SOLUTION:

y = x? — 1 As x changes from 3 to 3.02, so
y=x%2-1

d(y) =d(x*—1)
dy =2xdx —0=2xdx

Put value of x and dx

dy = 2(3)(0.02)

dy =0.12

Now

y+8y=(x+6x)—-1

Sy =(x+d6x)2—1—-y

Put value of y

5y =(x+6x)?—1—(x*-1)
Sy=(x+d6x)2—-1-x*+1
5y = (x + 6x)% — x?

x=3

6x =dx =3.02—-3=0.02
Put value of x and 6x

5y = (3+0.02)? — (3)?

6y = 0.1204

ii) y=x%+2x

when x changes from2to 1.8
SOLUTION:

y =x%+2x
Now

y =x%+2x

d(y) = d(x? + 2x)
dy = 2x dx + 2dx

Put value of x and dx

dy = 2(2)(—0.2) + 2(—0.2)

dy = —1.2
Now

y+ 8y = (x + 6x)% + 2(x + 6x%)
5y = (x+6x)2 +2x+ 26x —y
Put value of y

Sy = (x + 6x)% + 2x + 26x — (x? + 2x)
Sy = (x + 6x)* + 2x + 26x — x? — 2x
5y = (x + 6x)? + 26x — x?
x=2,

bx=dx=18-2=-0.2

Put value of x and 6x

Sy = (2= 0.2)2 4+ 2(=0.2) — (2)?
Sy = —1.16

iii) y =+x

when x changes from 4 to 4.01
SOLUTION:

y=+x

Now

y=+x

d(y) = d(Vx)

Wondershare
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1
dy = PNE: dx
Put value of x and dx
dy = Z—jz (0.41)
dy = 0.1025
Now.
y+ 38y =+vx+6x
oy =Vx+6éx—y
Put value of y
8y =Vx +6x —Vx
x=4,
Ox =dx =441-4=041
Put value of x and 6x

Sy =V4 + 041 —+4
6y =0.1

2:Using di tials find 2 and & in th
Q.2:Using dif ferentials fin aan d_y inthe

following equations.
Dxy+x=4

Taking dif ferentials on both sides

d(xy +x) =d(4)

d(xy)+d(x)=0

xdy+ydx+dx =0

xdy+ @ +1)dx=0

xdy =—(y + 1)dx

o Y nd

dx x
dx x

dy ~ y+1

i) x> +2y* =16

Taking dif ferentials on both sides
d(x? + 2y?) = d(16)
d(x?)+2d(y?) =0
2xdx +22y*L.dy=0
2xdx +4ydy =20
4y dy = —2x dx

dy_ _2x_ _x
dx 4y 2y
dx 2y

dy  x

iii) x* + y? = xy?
Taking dif ferentials on both sides
d(x* +y%) = d(xy?)

dxH) +d(?) = )'(*) + H)'x
4x3 dx + 2y dy = dx.y* + 2y dy)x
4x3 dx + 2y dy = y? dx + 2xy dy
2y dy —2xy dy = y? dx — 4x3 dx
2y —2xy)dy = (y? — 4x3)dx

Dy  y?% —4x®
dx 2y -2xy
dx 2y —2xy
d_y T 92 _4x3

iv)xy—Inx=c

Taking dif ferentials on both sides
d(xy —Inx) =d(c)
d(xy) —d(lnx) =0

xdy+ydx—idx=0

and

taking reciprocal

2|Page
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Q.3:Use dif ferentials to approximate the
values of:

) V17
SOLUTION:
1
Let y=13x=uxs
We take x =16,
bx=dx=17-16=1
1 1
y = (16): = (2*): = 2
1
Now y = x4
1
d(y) = d(x4)
1
dy = ixz_l dx
1 3
dy = JX e dx
Put x=16 , dx=1
1 _3 1 _3
dy =5(16)* (1) =, (2%
—lpy3_11_1
dy—4(2) T 4’8 32
dy = 0.03125
Thus V17 =~y +dy
=2+40.03125
= 2.03125
1
i) (31)s
SOLUTION:
Let y=x
We take x =32,
bx=dx=31-32=-1
1 1
y = (32)s = (2°)% = 2
1
Now y=x5
1
d(y) = d(x3)
1
dy = %xg_l dx

1 _4
dyzgx 5 dx
Put x=32 , dx=-1
1 _4 1
dy=-(32)75 (1) =--(2%)75

4

11

_ 1\ _1
dy—5(2) T 5°16 80

dy = —0.0125
Thus (31)§ =~y+dy
=2-0.0125
= 1.9875
iii)
SOLUTION:
Let y = cosx

. Wondershare
 Preicmen

We take x = 30°,
6x =dx = 29°—30°=—1°= —-0.01745
y = cos 30° = 0.866
Now y=cosx
d(y) = d(cosx)
dy = —sinx dx
dy = —sin30° (—0.01745)
dy = —(0.5) (—0.01745)
dy = 0.0087
Thus cos29°=y+dy
= 0.866 + 0.0087
= 0.8747
iv) sin 61°
SOLUTION:
Let y = sinx
We take x = 60°,
6x = dx = 61°—60° = 1° = 0.01745
y = sin60° = 0.866
Now y =sinx
d(y) = d(sinx)
dy = cosx dx
dy = cos 60° (0.01745)
dy = (0.5) (0.01745)
dy = 0.0087
Thus sin6l°=y+dy
= 0.866 + 0.0087
= 0.8747
Q.4: Find the approximate increase
in the volume of a cube if the lenght

of each edge changes from 5 to 5.02.
SOLUTION:

Lenght of each edge of cube = x unit
Volume of a cube =L.W .H
V=xxx
V=x3
d(V) = (x*)
dV = 3x? dx
when x changes from 5 to 5.02, so
x=5,dx=502—5=0.02
dV = 3(5)% (0.02) = 1.5 cubic units
Q.5:Find the approximate increase
in the area of a circular disc if its

diameter is increased from 44 cm to 44.4 cm.
SOLUTION:

Let radius of circular disc = x cm
Area of a disc = mr?
A = mx?
d(A) = d(mx?)
dA = m. 2x dx

As diameter changes from 44 to 44 .4,

so radius changes from 22 to 22.4,so
x=22,dx=222-22=02
dA = m(2)(22)(0.2)
dA = 27.646 cm?

3|Page
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Integration as anti-derivative
(inverse of derivative)

Integration: v.v.v.important defination(+**)

The inverse process of dif ferentiation is called
anti — dif ferentiation or integration.
Consider F(x)is antidervative of a function if

F'(x) = f(x) then ff(x)dx = fF’(x)dx

= fiF(x)dx
) dx

ff(x)dx =F(x)+c

dx
*The symbol
[ ...dx indicates that integrand is two
integrated w.r.t "x"
*The anti- derivative of a function is also called
integrated is called integrand of the integral.
*The function which is to be integrated is called
integrand of the integral.

Some standard formulae for Anti-
derivatives

n+1

X
fldx=x+c,fx”dx= +cn+-1)
n+1

fsindx = —cosx +c f cosxdx = sinx + ¢
fsecz xdx = tanx +c, jcoseczdx = —cotx + ¢

f secxtanxdx = secx + c, f cosecxcotxdx
= —cosecx

1
fexdxzex+c ,jaxdx=—.ax+c
Ina

1
f;dx =ln|x|+c,x#0 f tanxdx
= Insec|x| + ¢ = —In|cosx| + ¢

fcotxdx = In|sinx| + ¢
fsecxdx = In|secx + tanx| + ¢

f cosecxdx = In|cosecx — cots| + ¢

Here c is constant of integration. These formulae
can be verified by showing that the derivatives of
right hand side of each w.r.t “x” is equal to the
corresponding integral

Examples:

(n+1)
5 . n _Xx

1. [x°dx s fatdx =——+c

w—and f dx are inverse operations of each other.

Wondershare
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1
f(2x+3)4 dx =
1 (2x +3)~**1
2 N dx == —
f( X+ 3=
~Te2x+3)} ¢
v [ cosaxdx =

+c

[ cos2xdx

sinax
—+c

sin2x
= +c

2
[ sin3xdx v [ sinaxdx = —% +c

coS3x N
= — C
3

[ cosec?xdx

= —cotx +c

[ sec5xtan5xdx
sec5x

=5+c

J secaxtanaxdx

secax
= +c
a
__ se5x

=— Tt¢C

f eax+b dx

ax+b

+c

eax

v [eMdx=—+c
a

e

a

[3M™dx =

3/1x

eax

v fePdx=—+c

~ An3
[ ——dx

ax+b

1
f(ax +b) ldx = Eln(ax +b)+c

Jaf ()dx = a [ f(x)dx
i) £ fo(0)]dx = [ fi(x)dx +
ffz(x)dx

Prove that

n+1
j[f(x)]"f’(x)dx = % +c,(n# -1

Proof:

4]|1Page
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We know that :—x (™1 (x))
= (n+ D). ()
2 L(fM(n+1) = (n+ D). f (@)dx
Taking integration
d
[ £ owar =@+ [ 1. e
2 M lx)=m+1) [ x)f (x)dx

n 1] _ fn+1(x)
= [ f'(x)dx =——=+c by def.
Hence proved.

Prove that [ L2 dx =

S Inf(x)+c

Proof:
We know that
1

d
a0 = 7o

Taking integration both sides

d [ dx = 1 "(x)d
| linsenax = [ .1 Goax
o Inf(x) = [L2

f(x)
f(x) _
= ff(x) dx = Inf(x) +

¢ bydefination
(J f(x)dx = F(x) + ¢)

()

dx

Hence proved.

Exercise 3.2

Q.1: Evaluate the following indefinate integrals:

) [(3x%2—-2x+1) dx
SOLUTION:

= [3x%dx — [2xdx + [1dx
=3[x?dx—2[xdx+ [1dx

3 x2+1 2 1+1
=g A Tt

3 2
=322 tx+c

3 2
=x?—x>+x+c
.. 1
i) f(ﬁ+ﬁ) dx
SOLUTION:

1

:f\/de+fﬁdx

1 1
= [xzdx+ [x 2dx
1
B x2t1
1 “Ia
2 2
3 1

1
ozt

+c

x2 x2
T+ T+c

2 2

2 3 1
—§x2+2x2+x+c
iii) [x(Vx+1) dx
SOLUTION:

= [x(Vx +1) dx

= [xVxdx + [xdx

1
=[x 2dx + [xdx
3
= [xzdx + [xdx

1
iv) [(2x+3)z dx
SOLUTION:

1
= [(2x+3)z dx
X and -+ by 2 to make derivative

1
SJ(2x +3)2.2dx

1
S+1
1 (2x+3)2
SE{CLAC
S+l
3
1 (2x+3)2
P
1

+c

2

2 3
>3 (2x+3)2+c

1 3
=3 @x+3)+c

v) [(Vx+1)? dx
SOLUTION:

= [(Vx+1)? dx
= J((V0)? +2Vx. 1+ (1)?) dx
= [[x +2vx +1]

1
=[xdx+2[x2dx+ [1dx
1+1 2+1
=X _ 422 4 x+c

1+1 E+1

2 3
== +2
2

P

2z
E+x+c

3
=%x2+2.§x5+x+c
1 5 4 3
=EX +§X2+X+C
; 1
v [WE-L7 dx
SOLUTION:
1
= J(x-5)% dx
2 1)2 1
1
f[x+;—2] dx
1
=[xdx+[-dx—2[1dx

1+1

= 11
2t mx—2x+c¢

2
NOTE:FOR Q. (vi)
AGAR FUNCTION OVER M HO AUR FUNCTION K

POWER 1 HO TU AP US PAR POWER RULE NI LAGA
SAKTAY.

FOR EXAMPLE:

+Inx—-2x+c¢

—1+1

fidx=fx‘1dx=x

—1+1
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IS M ANSWER oo A GIA SO NOT SOLVED?
THEN AGAR FUNCTION KA DERIVATIVE UPER MAJOOD
H T US K In K SATH LIKH DE.

v ) f3x+2
SOLUTION:
f 3x+2 dx

1 _1

3xz 4+ 2x 2] dx
1 1

=3 xzdx+2[xzdx

+c

2 3 1
:35 xz+2.2x2+¢cC
3

1
=2xz+4xz+c

viii)

jﬁ(y+1)d
y

SOLUTION:
f\/:)_/(y"'l) dx

f \/—(y+1) d

B
_f\/)_/

—f[ dx+i\/_dx]

=f[\/_dx+\/—y dx]

= [y% dx + y_% dx]

1
=§y2+2y5+x+c

2
ix) J(\/E% do

SOLUTION:

(Vo-1)°

[ e

_ f(x/?)2+<1)2—2@

Vo

_ f9+1—2\/§
Vo

+———] do
= [J§+ﬁ—2] de

= [6:do+ 672 do—2[1do

do
do

Chapter 3
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2
§9§+29§—29+c
2
) f a-v»
SOLUTION: :
PO ax
_ [ORRnE

Vx
_ f x+1—2\/§ do

il o
= [[Vx+5-2] dax
= [xsde+[xzde—2[1dx

T 1—2x+c

—2x+c

—3x2+2x2—2x+c

Zx
xl) f +e*
SOLUTION.
2x
f +e* dx

=J [e—x =] dx
= [[e* + 1] dx
=[e*dx+ [1dx

ex
= T +x+cC
=e*+x+c

NOTE: DERIVATION M

EXPONENTIAL FUNCTION KA JAB DERIVATIVE LATY H
T FUNCTION AS IT AUR POWER KA DERIVATIVE
MULTIPLY KARTY H. LAKIN INTEGRATION M DIVIDE
KARE GAI.
Q.2: Evaluate:

D fx/m+\/_
SOLUTION:

f\[m+m
_f 1 Vx+a—x+b
) Vx+a+Vx+b Vx+ra—x+b
_ f Vx+a—/x+b _ f\/m-\/m
—J (VxFa)2-(Vx+Db)? ) x+a-x-b

= — [(Vx+a—Vx+b )dx
=ﬁ{f(x+a)% dx + [(x + b)z dx}

using [[f(O)]". f'(x) = % te

dx

6|Page
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_ 1 {<x+a)%“

a-b| Iy
2

3 3

1 | (x+a)z | (x+b)2

a—b {f +—=
2 2

Lo+l by} +e
= 3 b){(x+a)2+(x+b)}
ll) f1+ 2
SOLUTION:.
fl_xz dx

1+x2

_ f 2—-1-x2 dox

1+x2

_ 2
:fz (1+X) d

14x2
_f1+ 2

:2f1+x2 dx—[1 dx
=2tan lx—x+c
dx
iii) f\/m+«/?c
SOLUTION:

f\/mﬂ/‘
:f 1 Vx+a—x
Vx+a+Vx+b Vxta—vx
=f Vx+a—x f\/m —Vx dx
(M)Z—(\/E)Z x+a—x

=1 f(\/x+—a—\/x+)dx
= 2{Je+ a)f dxr 0 ]
using [[f(O]".f'(x) = [ﬂ%]:ﬂ e

1 1
1| @+a)ztt (2™
=;{ l+1 + 11 te
2

- z{(“_a)z + —(xf} +c
2 2

=+t +e
=2 +ayr+ (x)z}
iv) f(a — Zx)% dx
SOLUTION:

3
f(a—2x)2 dx
X and =+ by 2

=L [(a—2x)7.(~2) dx

3
_ 1 (a-2x)2*1 te
2 34
2
5
1 (a-2x)2
2 5
2

5
= —%.E(a— 2x)z2+c

1 s
= —E(a—Zx)2+c

FUNCTION AS IT AUR POWER KE DERIVATIVE S DIVIDE KARNA H.

fexdx=eT+c=e"+c

Chapter 3
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xX\3
) [ dx
SOLUTION:
(1+e"‘)3
J

- (a+b)3 = a®+ b3 +3ab(a+b)
3 x\3 X X
_ f 1°+(e*)*+3(1)(e®)(1+e*) dx

ex
:f 1+e3x+3§x(1+e") dx
e
f[ e3x 3ex(1+ex)] dx
ex
=[[ 'x+ezx+3+3e ] dx
=[e™™ dx+fezx dx+3f1 dx+3 [e* dx

ex

= +—+3x+3—+c
= —e ‘x+5e2x+3x+36 +c
vi) [sin(a+ b)x dx
SOLUTION:

[ sin(a + b)x dx

—cos(a+b)x
a+b

= —ﬁ cos(a+b)x+c¢

DERIVATION M FUNCTION KA DERIVATIVE LENA HOTA
H AUR SATH ANGLE KE DERIVATIVE KO MULTIPLY
KARTY H. BUT INTEGRATION M ANGLE KE DERIVATIVE
K DIVIDE KARE GAI.

vii) f\/l — cos2x dx

SOLUTION:
V1 —cos2x dx

2 . 1-cos2x
x = ——_—
2

So1— cos2x = 2sin? x
= [V2sinZ x dx

= [V2VsinZ x dx

=2 [sinx dx
=+2(—cosx) + ¢

= —V/2cosx +c

1
viii) flnx —dx
X

As sin

SOLUTION:

fInx. i dx

Asf(x) =Ilnx

And f'(x) = ,_lc , SO

n _ @t

n+1

using [[f(x)]
_(n X1+t

1+1
(1nx)2
; T¢C
ix) [ sin? x dx
SOLUTION:
[ sin? x dx

+c

1-cos2x
2

1—cos2x
==

As sin?x =

7|Page
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Class 12 Chapter 3
=%f(1 — cos 2x)dx
sm2x

] +c

1 1
——x—251n2x+c

2
[ireos=
x) 1+ cosx x

SOLUTION:

1
f 1+cosx

x _ 1+cosx
As cos?Z=—""<
2 2

So 1+ cosx = 2cos?
fz coszx

==z f sec?= dx
2
1 tanE
=3 +c= tan +c
E
sin? x ,cos?x ,tan?x ,cot?x in functions k derivative

exist ni karty jab b ye function a jay t ap ye

formula use kare.

) 1—cos2x
sSm® x = >

2 1+cos2x
Cos™ X = >

tan?x =sec?x —1

cot?’x =csc?x—1

FUNCTIONS K DERIVATIVES K JO ANSWER H UN Kl
INTEGRTION HOTI H IS K ILAWA FUNCTIONS KI
INTEGRATION NI H HOTI. E.G.

sin® x ,cos?x ,tan? x ,cot? x IN KI INTEGRATION NI HOTI|

(sinx)’ = cosx
(cosx)' = —sinx

(tanx)’ = sec’ x

(cotx)' = —csc’x

(secx)’ = secxtanx

(cosecx)’ = —cscxcotx

FUNCTIONS K DERIVATIVES K JO ANSWER H UN Kl
INTEGRTION HOTI H IS K ILAWA FUNCTIONS KI

INTEGRATION NI H HOTI. E.G.

sin® x ,cos?x ,tan? x ,cot? x IN KI INTEGRATION NI HOTI|

ax+b
xi) f ax?+2bx+c

SOLUTION:
f ax+b

ax2+2bx+c
X & + by 2 to make derivative uper
2(ax+b)

1
- 2 f ax2+2bx+c
2ax+2b

- fax 242bx+c
f(x) =1
Usmg f @] n[f(x)]
= E In(ax?+ 2bx+c) +c

xii) [cos3xsin2x dx

SOLUTION:

[ cos3xsin2x dx
X & <+ by 2 to make formula

Wondershare
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=%f2c053xsin2x dx

As 2cosasin f = sin(a + ) — sin(a — )
1
= E f[sin(Bx + 2x) — sin(3x — Zx)] dx

= %f[sin(Sx) —sin(x)] dx
= %{fsinSx dx — [ sinx dx}

1 (—cos5x —COoSXx
::—-{ — } +c
2 5 1

1 (cos5x
=——{ P —cosx}+c

cos2x—1
.Xlll) f1+c052x

SOLUTION:
_ f Cos2x—-1

14+cos 2x
_ f 1-cos2x

1+cos2x

2 1-cos 2x
2

-~ sin? x = = 2sin’x =1 — cos 2x

1+cos2x

~ cos?x = = 2cos?x =1+ cos2x

_ 2sin® x
= f .

2 cos?®
= —[(sec’x —1) dx =1+tan?x=sec’x
=—[sec’x dx + [1dx
=—tanx+x+c
xiv) [tan?x dx
SOLUTION:

[ Tan?x dx
= [(sec’x—1) dx ~1+tan?0 =sec?0
= [sec’x dx— [ldx=tanx —x +¢

dx = — [tan?x dx

Integration by method of
substitution

Sometimes it is possible to convert an integral

into standard form by a suitable change of a

variable. This is called substitution method.

i.e Evaluate ff(x)dx by method of subsitutio

Letx = @(t) = dx = @' (t)dt
So [ f(x)dx = [ f(0(D))0'(D)dt

Some useful substitutions:

1. Va? —x?

putx = asin@
(+ 1 — sin?0 = cos*0)

put x = asecl
(- sec? —1 =tan?0

put x = atanf
(- sec?d =1 +tan?6

Vx+a(0r)Vx—a put'x+ta=t

or(4fyx—a) =t

put x —a = asinf

x2 — q?

va?z + x?

V2ax — x2
V2ax + x2

put x + a = asecl

8|Page


http://cbs.wondershare.com/go.php?pid=5239&m=db

Class 12

Exercise 3.2

Evaluate the following integrals:

Q.1 fm
SOLUTION:
—2x
=
:f(4_x2) 2 (—=2x) dx
Here f(x) = 4 — x?

2
2V4 —x24c¢c wt=4—x?

Q.2 f x2+4x+13
SOLUTION:
By completing square

f x2 +4x+4 4+13

f (x+2)2+9
1

= Gy &

fa2+x2 dx = —tan

1, g (x+2
BER (T)+C
xZ
Q.3: [ dx

SOLUTION:
(H) and (-) 4

_f4+x2—4 do

SOLUTION:
11

Inx "~ x

As f(x) =Inx
And f'(x) = % , SO

. f!
using f[f((;))] = In[f (x)]

= [n[ln x] + c

05 [ = d
SOLUTION

f e"+3 dx
Here f(x) = e*
And f'(x) = e*, so

using f ];((;C))] In[f(x)] +c¢

Chapter 3

https://NewsonGoogle.c

=m(e*+3)+c
x+b

0.6 [ —= gy
(x24+2bx+c)2Z

SOLUTION:

Ll dx
(x2+2bx+c)2
1
[ (x> +2bx+c)z.(x +b) dx
Here f(x) = x% + 2bx +
Here f'(x) = 2x + 2b =2(x + b)
X and + by 2
== (2 +2bx + ¢)2.2(x + b) dx

1
(x2+2bx+c) 2+t

+c
1
—+1

1

T2

1

(x%+2bx+c)2
1

2

= Vx2+2bx+c+
Sec X
Q 7 f \/tanx
SOLUTION:

1
2

f SeC X
Vtanx
= f(tanx) 2 sec’x
Here f(x) = tanx
Here f'(x) = sec? x
)
_ (tanalc) 2 i
—1+1
1
_ (tanx)2

1+c

2
= 2+/tanx + ¢
Q.8: (a) Show that

f\/xz— In(x+Vx2—a?)+c
SOLUTION:

L.HS=

fm
Putx =asecd = dx =asecH tanb df
— fasece tan6 do __ f asecO tanf de

J(asec B)Z—GL2 - \/m

J- asecH tanf J-sece tan 6
Ja?(sec? 6-1) [tanZ? 6
secH tanf

= (27 17 49 = [secH db

tan 6
= In|secf + tan6|+ c;

Then back substitution:

do

X
x =asecl = Z=sec9

And 1+ tan® = sec? 6
tan® @ = sec? 6 — 1

tanf = Vsec? 6 —1
2
X
tan@ = (Z) -1

Now put values
A/ 2‘_ 2
X a +

9|Page
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x+Vx2-a?
=In — | ta

Using ln% = InA — InB

=n| x +Vx2 —a?|—lna+¢
Where ¢ = —lna+ ¢;

:ln| x+\/W|+c
Q9: |

(1+x2)2
SOLUTION:
dx

(1+x2)%
Put x =tand
= d(x) =sec?6df

2
=f sec“ 6 . de
(1+tan2 6)2
2
_f sec 93 de
(sec20)z
sec? 0
- fsec36 do

- fsec@

= fcos@
sin @

1+c

sin @
0s6 "’
= tanf.cosf + ¢
tan 6
= +c

secO
tan 6

" Vsec?o

__ tan#é
" Vi+tanZ@
Put tanf = x

+c

cos@ +c

+c

_vr
Q.-10: f(1+x2)Tan d
SOLUTION:

1
f (1+x2)Tan"1x

1 1
f Tan~1x * (14+x2)
Here f(x) = Tan‘ x
Here f'(x) =

(1+x2)

using f ;;((xx))] In[f(x)] +c¢

= In|Tan x| + ¢
Q 11 f 1+x

SOLUTI ON :
By rationalizing

f 1+x 1+X
1 -X 1+

1+x 1+x
=/ |=X0 @
1+x

f (1 +X)2
- 1-x2

1+x
=l W

1 x
= Wt

Chapter 3
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=sin"lx + _izf(l - xz)_% (—2x) dx

= sin™ X

2
=sinTlx—VI—xZ+c
sin @
Q.12 f1+cosz9 o
SOLUTION:

[2no do = [ —— sinf do

14cos2 6 29
Put cosf =t = —51n9 de = dt

1 _

[— .—dt=—tan't+c
1+t

Put t = cos@

= —tan"1(cosf) + ¢

13 [—=— d
Q f [a2—x4 x
SOLUTION:

[—— dx=a[—=——= dx
Put x>?=t = 2xdx=dt :>xdx=§dt
—ar_1 =%gin 1L
=3 g de=gsinT 4 e

. 1 i —1X
usmgfm dx =sin™' =

2
a . _1X
=-sin1=+¢ v xZ=t
2 a

dx
.14: —_—
Q f\/7—6x—x2
SOLUTION:

f\/7 6x—x2
By completlng square

f\/ x2 6x 949
f1/7 (x2+6x+9)+
f1/16 (x+3)2

Using fwdx—sin‘1§+c
= sin‘l% +c
cosx
Q.15: fsinxlnsinx dx
SOLUTION:
1 cosx
flnsinx sinx

Here f(x) = Insinx
CosXx

And f'(x) = ——, so

sinx
M)
using f[f(x) In[f(x)] +¢
= In[Ilnsinx] + ¢

Q.16: fcosxlnsmx

SOLUTION:
[lInsinx. == dx
sinx

Here f(x) = Insinx

, __cosx
And f'(x) = s’ S5O
__ [Insinx]**?
- 141

= % [Insinx]? + ¢

+c
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xdx
SOLUTION:
f x dx
4+2x+x2
2x dx

dx

442x+x2
2x+2

- E{f 44+2x+x2
_1 2y _ 2
T2 {ln(4 +2x+x%) — | x2+2x+12+4—12 dx}
1 ay_tr___ 2
21n(4 + 2x + x°) f(x+1)2+(\/—)2

- =-tan 1%
using fa2+x2 dx = atan ~tc

1 2 _r 1D
—zln(x +2x+4) ﬁtan 7 +c

Q.18: [ dx
SOLUTION:

dx}

X = f4+2x+x2

X
- f(x2)2+2x2+5
Put x%=t
2x dx = dt

1
xdx ==dt
2
1
=f 2
t2+2t+5
_ _I;
27 t242t+1+5-1
1
=-|———dt
f(t+1)2+22

1 1 _1 t+1
tan 1T-l'C

dt

Q. 149: f [cos (\/E - g
SOLUTION:
| [cos (\/E

= [[cost x 2 dt]

= 2 [[cost dt]
=234 ¢

Putvalue of t

. X

=2 51n(\/§—5)+c

Q 20 f x+2
[Q. 19. solve onpage 9]
]
SOLUTION:
x+2 x+2+1-1
|5 dx= s

1 1
f\/ﬁ dx—fvx+3 dx—fﬁ

1 1
3)2.1dx— [(x+3)72.1dx

Wondershare
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Now integrate
3 1
Y= (x+33)3 n (x+13)i L

1 1
(x+3)2t!  (x+3)72™!

1 1
2+t Tt 2 2

3
= 2(x+3):+2Vx+3+c

Q 21 fSlle+COSX dx

SOLUTION:
1

fﬁ dx

\/_( cos x+sinx)

—f—dx

cosx .—=+sinx
V2 vz

= J‘cosx c0s45°+sinx sin45° x
using cos(a — B) =cosa sinf +sina sinf
S U
cos(x—45°)
= [ sec(x — 45°) dx
using [ secx dx = In|secx + tanx| + ¢
In|sec(x — 45°) + tan(x —459)| +c¢
—smx+— CosXx

Q.22: [7

SOLUTION.:
sinx. E+COSJC. ey
_ 1
- fsinx. €0s 60°+cosx. sin60°
using  sin(a + f) = sina cosf +cosa sinf
1

- f sin(x+60°)

= [ cosec(x + 60°) dx

using [ cosecx dx = In|cosecx — cotx| + ¢

= In|cosec(x — 60°) + cot(x — 60°)| + ¢

Integration by parts.
We know that for two functions f and g
d
— (f (0g(x)) = f'(x)g(x) + f(x)g' (x)
= f (x)g'(x) = —((f (g () = f'(x0)g(x)

Taking integrations w.r.t xwe get

d
[ reg@ax = [ [5-r@ew - r@gwo]ax
d
- [ G (r@gw) - [ Frwgwa

f f)g'()dx = f(x)g(x) - f gOf'(x)dx

Orf f(0)g'(Wdx = f(x) [ g'(x) dx —
[ (g')dx)f! (x)dx

In other words.

j(lst function )(2nd function)dx

= (1st funct). f(an funct.) dx

d
— f(integrated funct.)a(istfunction)dx

This is called “integrations by parts”
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Some basic rules for Integration by

pa rts.
*some the function as 2™ function whose integration
is known or possible.

*if integration of both given functions are known but
one of the given function is polynomial functions then
whose polynomial function as first function.

*if integration of both given function are known but
no one is polynomial function. Then we may choose
any function as 1°,

*if we are given only one function whose integration
is unknown or cannot be easily find.

1
i.e,sin"1x,cos1x+a? —x2% ——

x2 — g2

e.t.c

Then we take 1 as 2™ function.

“Review above Rules”

2" function
cosx

1% function
xTL

f x™cosdx

x™ sinx

f x"sinxdx

a—1 n
o sin"lx X
x™sin~! xdx

_ tan1x x"
f x™tan~ ! xdx

e* or sinx

f e*sinxdx

n

f Inxx™dx x

tan~1x

Ja? + x2

f tan~! xdx

f Ja? + x%dx

You may remember the word “ILATE”
I=inverse function
L=logarithmic function
A=algebraic function
T=trigonometric functions
E=exponential functions.

*Remember useful formulas*

dx = sin! (z) +c

2. f\/ﬁdx =In|x + Vx% —a?| + ¢

3. fﬁdx =1In|x +Vx?+a? + |

Prove that [ e*(f(x) + f'(x))dx + e*f(x) + ¢
Prove:[ e*f(x)dx = f(x)e* — [ e*f'(x)dx

= [e*f(x)dx + [e*f'(x)dx = e*f(x)

= [e*(f(x)+f'(x))dx =e*f(x) +c

Hence proved.

1
L =

Chapter 3
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Exercise 3.4
i) [x sinx dx
SOLUTION:
[ x sinx dx
Here U=x , V =sinx
Using [UV=U.[Vdx— [[U.[Vdx]dx
=x.[sinxdx — [[(x)". [ sinx dx] dx
=x.(—cosx) — [[1.(— cosx)] dx
= —x cosx — [[—cosx] dx
= —x cosx + [[cosx] dx
= —x cosx +sinx +c¢
=sinx —x cosx +c¢
ii) [Inx dx
SOLUTION:
fInx. 1dx
Here U=Inx ,V =1
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=Ilnx.[1dx— [[(Inx)".[1dx]dx
=Inx .x —fEx] dx
=lnx.x — [1dx
=xIlnx —x+c¢
iii) [x Inx dx
SOLUTION:
[x Inx dx
Here U=Inx ,V =x
Using [UV=U.[Vdx— [[U.[Vdx]dx
[xdx— [[(Inx)". [ x dx] dx

~I[5] ax
—%fxdx
+c

=x7(1nx —%)-l—C

iv) [x* Inx dx

SOLUTION:

fx? Inx dx

Here U=Inx , V = x?

Using [UV=U.[Vdx— [[U.[Vdx]dx
=Inx.[x*dx — [[(Inx)". [ x? dx] dx

=Inx %3 —f[ix;] dx

3
X3 1
=lnx .= —-[x%dx
3 3
R
x3

=?(lnx —§)+c

v) [x3 Inx dx
SOLUTION:
fx? Inx dx

Here U=Inx , V =x3
Using [U.V=U.[Vdx— [[U".[Vdx]dx
=lnx.[x3dx— [[(Inx)". [x3 dx] dx
4
=Inx .=
4
4
=Inx .=
4

1 x3
Inx —=. =+4c¢
3° 3

12
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—ﬁlnx —%. x;+c

—’i:(lnx ——)+c

vi) [x* Inx dx

SOLUTION:

[x* Inx dx

Here U=1Inx , V =x*

Using [U.V=U.[Vdx— [[U.[Vdx]dx
=Inx . [x*dx— [[(Inx)". [ x* dx] dx

1 x

Chapter 3

vii) [tan™!x dx

SOLUTION:

[1.tan" x dx

Here U=tan"lx ,V =1

Using [U.V=U.[Vdx—[[U.[Vdx]dx
=tan lx.[1dx— [[(tan" x)". [ 1 dx] dx

=tan"'x .x —f[le x] dx

=xtan"tx ——f1+x2

=xtan lx —Eln|1+x2|+

viii) [x? sinx dx

SOLUTION:

[ x? sinx dxn

Here U =x? , V =sinx

Using [U.V=U.[Vdx— [[U.[Vdx]dx
=x2. [sinxdx — [[(x?)". [ sinx dx]dx
=x%.(—cosx) — [[2x.(— cosx)] dx
= —x2 cosx + 2 [[x.cosx] dx

Using [UV =U.[Vdx— [[U".[Vdx]dx
= —x% cosx + 2{x. [ cosxdx —
JI(x)". f cosx dx] dx}

= —x% cosx + 2{x.sinx — [[1.sinx ]}
= —x? cosx + 2x.sinx — 2 [ sinx dx
= —x? cosx + 2x.sinx —2(—cosx) + ¢
= —x* cosx + 2x sinx +2cosx + ¢

ix) [x% tanlx dx

SOLUTION:

[x?.tan"1x dx

Here U=tan"lx , V = x?

Using [U.V=U.[Vdx—[[U.[Vdx]dx
=tan lx .[x? dx — [[(tan" ! x)". [ x? dx] dx

3 3
_ -1, X 1 x
=tan 'x.—> - [ |—5. —] dx
3 2’3

2

tan x——f dx

1+x2
x—tan x ——f( ) dx
3 T+x

x3
~ tan” x——fxdx+ f1+2
3

d ln|1+x2|+c

“tan"lx —-=+=
3 32+6

Wondershare
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flf&x)
00 dx =In|f(x)| + ¢

x) fx tan 1x dx

SOLUTION:
[x.tan"1x dx
Here U=tan"'x ,V=x
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=tan"lx .[xdx — [[(tan"1x)". [ x dx] dx
2 2

=tan_1x.x? —f[rlxzx?] dx .
= tan1x —lf ~ dx

2 1+x2 14+ x24/x2
=x—2tan X __J-(1+x —1)

2 1+x2

2
x 1+x2 1 1
="tan"lx —- -= X

2 f 1+x2 2 f 1+x2

2
x
= —tan~
2
2

x _ 1 1 _
=—tan 'x —=x—- tan~!
2 2 2

= G tan‘lx) (x?2+1) —%x +c

xi) [x3 tan"lx dx

SOLUTION:

[x3.tan7lx dx

Here U=tan"lx , V =x3

Using [U.V=U.[Vdx— [[U.[Vdx]dx

=tan"' x . [x3 dx — [[(tan" ' x)". [ x® dx] dx
_ x* 1 x*

=tin tx. —f[m.:] dx

x 1 1,0 x*
==—tan "x —- dx
4 4f1+x2 2

1
1y —2f1dx—2 tan~'x
2 2

xX+c

4

X — 1
= tan™'x ——f(x2

=x74tan x ——fx dx + = fl——f
x4 1x3 1

==tan"lx —>= —x——tan
4 43 4 4

1+x2

Ix+c

=%[x4 tan lx — %+x— tan‘lx]+c
1 4 -1 x3

=Z[(x —1) tan" " x —?+x]+c

x]+c

144,01 x3 -1
=than x—?+x—tan

xii) [x3 cosx dx

SOLUTION:

[ x3 cosx dxn

Here U=x3 , V =cosx

Using [UV =U.[Vdx— [[U.[Vdx]dx
=x3.[cosxdx — [[(x3)". [ cosx dx] dx
=x3 . (sinx) — [[3x?.(sinx)] dx

= x3 sinx — 3 [[x? sinx] dx

Using [UV=U [Vdx— [[U [Vdx]dx
= x3 sinx — 3{x?. [ sinxdx —
J[@x?). [ sinx dx] dx}

= x3 sinx — 3{x?%.(~ cosx) — [[2x (- cosx) ]}
= x3 sinx + 3x® cosx — 6 [ xcosx dx

= x3 sinx + 3x? cosx — 6{x [ cosx dx —

JI(x)' [ cosx dx] dx}
= x3 sinx + 3x? cosx — 6{x sinx — [[1.sinx] dx}
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= x3 sinx + 3x% cosx — 6{x sinx — [ sinx dx}
= x3 sinx + 3x? cosx — 6{x sinx — (—cosx)} + ¢
= x3 sinx + 3x? cosx — 6x sinx —6cosx + ¢
= (x3 — 6x) sinx + (3x2 — 6) cosx + ¢
xiii) fsin‘lx dx
SOLUTION:
[1.sin"tx dx
Here U=sin"'x ,V =1
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=sin"lx.[1dx —f[(sin_lx)’.fl dx] dx

=sin"lx .x —f[\/%x] dx  skip
1
= xsin"tx — if(l — xz)_i(—Zx) dx

1 (1- xZ) 2
—2+1

= xsin™?! x+ +c

1 (1-x%)2
=xsin"lx += #+c

x +\/1—x2+c

xiv) fx sin”1x dx
SOLUTION:
[x.sin"lx dx
Here U =sin"lx ,V=x
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=sin"'x.[x dx—f[(sin_lx)’ [ x dx| dx

xZ
= sin~ X - —

= xsin™?!

xZ . _
= —sin
2
x% .
= —sin~
2
x% .
= —sin~
2
x% . 1
=Zsin"lx += - |—dx+c
2 f\/lx zf\/l—x2
1 1
Vi 2
Tx += —x?dx—- | —dx+c
+3 041 et
. a? . _1x  x
Usmg\/az—xzdx=7sm 1E+E\/a2—x2+c
2
x4 . _ 1 (1 . _ X
= —sin Tx +E{Esm 1x+5\/1—x2}—

1 . _
> sin Ix+c¢

1 . _ X 1 . _
Tx +2sin 1x+zv1—x2—gsm Tx+

x? ., _
= —SIn
2

x? ., _
= —SIn
2

c
2
=x7sin‘1x +G—%)sin‘1x+§v1—x2+c
=x7zsin‘1 1x+§\/1—x2+c
xv) [e*sinxcosx dx
SOLUTION:

Let I = [e*sinxcosx dx
Multiply and divide by 2

1 .
I=2[e*2sinxcosx dx

I=%fex sin 2x dx

1. _
X —=SIn
4

Here U =sin2x , V =e*

Wondershare
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Using [U.V=U.[Vdx— [[U.[Vdx]dx
I =sin2x [e* dx— [[(sin2x). [ e* dx] dx
I =sin2x e* — [[cos2x.2 .e* ] dx

I =sin2x e* — 2 [ cos 2x e* dx

Using [U.V=U.[Vdx— [[U.[Vdx]dx
I =sin2x e* — 2{cos2x [ e* dx —

[[(cos 2x)". [ e* dx] dx }

I = sin2x e* — 2{cos 2x e* — [(—sin2x) e* dx }
I = e*sin2x — 2 cos2x e* —

2 [2 sinx cosx e* dx

I = e*sin2x — 2 cos2x e* —

4 [ sinx cosx e* dx

Put I= [e*sinxcosx dx

[ = e*sin2x —2cos2x e* — 41

51 = e* (sin2x — 2 cos 2x)

I = %(sin 2x — 2 cos 2x)

le.c

xvi) fx sinx cos x dx

SOLUTION:

[ x sinx cosx dx =% [x.2sinxcosx dx =
%fx sin2x dx
Here U =x , V =sin2x
Using [UV=U.[Vdx— [[U"[Vdx]dx
e E[x.fsin 2x dx — [[(x)'. [ sin2x dx] dx]
1 _cos2x) 1 __cos2x _
_zx'( 2 ) 2f[1( 2 )] dx =
—lx c052x+1f cos 2x dx

1sin2x

=——xc052x+— > +c =%[—xc052x+

sin2x 2 sinx cos x] +

]+c ——[—x cos 2x +
= %[—x cos2x +sinxcosx] + ¢ = %[sinxcosx —
x cos2x]+c¢
xvii) fx cos?x dx
SOLUTION:
L+cos2x

fx cos?x dx= [x >

= lfx.(1+c052x) dx=lf (x + x cos 2x) dx

1+cos2x
22 dx As cos? x =

—fx dx + = fxcost dx =

Here U=x , V =cos2x
UsinngV U.[Vdx—[[U.[Vdx]dx

x. [ cos2x dx — [[x. [ cos 2x dx] dx]

E

1 [ sin 2x f [ sin Zx] ]
> .

1

2

x

—x—+lfx0052x dx
22 2

7+
2

=+

4

2

=+

sin 2x .
— —-= f sin 2x dx
4— 4
X'

sin 2x 1 —cos2x

4 4 s 2
1 1
= (x2+ x sin 2x + Ecost)+c

xviii) fx sin? x dx

SOLUTION:
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1—-cos2x 2

[xsin?x dx= [x
1—-cos2x
2

= %fx.(l—cost) dx=%f (x — x cos 2x) dx

1 1 x?
=[x dx—2[ xcos2x dx =3 = -
%fxcost dx

Here U=x , V =cos2x
Using [U.V=U.[Vdx—[[U.[Vdx]dx

4

Sl

1
2
1 Sm 2x
-x.—+ -] sin2xdx
Sx |
X

4
2 sin2x 1 —cost

= — +- +c
4 4 4 2

= (x2 — xsin2x — %cost)+c
xix) [(Inx)? dx
SOLUTION:.
f(Inx)?.1dx
Here U= (lnx)? , V=1
Using [UV=U.[Vdx— [[U.[Vdx]dx
= (Inx)?.[1dx — [[((Inx)?)". [ 1dx] dx
=(Inx)?.x —f[Z(lnx)i.x] dx
=x(Inx)? —2[Inx dx
=x(Inx)? —2[f (Inx).1 dx]
Here U=Ilnx , V=1
Using [UV =U.[Vdx— [[U".[Vdx]dx
=x(Inx)? —2[Inx .[1dx—
[[(nx)". 1 dx] dx]
= x(Inx)? —Z[Inx X —fEx] dx]
=x(Inx)? —2[lnx .x — [ 1dx]
=x(Inx)? —=2[x Inx —x]+¢c
=x(Inx)? —2xInx +2x+¢
=xInx (Inx—-2)+2x+c

xx) [In(tanx) sec?x dx
SOLUTION:.
[In(tan x) sec®x dx
Here U =In(tanx) , V =sec®x
Using [UV =U.[Vdx— [[U.[Vdx]dx
= In(tanx) . [sec?x dx —
[[[In(tanx) . [ sec® x dx] dx

= In(tanx) . tanx —f ] dx

= tanx.In(tanx) —fsec x dx
=tanx.In(tanx) —tanx + c

. sin71lx
xxi) dx

V1 -— x2

x2
4
X

SOLUTION:

-1

== \/im7 dx = _izf sin"1x [(1 - xz)_% (—Zx)]

1
Here U=sin"'x , V=(1-x?)"2(-2x)
Using [U.V=U.[Vdx— [[U.[Vdx]dx

dx As sin“x =

X_Z_E[ [ cos2x dx — [[x. [ cos 2x dx] dx]

= —%{sin‘1 x[(1- xz)_§ (—2x) dx —
) [(sin‘1 x) . f(1- xz)_% (—2x) dx] dx}

= —%{2 sinT!x V1 —x2 — [[2] dx} =
—%{2 sinTlxV1—-x2-2[1dx}=
—sin"lxV1i-x2+x+c
=x—Vl—x2sin"lx+¢
Q.2: Evaluate the following integrals:
) ftan“x dx
SOLUTION:
[ tan* x dx
= [tan?x .tan?x dx
= [tan®x (sec’x —1)dx
= [tan®x sec?xdx — [(sec?x — 1) dx
—tan [ sec?xdx+[1 dx
3
S —tanx+x+¢
i) fsec“x dx
SOLUTION:
[ sectx dx
= [sec?x .sec’x dx
= [sec’x (1+ tan®x) dx

= [sec?x dx + [ sec?x tan?x dx
tan® x

=tanx + 33 +c

1
= tanx +§tan3x +c

iv) ftan3xsecx dx

SOLUTION:

[ tan® x secx dx

[ tan? x tanxsecx dx

= [(sec?x — 1) tanx secx dx

= [sec’xsecxtanx dx — [secxtanx dx

=§sec3x—secx+c
v) [x3e5 dx
SOLUTION:

[x3e>* dx

Here U =x3, V =e5*
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=x3 [ dx — [[(x3)". [ €5 dx] dx
=X

Again integrating by parts
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2 ,5x 4 6 5x
———X‘e — [ xe>*dx
5 25 + zsf
Again integrating by parts

5x

3 € 3,2 ,5x, 6 5x

=Xx° ———x%¢ —{x Je>*dx —

5 25 + 25{ J

[Ix)". [ e5* dx] dx}

5x 5x 5x
e 3 6 e e
—=x? e5x+—{x ——[1.— dx}
5 25 251" s 5

5x

e 3 6 6
2 x%2eM xS — 2 [e3¥ dx
5 25 125 125

5x 5x
e 3 2 5x 6 5x 6 e

=X’ ——=Xx"e’+—xe’ ———+c
5 25 125

= (0 -3 g
vi) [e ™ sin2xdx

SOLUTION:
Let I = [ sin2xe ™ dx
Here U =sin2x ,V =e~
Using [UV =U.[Vdx— [[U.[Vdx]dx
[ =sin2x [e ™ dx — [[(sin2x)' [ e ™ dx] dx
I = sin2x % —f[(cost.Z)%] dx
I =—e"sin2x+ 2 [ e cos2x dx

Again integrating by parts
[ = —e *sin2x + 2{cos 2x [e™* dx —
[[(cos 2x)" [ e™* dx] dx}

-X
I =—e*sin2x + 2 {cos 2x e_—l —

) [(— sin 2x. 2) %] dx}

X

= —e *sin2x —2cos2x e ¥ —

I
4| e *sin2x dx
I =—e*sin2x —2cos2x e ™* — 4l +¢;
5] = —e *sin2x —2cos2x e * + ¢4

- _2 -x _1,-xg; a
I'=——cos2x e ce "sin2x + -

2 _ 1y
=-—ce x(c052x+5e *sin2x) + ¢ wherec =

vii) [e** cos3xdx
SOLUTION:
Let 1= [e®* cos3xdx
Here U =cos3x , V =e%*
Using [UV =U.[Vdx— [[U.[Vdx]dx
I =cos3x [e** dx — [[(cos3x)" [ e?* dx] dx

er . er

I = cos3x — —f[(—sme.B)T] dx

2x
I = cos3x 37+%f[sin 3x e?*] dx

Again integrating by parts

I =cos3x ezﬁ+%{sin3x [e** dx —
[I(sin3x)' [ e** dx] dx}

2x 2x
I = cos3x e—+3{sin3xe——

2 2 2

er
f[cos3x.3.7] dx}

e?* 3 . 9
I = cos3x —+7sin3xe?* — - [cos3x e dx

e 3 . 2x 9
I =cos3x —+-sin3xe** —=1 + ¢,
2 4 4
9 e?* 3 .
I+ 71 =cos3x T+Zsm3xezx+cl

2x
B =cos3x =+ 3sin3xe? + ¢,
4 2 4
2x
I = ie—(cos 3x +>sin 3x) + icl
13 2 2 13
[ = Le?x (cos 3x + Esin3x) +
13 2
4
¢ where —c=c
13
I = %ezx(sin 3x + gcos 3x)+¢
viii) [cosec®xdx
SOLUTION:
Let I = [ cosec?x cosecxdx
Here U = cosecx , V = cosec?x
Using [UV =U.[Vdx— [[U"[Vdx]dx
= cosecx [ cosec?x dx —
[[(cosecx)'. [ cosec? x dx] dx
I = cosecx (—cotx) — [[(— cosecx cotx)(— cotx)] dx
I = —cosecx cotx — [ cosecx cot? x dx
I = —cosecx cotx — [ cosecx (cosec? x — 1) dx
I = —cosecx cotx — [cosec3xdx+ [ cosecxdx
I = —cosecx cotx — I+ [cosecxdx
21 = —cosec x cotx + In|cosecx — cotx| + ¢;

I = —i[cotx cosecx — In|cosecx — cotx|] +§cl

I= —i[cotx cosecx — In|cosecx — cotx|] + ¢

+« TIT BIT:
Jab pure quadratic equation h aur us ka derivative b

majood na h t substituition s solve karty h aur
substitution m trigonometry functions hi let karty
lakin j c s start hu w let nai karny nai t book answer
ni aye ga ut jin pure quadratic equation walay
guestions ki power% h t un k ap by parts integration

k method s b kar saktay h.

Q.3: Show that j e sin bx dx

1 b
=————e%sin(bx — tan?! (—)
a? + b? a

+c
SOLUTION:
Let I = [e% sinbxdx
Here U =sinbx ,V =e%
Using [U.V=U.[Vdx—[[U.[Vdx]dx
I = sinbx [ e% dx — [[(sinbx)'. [ e** dx] dx
O Lax pax
I =sinbx— —f[cosbx . b'T] dx
1= sinbx% —gfcosbx e dx
Again integrating by parts
1= sinbx% —g{cosbxfe“" dx —
[[(cos bx)'. [ e** dx] dx}
1= sinbx% —g{cosbxe;i—f[—sinbx b%] dx}
I = sinbx = —%cosbxe‘”‘ —gfsinbx e dx
a a a
I = sinbx = —%cosbxe‘”‘ —%I +¢
a a a
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b? . e p
I +—1=sinbx— -—coshxe®™ + ¢,
a? a a?

a?+b? . 1 b
[ =eY(sinbx- -=cosbhx )+ c,
a? a a?

a?  ax 1 b
I= e sinbx—- -—cosbhx )+
a?+b? a a?
1 .
I'=——5e"(a sinbx -bcos bx) +

a
a2+p2 1

c (4) where #

Let a=r1cosf (1) , b=rsinf

Squaring and adding (1) and (2)
dividing (1) and (2)

a?+b?=1r?cos?6 +1r?sin?6

C1=C

a? + b? = r?(cos? 6 + sin? 9)
= r=+va?+b?

Now Put values in (4)

a?+b*=r?

1 . .
I'=——e"(rcosf sinbx -rsin6cosbx) +c
a

=iz e**(cos@ sinbx -sin6 cos bx) +
(Take r common)

v a?+b? oo )
=25z ¢ (sinbx cos @ -cosbxsinf) +

(Put value r)
I = ‘/ﬁe‘”(sin(bx - 0))c
Using sin(a — B) = sinacosfB -cosasinf
= ‘/ﬁe“" sin(bx — tan™?! (Z) +c

Put 6 =tan™?! (S) have proved.

Q.4: Evaluate the following indefinate integrals:

i) [Va? —x?dx

SOLUTION:

Let 1= [vVa?—x?%.1dx

Here U =+Va%?2—x2,V =1

Using [UV =U.[Vdx— [[U".[Vdx]dx

I =+Va? —x2 fldx—f[(\/az—xz)l.fldx] dx
—va? — x2 x— —2x

l=+Va? —x%.x f[zm.x]dx

o VaE — %2 — [

[=xVa?—x f\/Td

_ 2 _ w2 a—x—a
I'=xVa®=x fm

_ 7 &%

I=xVa?—x f dx+f\/_d
I=x\/a2—x2—f\/a2—x2dx+a2f

. 1 s _1{

Using f—m dx =sin"'—+c

I =xVa%—x%2—1+a?sin™!
I+1=xVa?—x%+a?sin™!
I=x\/a2—x2+a25in‘1§+cl
Va x2+a751n 1§+C—1

2
a?
va x2+751n

Wd"

X
-+c
s a
X
~-+c
s a

—+c

i) J x2 —a?dx
SOLUTION:

Wondershare
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Let 1= [Vx?—a?.1dx
Here U=vx?—a%2,V =1
UsingfU.V—U.dex—fU’.dex]dx
I=\/x2—a2fldx—f[(\/xz—az),.fldx] dx
I=\/x2—a2.x—f[ x] dx
I=xVxZ—a%—
I=xVxZ—a%—
= v Vx2 — g2 — _ (e
I=xVx?—a dx fml
- 242 — a2 dx — a2
I=xVx?—a f\/x adx afm
. 1
Using fﬁdx=ln|x+Vx2—a2|+c
I=xVx?—a?—1-a’ln|x +Vx2 —a?|+ ¢
I+1=xVx?—a?—a’ln|x +Vx2 —a?|+ ¢
2] = xVx? —a? — a’ln|x + Vx2 — a?| + ¢,
1=V =~ Cinlx + Vo —a?| + 2
az—%zln|x+m|+c
C

a_.
2

le.c(

2x
2vVx2—a?’
[ 2= dx

\/?
J-x —a?+a?

sz—a

x—a

dx

dx

dx

[ ==+Vx?%—

where

iii) f\/4—5x2dx
SOLUTION:
Let 1= [v4—5x2.1dx
Here U=+vV4-5x% , V=1
Using [UV=U.[Vdx— [[U.[Vdx]dx
I=\/4—5x2fldx—f[(v4—5x2)’.f1dx] dx
— 7 _ —-10x
4—5x2.x f[z\/m'
a2
I=x\/4—5x2—f\/idx
I =xV4—5x%— f4 sx4
[ =xv4—5x%— f4 Sx

J—d +fJ—
[=xV4—5x2— [V4—-5x2dx +4 [ ——

x] dx

dx

I=xV4—5x2— [V4—5x2dx+

dx

n e
V5 ( R

—-X

%)

Using f\/%xz dx = sin‘1§+ c

I=xVaA—5x2 — [ +=sin"!X* +c
v %
2] = x V4 —5x2 + = sm (@x)

SOLUTION:
Let 1= [V3—4x%.1dx
Here U=+V3—4x%2 , V=1
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Using [UV =U.[Vdx— [[U".[Vdx]dx
I=mf1dx—f[(m)’.fldx]dx
mx—f[ ]dx
I=xV3—4x2— fW

| =TI [ gy

Viaz ¢
I:x\/3—4x2—f34x dx + [ —=— dx
I =xV3—4x2—

2V3-— 4-

V3-4x2 V3-4xZ
V3 - xzdx+3f—dx
&)

- —4x2 S 1
V3 —4x dx += [ -

I =x+3 —4x2

. 1 s _1£
Using f—mdx—sm ~+c
1=x\/3—4x2—1+§sin‘1<%>+cl

2
2l =xV3 —4x2+- 51n‘1(

f)+ 2!

C
where ?1 =

SOLUTION:

Let 1= [vVx?+4.1dx

Here U=vVx2+4,V =1

Using [UV =U.[Vdx— [[U".[Vdx]dx
I=\/x2+4fldx—f[(\/x2+4),.f1dx] dx
I= x2+4x—f[ ]dx
I=xVx2+ f\/_

[=x VETTA- L g

_ Zr x%+4 4

I=x Vx fmdx+fmdx

- 2 _ 2 1
I=xVx?2+4— [ Vx +4dx+4fmdx

Using f\/ﬁdx=ln|x+\/xzi+az|+c
I=xVx2+4—1+4n|x +Vx2 + 22|+ ¢
I+I=x\/m+4ln|x+\/m|+cl
21 = xVxZ + 4+ 4in|x + Va2 + 22| + ¢;
I=2VaZ+ 4+ In|x + Va7 + 22+ 2
I—E\/—+21n|x+\m|+c
where %—c

vi) [x?e™dx

SOLUTION:

[ x%e% dx

Here U=x%, V =%

Using [U.V=U.[Vdx— [[U.[Vdx]dx
=x? [e™ dx—f (Xz)’ [ e%* dx] dx

2 eax

=X ——f2x— dx

2x
2\/

Chapter 3

e
Take common -
ax

=e—(x2—2—x+%)+c
a a

a

Q.5: Evaluate the following integrals:

i) fex(%+lnx) dx
SOLUTION:.
1
= [el x(l.lnx+;)dx
2 e laf(x) + £ @)]dx = e f(x) + ¢
=e¥*Inx+c¢
=e*lnx+c
ii) [e*(cosx+ sinx)dx
SOLUTION:
= [el *(1.sinx + cosx)dx
v feaf(x) + f'(0)]dx = e f(x) + ¢
=el¥sinx + ¢
=e*sinx + ¢
iii) [e™ (a sec lx +
SOLUTION:

[e* (a sec lx + \/2_) dx

v fe™af(x) + f()ldx = e®™f(x) +c
=e™sec lx+c

, 3x (3sinx—cosx

iv) [ e (o) dx
SOLUTION:

3sinx cosx
=fe 3x( )dx

sin2x  sin?x
_ 3x i ____Cosx
- fe (sinx sinx.sinx) dx
= [ e3*(3 cosecx — cotx cosecx)dx
v fe¥af(x) + f'(x)]dx = e™f(x) + ¢
= e3¥* cosecx + ¢
v) [e**(—sinx + 2 cosx)dx
SOLUTION:
= [ e%*(2 cosx — sinx)dx
= [e?*(2 cosx + (—sinx))dx
v fe¥af(x) + f'(x)]dx = e™f(x) + ¢
=e**cosx + ¢
. x e*
vi) [ ot 4
SOLUTION:
_ x [1+x-1
- f [(1+x)2] dx
1+%
=Je [(1+x)2 - (1+x)2] dx
1
- f [1+x (1+x)2] dx

=e*.——+¢
1+x

;) dx
xVx2-1

vii) [e *(cosx —sinx)dx
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SOLUTION:

= [e™(—sinx + cos x)dx

= [e™1 *(—1.sinx + cosx)dx

v feaf(x) + f'(0)]dx = e f(x) +c
=e Msinx +c¢

=e*sinx+c

mtan 1x

viii) [= dx

SOLUTION.
— f emtan~tx

Put y= tan

dx

1+x2
Lx
dy—
e™y emtan_lx
=femydy=—+c=—+c
m m

Put y= tan_1

lx) fl smx

SOLUTION:

f 2x 1+sinx _ f 2x(1+smx)

le(slln;nx)1+smx . 1-sin?x L
fwd f 2x (coszx + cosx cosx) dx

= [ 2x(sec® x + tanx secx)dx = [ 2x sec?x dx —
[ 2x tanxsecx dx

Here U =2x , V =sec?x
V =tanxsecx

Using [UV=U.[Vdx— [[U.[Vdx]dx

= [2x tanx — [ 2(1) tanx dx] + [2x secx —
[2(1) secx dx]

= 2x.tanx — 2In|secx| 4+ 2x .secx — 2 In|secx +
tanx| + ¢
e*(1+x
) f (z(+x)2)
SOLUTION:

_ [2—1+x
- fex _(2+x)2] dx

_ [(2+x)—-1
- fex | (2+x)2 ]dx

[ 2+x 1
=Je" [+02 (2+x)2] dx

[ 1 1
=Je o~ (2+x)2] dx
Je¥[afG)+ f()ldx =e™f(x) + ¢

1
=e*.—+¢
2+4x

xi) f (1—sinx) e*dx

1-cosx

SOLUTION:

1-2sinZ cos®
= X ———2 2
_fe ( Zsinzg )dx

x 1 2 sin’z—t cos’z—t
e - dx

. X . X
2sin2= 2sin2=
sy sy

X

and U =2x,

= [e* (l cosec?Z — cotf) dx
2 2 2
= [e* (— cot’z—c + %cosec2 g) dx
Je™laf(x) +f'(x)]dx = e¥f(x) +c
=e* (— cotf) +c=—e*cot>+c
2 2
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Integration involving Partial

Fraction

If P(x),Q(x)are two polynomial function and Q(x)
#0

In rational fraction
% can be factorized into linear and

Quadratic (irreducible) factors then the rational function is
written as as a sum of simpler rational functions, each of
which can be integrated by methods already known.

Here we discuss examples of the three cases of partial
fraction and then apply integrated.

Casel.

when Q(x)contain non — repeated linear factors.e. g;
P(x) A + B
(x—a)(x+b)_x+a x+b
—x+6 A

l 34  x-2 + ; + ﬂ e.tc

Case2.

when Q(x)contain non repeated and repeates linear fac|jors.
P(x) A B c
(x —a)(x + b)? =x—a+x+b+(x+b)2
2x A B C
(x—1D2x+1) =x—1+(x—1)2+x+1 et
Case3.
When Q(x)contain non repeated irreducible quadratic

factors.

P(x) _ A Bx+C

(x+b)(x2+c)_x+b+x2+c
1 A Bx+C

= +
(x—Dx?+1+2x) x—-1 x2+1+42x

Exercise 3.5

Evaluate the foIIowing integrals.
Ql f 3x+1

2x6

3x+1
Solution: [ — 0 dx

-6

Now
3x+1 A B

x2-x—6  x-3 = x+2

= 3x+1=Ax+2)+B(x—3) - (i)
Putx—3=0=x=3in(i)
33)+1=AB+2)+B(0)=>54=10=>4

=2
Putx +2=0=x = -2 in(i)
3(-2)+1=A4(0)+B(—-2—-3)=> —5B
=—-6+1
=>—-5B=-5=B=1
3x+1
0% _x—6

3x+1
:>f x=2f
x—3

X2 —x—6
=2In|x —3|+In|x+ 2|+
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Q2. [ —

(x+3)(2x-1)
5x+8

Solution: fm

Now.
5x + 8 A B
(x+3)(2x—1)_x+3+2x—1
= 5x+8=AQ2x—1)+B(x+3) - (i)

Put2x—1=0=>x=%in(i)
@ 5(3)+8=4(0)+B(;+3)

> 2= p(X)57B=21>B=3
2 2
Putx+3=0=x=-3in(i)
= 5(—3)+8=A4(2(-3)—-1) + B(0)
2 —154+48=-74A=>-7T=-7A=>A=1
5x+8 1 3
(x+3)(2x-1)  x+3  2x-1

f 5x +8 P

x+3)2x-D
s [
TR T

= In| +3|+3f

= In|x 5

5x +8 P
x+3)2x-D

2x—1 x

3
= In|x + 3| +§ln|2x —1|+c

2
x“+3x—-34
3. dx
Q fx2+2x—15
. x%+3x-34
Solution: [ ———dx
x2+42x-15

x—19
So f (1 + x2+2x—15) dx
= [1dx + [ =2

x2+42x-15
x—19 A B .
Now ————=—+—- (i)

x242x-15  x—-3  x+5

1
x2 4+ 2x — 15y/x2 + 3x — 34
+x2+2x F15
x—19
=>5x—19=A(x+5)+B(x—3) = (ii): x2 + 2 —

put x —3 =0 = x = 3 in(ii)
=3-19=A(3+5)+B(0)
> —-16=84A>A=-2
put x +5 =0 = x = =5 in(ii)
= -5-19=A4(0)+B(-5—-3) = —-24
= —8B

=x%+5x —3x —
x(x+5)—3(x+5
(x—=3)(x+5)

=>B=3

)=
Thus,

fx2+3x—34

“J x242x-15

x-19 __ 2 3
x2+42x—15 x+5

x—3

dx=f1dx+fx_—_23dx+f%dx
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le.co

=x—2In|lx—3|+3In|x+5|+¢

(a-b)x
Q4.fmdx, (a>Db)

. (a-b)x
SquUon.fm
Now
(a—b)x A B
(x—a)(x—b)_x—a+x—b
=>(a—-b)x =A(x—b)+B(x—a) - (i)
Putx—a=0=>x=ain (i)
=>(a—b).a=A(a—b)+ B(a—a)
(a—b).b=A0)+B(a—b)>A=a
Putx—b=0=>x=>bin (i)
= (a—b).b =A0)+B(b—a)
(a—=b).b =—B(a—D>b)
b=-B
B=-b

(a—b)x a —b
(x—a)(x—b):x—a+x—b
(a—b)x

x—a)(x—b) "~

a b
=j dx—J dx
X—a x—b

=aln|x —a| — bln|x — b| + ¢

3—x
Q. f 1-x—6x2 dx )
3— d s 1—x—6x

Solution: [ — e —x 41
SBxQRx+1)+12x+1
(2x+1)(1—-3x)

Now
3-x A B
1-x—6x2 2x+1  1-3x

=>3—-x=A1-3x)+BQR2x+1) - (i)

Put2x+1=0:>x=—%in(i)
=3=(-3)=4(1-3(=3) + 50))
“4(1+9) =42

Put1-3x=0=1=3x>x=1in (i)
1 1
=>3—§=A(0)+B(2<§)+1>

9-1 B<2+3) 8= cp 8
_— —_— = = = =
3 3 5
3—x

= +
1—x—6x2 2x+1 1-3x

3—x 7 01 8 1
'fl—x—6x2 dx = §f2x+1 dx +§f1—3x dx

7 2 8 -3

“10) 2x+17 715

7/5 8/5

d
1-—3x x
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7 8
= Elanx + 1] —glnll —3x|+C

Q.6fxzz_—xazdx

2x
= dx

Solution: |
Now

2x A B
xz—azzx—a+x+a
=(x—-a)(x+a)
=>2x=A(x+a)+B(x—a) - (i)
Putx —a=0=x=ain (i)
=22a=A(a+a)+B(0)>2a=24=>A=1
Putx+a=0=x=—ain (i)
= 2(—a) = A(0) + B(—a—a) > —2a = —2aB
>B=1

1 1
f dx+f dx
XxX—a x+a

=In|lx —al+In|lx+a|l+c
=In|(x—a)(x+a)|+c
=In|x? —a?|+c

1
Q'7f 6x2+5x—4 dx

1

Solution: f m dx

v x2 — g2

» 6x2 + 5x —f
=6x2—3x+8x—4
3x(2x — 1) +4(2x —
(2x—-1)(Bx+

Now
1 4 B
(2x-1)(3x+4)  2x—1 = 3x+4

=>1=ACBx+4)+B2x—-1) - (i)
Put2y — 1 =0 = x = ~in(i)
=1=A4(3(3)+4)+BO) = 1=4(*)
=53=-11B=>B=—=

4
Put3x+4=0:>x=—§in(i)

=>1=A(0)+B(2(—§)—1)=>1=B($)

3
>3=-11B>B=——
11

So
1 __A B
(2x—1Bx+4) 2x—1 3x+4
1=ABx+4)+B2x—-1) - (i)

1
Put2x—1=0:>x=§putin(i)

:>1=A(3®+4):>1=A<;+4)

1 A<3+8) 1 A(11> 2 2
= = R —— = —_ [pp—
2 )7 2)74 11

Put3x+4=0=>x = —%putin(i)

Wondershare

https://NewsonGoogle.c( PDFelement

3
=>3=-11B=>B=——
11

-3/11
3x+4

0,—— = 11
" 6x2+5x—4 2x—1

1 1, 2 1. 3
= 6x2+5x—4 dx = Hf2x—1 x _Hf3x+4 x
1 1
= —In2x — 1] - — 4
11 n|2x | 11ln|3x+ | + ¢
1, |2x—1 N
11 Mz ral T
2x2-3x2-x-7
Q'Sf 2x2-3x-2 dx
X
2x2—3x—2/2x3 —3x2 —x—7
+2x3 + 3x% F 2x

x—7

j2x2—3x2—x—7d _f( N x—7 )d
2x2 —3x—2 T )\ Tz 3x—2)%
x—17
oes [
2x%2 —3x —2

x=7 A B 2x2—3x—2
G- 2x+1)  x-2 ' 2x+1 =2x2—4x +x—2
x—7=A@Rx+1)+B(x—2) > (P¥&x -2 +1(x-2))
SPutx—2=0=>x=2in(i) ®~-2DCx+1)
=>2—7=A(2(2)+1)+B(0)=>—5=5A=>A=—§=
-1

NOw

A=-1
1
Put2x+1=0:>x=—§in(i)
1 1 -1-14
5—2—7=40)+B(-3-2)=>"=
-1-4
(=)
>—-15=-5B=>B =3
So
x—17 _ -1 + 3
2x2-3x—-2 x—2 2x+1
2x%—3x%—x—7 1
Thusfmdx=fxdx=fﬁdx+
3fidx

2x+!

2

L Y 2|+3J 24
- T 2] 2 +1
2

X 3

= 7—ln|x—2| +Eln|2x+ 1l +c
3x2-12x+11

(x-1)(x—-2)(x-3)

. 3x2-12x+11
Solution: fm

Q.9/f

Now
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3x?-12x+11 A | B | C_
(x=1)(x-2)(x-3) x-1  x-2 x-3
3x2 —12x+ 11 =A(x —2)(x —3) + B(x — 1)(x — 3)
+C(x—1(x—2) - ()
Putx —1=0=x=1in(i)
=3(1)2—12(1) + 11 = A(1 — 2)(1 — 3) + B(0) + C(0)
=3-12+11=A(-1)(-2)
=>2=24=>A4=1
Putx —2 =0= x = 2in(i)
=3(2)2-12(2) + 11 = A(0) + B(2 — 1)(2 — 3) + C(0)
=12—-24+11=-B
>-1=—-B=>B=1
Putx —3=0=x =3in(i)
=3(3)2-12(3) +11=A4(0) + B(0) + C(3—1)(3 — 2)
=3(9)-36+11=C(2)(1)
= 27—-36+11=2C
>2=2=>C=1
So
3x2-12x+11 1 1 1
(-D(x-2)(x—3)  x-1 ' x—2 ' x-3
3x2—12x + 11

G-Do-2x-3 >

X

—ln|x—1|+ln|x—2|+ln|x—3|+c
Q f 2x—-1

x(x—1)(x— 3)

2x—-1
Solution: f m X

Now
2x—1 A B C
xx-Dx-3) x x—1 x-3
2x—1=Ax—-—1)(x—-3)+Bx)(x—3)
+C)x—1)-> (D)
Putx = 0in (i)
2(0) — 1= A(0 — 1)(0 — 3) + B(0)(C(0)

1
> -1=ACD(-3)=>-1=34=4=—3

Putx —1=0=x=1in (i)
=2(1) -1=A4(0)+B(1)(1—-3)+C(0)

1
:1=B(—2):~B=—E

Putx —3=0=x=3in (i)
=23)—-1=A4(0)+B0)+C3)(3 - 1)
5
=>5—6C$C—g
So
2x—1 _—1 -1 5

Chapter 3

x(x—1)(x—3)_§+2(x—1)+6(x—3)
2x—1 _ 1 1 5
x(x—1Dx-3)

T3x 2-1) 6(x=3)

Wondershare

https://NewsonGoogle.c( PDFelement

f x—1 d
xx—Dx-3) "

~ 1f1d

Y

+5f 1

6) x—3

= 11||+11| 1|+51| 3| +
= 3 n|x > n|x 3 n|x C

5x249x+6
Q'llf (x2-1)(2x+3)

5x2+9x+6
Solution: f(zl)m

Now
5x2+9x + 6 B
(x2—-1)(2x+3)

5x2+9x+ 6
x—Dx+1)(2x+3)
A B C
“x—1tx+172x+3

5x2+9x +6 =A(x+ 1)(2x + 3)
+B(x—1)2x+3)+C(x+1D)(x
_1)
Putx+1=0=x=—-1in(i)
5(-1)2+9(-1)+6
=A(0)+B(-1-1)(2(-1)+3)
+C(0)
=5-94+6=B(-2)(1)
2>2=—-2B=B=-1
Putx —1=0=>x=1in(i)
=5(1)2+9(1)+6
=A(1+1)2(1)+3)+ B(0)
+ C(0)
=254+94+6=4(12)(5)=220=410=>A=2"

Put2x+3=o=>x=—§in(i)
2

iS(—%) +9(—%)+6

= A(0) + B(0)

45 — 54 + 24 c
4 T4
=>15=5C>C=3
5x2+9x + 6 3 5x%2+9x + 6
*Z-1)2x+3) Gx-Dx+D2x+3)
2 -1 3
_x—1+x+1+2x+3
dx=2[dx—1[——dx+3[-"

27 2x+3

f 5x249x+6
(x2-1)(2x+3)

3
=2In|x — 1| — In|x + 1| +§|2x+3| +c
4+7x
le‘f (1+x)2(2+3x)
Solution:
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4+ 7x d
A+2022+30)

Now
4+ 7x A B C

Chapter 3 https://NewsonGoogle.co

(1+x)2(2+3x)_1+x+(1+x)2+2x+3
>44+7x=A1+x)(2x+3)+B(2x +3)
+ C(1+x)?% - (i)
Put 1+x=0=>x=-1in(i)
=244+7(-1)=A0)+B(—2+3)+C(0)
= -3=B=>B=-3

2
Put2+3x=0:>x=—§in(i)
2

(—%) = A(0) + B(0) + C (1 —%)

4+ 7x =AQR +3x + 2x + 3x2?) + 2B + 3Bx
+ C(1 + 2x + x?)
=4+ 7x =2A+5Ax +3x?A+ 2B +3Bx+ C
+ 2Cx + cx?
Equating coefficient of x?
0=34A+C=34A=—-C=34A=—(-6)

6
:3A=6:A=§=2:A=2

So,
4+ 7x 2 3 6

A+ 022 +3%) 1+x (A+x? 2x+3

4+ 7x
f(1+x)2(2+3x)dx
=2flixdx+3f(1+x2)‘2dx
6 3
+§f2+—3xdx
3(1+x)7?

=2In|1+ x| + —2In|2+3x|+¢

3
In|1+x|2————-1n|2+3x]?+¢
1+ x

2x2
Q.13 f (x-1D2(x+1)

Solution:
Now

dx

2x?
(x—12%2(x+1)

_ A B C

"D G- Gt
=52x2=A(x-1D(x+1)+B(x+1)+
C(x — 1)?

Wondershare

PDFelement

Putx —1=0=x = 1in(i)
=2(1)2=4(00)+B(1+1)+C(0)
=>2=2B=>B=1

Putx+1=0=>x=—-1in(i)
= 2(-1)2 =4(0) + B(o) + C(—1 —1)?
1
2_4C=>C_E
From (i)
2x2 =A(x?*—-1)+Bx+B+C(x*>+1—2x)

=2x% = Ax* —A+Bx+ B+ Cx*+ C —2Cx
Equating coefficients of x?, we have

S2=A+C=>2=A+-2A=2—-

>A==
2

So,
2x?
(x—12%2(x+1)

T3 1 1/2
-0 G- T G+D

2x2 d
x-12x+D*

3 1

_2 _1)-2

—fo_ldx+f(x 1) %dx
—dx

3 (x—11
=—1] -1 S
> n|x | + 1

—31| 1] ! +11| + 1|+

—znx x_1 znx Cc
1

Q.14fmdx

. 1
Solution: f m dx

1
+Eln|x+ 1|+ ¢

Now
1 A B C
= + +
x—1Dx+1)?2 x—-1 x+1 (x+1)2
2D21=Ax+1)?+Bx-1DKx+1)+C(x—-1)->
@
Putx —1=0=x=1 in (i)

1
1=A(1+1)2=>1=4A$A=Z
Putx+1=0=x=-1in (i)
1=C(-1-1)
1
=>1=—ZC=>C=—§
From (i)
>1=Ax*+2x+1)+B(x*-1)+Cx—-C
=>1=Ax*+24x+A+Bx*—B+Cx—C
Equating coef ficient of x?,we have
1 1
O=A+B=>0=Z+B=>B=_Z
1 _1/4 +—1/4+ -1/2
—Dx+1D2 x—-1 x+1 (x+1)2
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J (x—1D(x+1)2 dx

1
_Z _ 2
dx 4J-x+1dx f(x+1) dx

1(x+171
1|——%+C

—1l| 1] 1l|+1|+ ! +C

= g lnlx R R TCTE)
x+4

lefx3 3x2+4

x+4
Solution: f m

dx

dx

Now
vx3=3x2+4=x3+2x*-4x*+4
=x?(x+1)-1(x*>-1)
=x?(x+1)—4(x—-D(x+1)
=(x+1)(x*—4x+4)
=>x3—3x24+4=(x+1)(x—2)2
Now
x+4 A B c
= + +
—3x2+4 x+1 x-2 (x—2)2
S>x+4=A(x—-2)>+B(x+1)(x—2)
+C(x+1) - (i)
Putx+1=0=x=—-1in(i)
= —1+4=A(=1—2)% + B(0) + C(0)

1
:>3=9A=>A=§

Putx —2=0=x=2in (i)
=>2+4=A40)+BO)+C(2+1)
=26=3C>C=2

From (i)

x+4=Ax*—-4x+4)+B(x?—-2x+x—2)
+Cx+C

=>x+4=Ax*>—4Ax + 4A + Bx* — Bx — 2B
+Cx+C

Equating coefficients of x?

1 1
=>0=A+B:>0=§+B:>B=—§
x+4 —1/3+_1/3+ 2
—3x24+4 x41 x—-2 (x—2)2

x+4 d
fx3—3x2+4x
1 1
=§fx+1d
1
_§fx 2+2f(x 2)"2dx
—1l|+1| H| a+z(")1+
—3nx 3nx 1 C

—1l|+1| 11| 2] - +
= Inlx 7 nlx T_37¢

1 2
=§{ln|x+1| —1n|x—2|}—m+c

x3-6x2+25
Qie. f (x+1)2(x-2)2

Solution:

dx

Chapter 3

Wondershare
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x3 —6x%+ 25 A B C

GrD2(x—27 x+1 G102 -2
D

T2y
= x3 —6x%+25
=A(x + 1) (x — 2)? + B(x — 2)?
+C(x+1)?(x—2)+D(x +1)?
- (i)
Putx+1=0=>x=—-1in(i)
= (13 -6(-1)2+25
= A(0) + B(—=1—-2)?+C(0)
+ D(0)
—-1-6+25=09B
9B =18=>B =2
Putx —2=0=x=2in (i)
= (2)2-6(2)2+25=D(2+ 1)?
=>8-24+25=9D
9=9D=>D=1

From (i)

x3—6x2+25=A(x+ 1)(x? —4x + 4)

+ B(x? —4x +4)
+C(x?+1+2x)(x —2) + D(x? + 1+ 2x)
= A(x® —4x62 + 4x + x62 — 4x + 4) + Bx?> — 4Bx

+ 4B
+C(x3 —2x? +x — 2+ 2x* —4x) + Dx®> + D + 2Dx
= Ax3 — 34x% + 4A + Bx?> — 4Bx + 4B + Cx?
—3Cx + Dx?+ D + 2Dx
Equating coefficients of x3 and x?
FOr x3
1=A+C - (ii)

Forx? —6=-34A+B+D
—-6=-34+2+1
—6—-—3=-3A=>-9=-34=4

= 3 put in (ii)

1=34+C=>C=1-3=-2=>C=-2
x3 —6x%2+25 3 2 2

GrD2x—27 x+1 G+1? (-2
1

Tx-2e

f x3-6x2+25 d
(x+1)2(x-2)2
:3dex+zf(x+ 1) 2dx — zf 1 dx+f(x 2)"%dx

1 x—2 -1
—3!n|x+1|+2( ) —2In|x —2|+( ) +cC

2 1
:31n|x+1|———21n|x—2|——+C
x+1 x

-2
x3+22x%+14x-17
—————dx

(x=3)(x+2)3

Q.17f
Solution:
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x3 +22x% + 14x — 17
(x—=3)(x+2)3
_ B C
x—3+x+2+(x+2)2
D
HCEE

=>x3+22x2+ 14x — 17 = A(x + 2)3 + B(x —
D +2)2+C(x—3)(x+2)+D(x—3) - (i)
Putx—3=0=>x=3in(i)
= (3)3 +22(3)% + 14(3) — 17 = A(3 + 2)3
=27 +198+ 42— 17 =125A
= 250=125A=>A4=2
Putx+2=0-x=-2in(i)
= (=2)3 +22(=2)% + 14(=2) — 17 = D(=2 — 3)
—-8+88—-28—-17=—-5D = 35=-5D
D=-7
From (i)
x3 +22x% + 14x — 17
=Alx3+6x2+12x+8]+B(2 —3)(x? + 4x + 4)
+C(x%? 4+ 2x —3x—6) + Dx — 3D
= Ax3 + 6Ax* + 12Ax + 84
+ B(x3 + 4x? + 4x — 3x? — 12x
—12) + Cx%? — Cx — 6¢c + Dx — 3D
Equating coefficients of x2and x3
Forx3;,1=A+B=>1=2+B=>B=-1
Forx? 22=6A+B+(C=>22=612)—1+C
>(C=22-12+1=11>C =11
So
x3 +22x% + 14x — 17

(x—3)(x+2)3

_ 2 + 1 N 11
x—3 x+2 (x+2)?
7
(x +2)3

dx

st +22x% 4+ 14x — 17
(x—3)(x+2)3

=2fxi3—fx+3dx+J(x+2) 2dx — 7J(x+2) 3dx

(x+2)1 7(x+2)2
-1 -2

=2In|x—-3| - In|x+ 2| + 11

+c
11 7 1

+= +
x+2 2x+22 " €

=2In|x-3| - In|x + 2| —

x-2
Q18) Gy
Solution:
x—2 A Bx+C

(x+1)(x2+1)_x+1+x2+1
5x—2=A*+1D+Bx+0)(x+1) - (D)
Putx+1=0=x=—-1in(i)

—1-2=A((-1)%+1)

3=24>4 >
— = = —_— e —
2

From (i)
>x—2=Ax*4+A+Bx?+Bx+Cx+C

https://Nev

Equating coefficients of x? and x

3 3
FOT'.X'Z; 0=A+B:O=_§+B:B=E

3
Forx;1=B+C=>1=E+C

C ! C !
= = —_—_— = — D [
2 2 2
So
3 1
x—2 —3/2+ X~ %
x+D(x%2+1) x+1 x2+4+1
x—2 dx = 3 1 d 1 3x—1d
x+1Dx2+1) x__ifx+1 x+§fx2+1 .
3
=—§ln|x+1|

+1f 3 1f 1
21 2 1™

= 31| +1|+311| + 1] 1t 1y
= an 22nx zan

= 31| +'|+31| + 1] 1t lx+
= an : 4nx Zan Xt+cC

X

Solution: fm
Now
X A Bx+C
(x—l)(x2+1)_x—1+x2+1
S5x=A*+1D)+Bx+0)(x—1) - (i)
Putx —1=0=>x=1in(i)
>1=A(D*+1)

2 1
=A==
2

From (i)
>x=Ax*+A+Bx>—Bx+Cx—C
Equating coefficients of x>and x we have

1
Forx’; =0=A+B=>0=-+B=58
1
T2
1
For x; 1=_B+C=>1=_<_E>+C
1 1+C 1 1 C=>C L
= = — = —_——_—= = = —
2 2 2
So,
1 1
X _1/2 —§x+§

(x—l)(x2+1)_x—1+ x2+1
X

f G-Dazr D

_lf iy 1fx_1d
2 i1 2) e

1 1(2x—-2
=Eln|x—1|——j dx

4) x2+1
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1l| 1] 1f2xd+1fld
P )21 72 1™
—1l| 1] 1l|2+1|+1t “1x +
=5 Inlx 7 nlx Stan"x+c
9x-7
. 9x-7
Solution: [ oz X

Now
9% — 7 A Bx +C
(x+3)(x2+1)_x+3+x2+1
59x—7=Ax*+1) +Bx+C)(x+3) - (i)
Putx +3=0=>x=-3in (i)
=29(-3)-7=A((-3)?+1)
34

—27—7=10A3—34=10A:>A:_E
17

>A=—-——
5

From (i)
9x —7 = Ax* + A+ Bx* + 3Bx + Cx + 3C
Equating coefficients of x3 and x

17 17
For x? ,:>0=A+B:>O:—?+B:>B=?

17 51
andforx;BB+C=9=>3<?)+C=9:?+C=9

c=9 _45—51 = 6
=775 75 T¢T75
So
17 6
9x -7 -17/5 TX~—3%

(x+3)x2+1) x+3 x?2+1

f 9x—7
(x+3)(x2+1)
17 1

5 x+3 x
17 X

+? x2+1 Sf 2+1

17
= —?ln|x+3| +—ln|x +1| —gtan x+c¢

1+4x

Q21 J.(x 3)(x2+4) dx

1+4x
Solution: f m

Now
1+ 4x A Bx+C
(x—3)(x2+4)_x—3+x2+4
>1+4x=A(x*+4)+ (Bx+CO)(x—3) - (i)
Putx—3=0=x=3in (i)
1+4(3) =A4((3)* +4) + B(3) + €(0)
=213=4A09+4)=>13=134=24=1
From (i)
1+ 4x = Ax?> + 4a + Bx?> — 3Bx + Cx — 3C
Equating Coefficients of x% and x
=>0=A+B forx?
0=1+B=>B=-1
4=-3B+C=>4-3=C>C=1

1+ 4x 1 +(—)x+1
(x—=3)(x2+4) x-3 x2+4

Chapter 3

Wondershare
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1+ 4x d
x-3)x2+ 4~

_J' 1 d
- x—3x
+ ! d
J.x2+4x
— In|x — 3| 1f 2xd+f 4
- 2) 21477 ) 24
1 1 X
=1n|x—3|—§|x2+4|+§tan‘1—+c

2
Q.22
f 12 d
x3+8 x

v a3 —b3 = (a+b)(a®—ab + b?)

Solution
[ =2 ax

3+8

Now
12 A Bx +C
x3+8_x+2+x2—2x+4

512=Ax?*-2x+4)+ Bx+C)(x +2) - (i)
Putx+2=0=>x=-2in(i)
=212=A(4+4+4)=>12=12A=2A4=1
From (i)
12= Ax* — 2Ax + 4A+ Bx* + 2Bx + Cx + 2C
Equating coefficients of x? and x we have

forx? ; 0=A+B=>0=1+B=>B=-1
forx; 0=-21)+2(-1)+C=0=-2-2+C
=>C =4
So

12 _ 1 4 —x+4
x34+8 x+2 x2-2x+4

f 12 (1 f x—4
B+8% T ) x+2 X2 —2x+4"
_f 1 p 1f 2x — 8 d
T x+2% T2 e

1 2x—2—-6
=ln|x+2|—§f—dx

x2 —2x+4

1 2x — 2
=ln|x+2|—zfmdx

Y

2)x2—2x+4%
1

=1n|x+2|—zln|x2—2x+4|

1
3 d
+ fx2—2x+1+3 X

1
= In|x + 2| —Elnlx2 —2x + 4|

+3I;d
G—12+v3

1 3
= In|x + 2| —Elnlx2 —2x + 4| +—=tan~

V3
1
= In|x + 2| —Elnlx2 —2x+ 4|+ \/§tan‘1<

9x2 +6

Q23. [

Solutlon.
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Now

9x% + 6 9x% + 6
x3-8  (x—2)(x2+2x+4)
A Bx+C
_x—2+x2+2x+4
>9x+6=Ax3+2x+4)+ (Bx+C)(x — 2)
adU)
Put=x—-2=0=>x=2in(i)
9(2) + 6 = A[(2)?> + 2(x) + 4] + B(2) + €(0)
=24=12A=>A=2
From (i)
9x + 6 = Ax? + 2Ax + 4A + Bx? — 2Bx + Cx — 2C
Equating coefficient of x? and x
Forx>;0=A+B=0=2+B=B=-2
FOrx;9=2A-2B+C=>9=2(2)—-2(-2)+C
29=44+44+C>9-8=C=>C=1

So
9x%2 + 6 2 —2x+1

= +
(x—2)(x?+2x+4) x—2 x*>+2x+4

f9x2+6d _Zf 1 . f 2¢-1
x EE 2™ 2 t+4

f2x+2—2—1
x— —————————————————————————
x2+2x+4
f 2x + 2 d +3f 1 d
x2+2x+4x x2+2x+4x
1
=21n|x—2|—ln|x2+2x+4|+3f—2dx
(x+1)2+(\/§)
(x+1)+C
V3

3
2In|x — 2| — In|x? + 2x + 4| + —tan™!

V3
x+1
21n|x — 2| — In|x? + 2x + 4| + V3 tan™? (W) +c

2x%+5x+3

Q24 [ ;o g

. 2x2+5x+3
Solution: f m

Now
2x* +5x+3 A B Cx+D
(x—l)z(x2+4)=x—1+(x—1)2+x2+4
=22x2+5x+3=A(x—-1)**+4)+B(x*+4) +
(Cx + D)(x —1)% > (i)
Putx—1=0=>x=1in (i)
=22(1)2+5(1)+3 =B(1+4)
2+5+3=5B=10=5B=>B =2
From (i)
2x% +5x +3 = A(x3 + 4x — x?> — 4) + Bx?
+ 4B+ (Cx+D)(x*> + 1 + 2x)
Ax3 + 4Ax — Ax? — 4A + Bx? + 4B + Cx3 + Cx
—2Cx*+ Dx?>+ D — 2Dx
Equating coef ficient of x3,x? and x we get
Forx® 20=A4+C=>C=-A4- (ii)
Forx%;2=—-A+B—-2C+D
PutB=2and C = —-A
2=—A+2-2(-A)+D
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=52—-2=—A4+2A4+D=>0=A+D
= D = —A - (iii)
Forx;5=4A+C —2D putC = —-Aand D
=-A
=>5=44A-A-2(-A)
5=34A+2A=>5=54A=4=1
So (i)=C = —1and (iii) = D = -1
Thus
2x>+5x+3 1 2 (-Dx+1
(x—1)2(x2+4-)=x—1+(x—1)2 xZ+4

2x*+5x+3 1 2
f D D) dx = f — dx + 2 f(x -1)2% -

f x+1 dx

x2+4

1 B x 1
=fx_1dx+2f(x—1)zdx—fmdx—fmdx
26— 1 2x 1
L— _Efx2+4dx_f(x)2+(2)2dx

2
=Inlx — 1| - ——
n|x | ——1

=In|x — 1|

11 |x2 + 4| 1t ‘1x+
an Zan > C

Q25.
2x2—x-7 i
x+2)2(x2+x+1) x

Solution:
2x% —x—7
(x+2)2(x%2+x+1)
A B Cx+D
= + +
x+2 (x+2)?2 x?2+x+1

522 —x—-7=Ax+2)(x*+x+1)
+B(x*+x+1)
+ (Cx + D) (x + 2)?
Putx+2=0=>x=-2
=2(—2)2—2(-2)-7=B((-2)*+ (-2) + 1)
=8+2-7=B(A4-2+1)
=23=3B=B=1
From (i)
2x2—x—7=A(x%+x%+x +2x*>+2) + Bx?
+ Bx+ B + C(Cx + D)(x? + 4x
+4)
= Ax3 + 3Ax* + 3A+ Bx* + Bx + B + Cx3 + 4Cx?
+ 4Cx + Dx?* + 4Dx + 4D
Equating coefficients of x3, x? and x
forx3 2+3A+B+4C+D
PutB=1, C = —A - (ii)
Forx?;, 2=34+B+4C+D=>2—-1=-A+D
> D=A+1- (iii)
Forx; —1=3A+B+4C + 4D
PutB=1,C=-A,D=A4+1
>-1=34+1-4A+4A+4
—1-1-4=34A=>-6=34A=>A=-2
So(ii) > C =2 and (iii) > B =-1
Thus,
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2x% —x -7

(x+2)2x%2+x+1)
-2 1 2x—1

= + +
x+2 (x+2)? x2+x+1

f 2x%—-x-7 M
(x+2)2(x%24+x+1)

iy
B x+2x

+f( +2)72d +f2x+1_2d
x x x2+x+1 x

(x+2)?

=—2In|x + 2| +
+.f 2x+1 d 2] 1 d
x2+x+1 x x24+x+1 x

1
=2ln|x +2| ———+In|x* + x + 1|
x+2

—2[—1
1 3

2

) R+xtgty

=—21n|x+2|——+ln|x +x+1|

fZ

1
—2In|x+ 2| - ——=+In|x* + x + 1|
x+2

o — L
) +(2)

(“7 v

1 2, (x+7)
:—Zln|x+2|—x+—zln|x2+x+1|—Etan'l \/§
2 2

2
+c

=—21n|x+2|——+1n|x +x+1|——ta (Zf/;l)+c

3x+1
Q.2 f(4x2+1)(x2—x+1) dx

3x+1
(4x2+1)(x2-x+1)
. 3x+1
CAxz+ 1) (x2—x+1)
Ax + B Cx+D
_4x2+1+(x2—x+1)
=3x+1=(UAx+B)(x*—x+1)+(Cx +D)(4x*> + 1)
3x +1=Ax3— Ax?*+ Ax + Bx? — Bx + B + 4Cx3
+ Cx +4Dx*>+ D
Equating coefficients of x3,x%,x and constants terms.
Forx3; 0 =A+4C - (i)
For x%;0 = —A+ B + 4D - (ii)
forx;3=A+ B+ C — (iii)
For constant term;1 =B + D - (iv)
From (i) A=—-4C and (iv)>B=1-D
Put in (ii)and (iii)
0=—-(-4C)+(1—-D)+4Dand3
=—4C—-(1-D)+C
0=4C+1+4D 3=—4C—-14+D+C
0=4C+3D+1- (v) 0=-3C+D—-4
= D = 3C + 4 put in (iv)
=20=4C+3(BC+4)+1
0=4C+33BC+4)+1

Solution: [
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0=4C+9C+12+1=>0=13C + 13
>-13C=12=>C=-1
AsA=—-4C>A=-4(-1)>A=4"C
=-1
AsD=3C+4=>D=3(-1)+4=-3+4
=>D=1
AsB=1-D=1—-1=0=>B=0

Thus
3x+1
(4x?2+1)(x?2—x+1)
_ 4x+0 4 (Dx+1
S 4x2+1 (x2—x+1)
3x+1
(Ax2+1D(x?2—x+1)
1 8 -Dxx-1)
S 24x2+1 x2—x+1

3x+1 2x—2
J-(4x2+1)(x2—x+1) 2f4x3+1 foz—x+1

L) 1f2x_1_1d

B 2)xr—x+1™

Y 1j 2x_1d+1f 1
=Elnx 2) e —x+ 1772 ) v —x 1™

1 1
=Eln|4x2 + 1] —Elnlx2 —x+1|

+c

4x+1
Q27 (rayiranes) X

Solution:

4x + 1 d
K+ +4x+5 "
. 4x + 1
(k2 +4)(x2 4+ 4x+5)
_Ax+B+ Cx+D
T x2+44  x2+4x+5
>4x+1=(Ax + B)(x?* + 4x + 5) + (Cx + D) (x?
+4)
= 4x 4+ 1 = Ax3 + 4Ax? + 5Ax + Bx? + 4Bx
+ 5B + Cx3 + 4cx + Dx? + 4D
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quating coefficients of
3 x?,x and constant term.
Putx3;0=A4+C - (i)
for x?;0 =4A+ B + D — (ii)
for x;4 =5A+ 4B + 4C — (iiii)
For constant term1 = 5B + 4D - (iv)
From (i) > A= —-Cand (iv) 5B =1-4D

—4D
B = = put in (ii)and (iii)

D
so(ii)=>0=4(-C) + + D and (iii) > 4

=5(=C) + 4 (?) +4C

=0=-4C+ +D =20
= —25C +4 - 16D + 20C
0=-20C+1—-4D+5D = 16D
=-5C+4-20
—5C — 16

=50=-20C+D+1 =D=
+D + 16

- (vi)
=D =20C—-1- (v)
. -5C-16
By (v)and (vi) = 20C —1 = "
= 320C —16=-5C—-16=>320C+5C =0
=320C=0=>C=0
Asa=—-C=>A=0
AsD=20C—-1=D=2000)—-1=D
1—4D 1-4(-1) 5
$B=—=—
5 3

=1
As B = =1

B=1
So
4x +1 _Ox+1 0x + (—1)

Chapter 3

(x2+4)(x2+4x+5)_x2+4+x2+4x+5

f 4x + 1
(x?+4)(x?>+4x+5)
1
_fx2+4dx

1
- d
Jx2+4x+4+1 X

1 X 1 J
- gten E‘f(x—zy Tz
14X -1
=§tan E—tan (x—2)+c
6a?
aTraeaa
3 6a® _Ax+B  Cx+D
" (%2 4+ a?)(x? + 4a?)  x% +a? + x% + 4a?
= 6a? = (Ax + B)(x? + 4a?) + (Cx + D)(x?
+ a?)
= 6a% = Ax3 + 4a*Ax + Bx? + 4Ba® + Cx3
+ Ca’x + Dx? + Da?
Equating coefficients of x3 + x2, x and constants term.
Putx30=4+C- (i)
for x%;0 =B + D - (ii)

Q28. [
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for x;0 = 4a2A + a’C = 0 = (44 + C)a?
= 4A + C - (iiii)
For constantterm 1 = 5B + 4D — (iv)
From (i) > A= —C and (iv) =B = -D
Put in (iii) and (iv)so
(ii4(-C)+C=0=>—-4C+c=0=>-3C
=0
=>C=0
(iv)4(-D)+D=6=>-4D+d = -3D =6
D=-2
AsA=—-—C =>A=0~C=0
AsB=-D=B=—(-2)=B=2 +D=-2
So
6a? Ox+2 O0x+(-2)

> +a>)(2 +4a?) x> +a’ 2+ 4a?

f 6a” d —2f L zf L4
ra)t+4a) T v 2™ 2+ a2z
x 1 X
=—tan ~———tan —+c

a a a a

x 1 1 X
1-o—~tan™' =+c¢
a a 2a

2 -
=-—tan
a

2x2-2
Q29. f (x*+x2+1)(x2—x+1) dx

Solution:
2x%2 -2
Z+x2+ D2 —x+1)
Ax+ B Cx+D
_x2+x+1+x2—x+1
2x2-2=(Ax+B)(x>—x+ 1)+ (Cx+D)(x* +x
+1)
= Ax® — Ax®> + Ax + Bx? —Bx + B + Cx3 + Cx? + Cx
+Dx?+Dx+D
Equating coefficients of x3, x2, x and constant term.
forx3 0=A+C - (i)
forx%30=A—B+C+D - (ii)
forx;2=—A+B+C+D - (i)
for constant term; -2 =—-A+C—2
52+2=-A+C>-A+C=4- (v)
PutA+C =0in(ii) =0 =—B +D - (vi)
Nowby (i) + (v) =22C=4=>C=2
asA+C=0=>A4+2=0=>A=-2
Now by (iv)+(vi) 2D =-D =D = -1
AsB+D=-2=B—-1=-2=B=-1
So;

2x%2 =2

2+ x2+D%2—x+1)
—2x-1 2x—1

= +
x2+x+1 x2—x+1

j 2x% =2
Z+x+ D2 —x+1)
_ f 2x+1 d
- 2rx+1”

+f 2x —1 d
Z—xt1

=—-In|x*+x+1|+In|x*—x+1|+c
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2-x+1
= [n|———
x2+x+1
3x—-8
Q 30'f (x2-x+2)(x62+x+2) dx
. 3x-8
Solution: f (x2-x+2)(x62+x+2) dx
. 3x — 8
(2 —x+2)(x2+x+2)

Ax+ B + Cx+D
x2—x+2 x2+x+2
3x—8=UAx+B)(x?+x+2)+ (Cx+ D)(x?> — x + 2)

= Ax3 + Ax? 4+ 2Ax + Bx? + Bx 4+ 2B + Cx3® — Cx?

+2Cx + Dx* —Dx + 2D
Equating coefficients of x3,x2%, x and constant term.
forx3 0=A+C - (i)
forx?,0=A+B—C+D - (ii)
forx;3 =2A+ B+ 2C — D - (iii)
for constant term; —8 =2B+2D =B+ D = —4
- (iv)
From (i) = A= —C and from(iv) > B=—-4—-D
Put in (ii)and (iii)so
(ih)=>0= —C+(-4-D)—C+D
0=—C—-4—-B—-C+D
0=-2C-14
=>20=—-4=>C=-2 as A=—-C>A=2
(i)=>3=2(-C)—4—-D+2C-D
3=-2C—-44+2C-2D

‘+c

—>34+4=-2D>D=—
AsB=-4-4)=—4Ql)=—4+
2 2

1/2= B =—

So
3x — 8
(x?2—x+2)(x?+x+2)
2x—1/2  —2x+(=7/2)
T x2—x+2 x2+x+2

f 3x—8
(x?2=x+2)(x2—x+2)
_ f2x+1—1—1/2
- x2—x+2
fo+1—1+7/2

dx

x
x2+x+2

1 5
=12x—1+7 12x+1+§

d
x2—x+2 x2+x+2 x
f 2x—1 d +1f 1 d f 2x+1 d
= X - X — X
x2—x+2 2 ) x?—x+2 x2+x+2

J‘ 5/2 d
x24+x+2 x
dx

1 1
2 _ Z_=
X x+4 4+2

5 1 .
_Ef T 1 x

X2+X+Z—Z+2

2 +2|+1f i
—x o —=_
2 12

—In|x® +x + 2|

1
=ln|x2—x+2|+zf

In|x? + x + 2|
7
4

dx
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X—3 + v

—ln|x2+x+1|—;f+\/_2
1 7

(x+3) +<T>

1
_ 2 _ - =
= In|x x+1|+2

1 1 x+1/2
—tan
i V7
2

2x—1
In|x? —x+1|+—tan < )—ln|x +x+1
+

N
—ita <2

V7 \/7)

Q31 f 3x3+4x%+9x+5
(X% +x+1)(x2+2x+3)

Solutlon.f%
3x3 4+ 4x2+9x +5 Ax + B Cx+D
(x2+x+1)(x2+2x+3):x2+x+1+x2+2x+3
=3x3+4x2+9x+5
=(Ax+B)(x*+2x+3)+(Cx+D)(x*+x +1)
ax3 + 2Ax? + 34Ax + Bx? + 2Bx + 3B + Cx3 + Cx? + Cx
+Dx?>+Dx+D
Equation coefficients of x3, x2, x and constant term.
forx®3=A4+C- (i)
Forx?;4 =24+ B+ C+ D - (ii)
Forx;9 =34+ 2B + C + D — (iii)
For constant term;5 = 3B + 2B + C + D - (iv)
From (i) 2 A=3—-Cand from(iv) =D =5 —
3B
Putin (ii) and (iii)
(ii)>4=23-C)+B+C+5-3B
4=6—-2C+B+C+5—-3B
4—-6-5=—-C—-2B=>-7=—(C+ 2B)
=>C+2B=7-(v)
(iii)=9=33-C)+2B+C+5—-3B
=29=9-3C+2B+C+5—-3B
=29-9-5=-2C—-B=>B=-2C+5putin(v)
=>C+2(-2C+5)=7=>C—-4C+10=7
=5-3C+10+7=>-3C=7-10
>-3C=-3=>C=1
AsB=5-2C=5-2(1)=3=B=3
AsD=5-3B=5-3(3)=5-9=—-4=D
=—4
AsA=3—-C=3-1=2=2A=2

3¢ +4x*+9x+5  2x+3 N x—4
(2+x+1D)(x2+2x+3) x2+x+1 x2+2x+3

30|Page


http://cbs.wondershare.com/go.php?pid=5239&m=db

Class 12

f 3x3+4x2+9x+5
(x2+x+1)(x2+2x+3)

_J’2x+1+2 f 2x —8
x2+x+1 2 x2+2x+3

2x+1 4 J‘ 1 dr+ 1 f2x+2 10d
x x2+x+1 2) x2+2x+3
1
=ln|x2+x+1|+zfﬁdx
2 1.3
X*+x+z+g
IJ‘ 2x+2

+E 2+2x+3%
Sf 1 d
x2+2x+3 *

1
=ln|x2+x+1|+2f—dx

1% (V3
(x+3) +<T>
1
+Eln|x2+2x+3|

1
_sfx2+2x+1+2dx

1 | | 1 x+% 11 | 2
=Inx*+x+1|{+2.—tan™" | — |+ zIn|x* + 2x + 3
\/ V3 2

2

2

(x+ 1%+ (V2)
<2x+1
V3

4 1
=lIn|x* + x + 1| + =tan™! )+Eln|x2+2x+3

V3

Zai/; 1)

1 34
= In|x? + x + 1| + In|x? + 2x + 3|2 +\/—§tan‘1(

In|x? + x + 1|vVx2 + 2 T34y —1(2x+1)
=inx X X X —tan
V3 V3
an‘l(x+1>+c
V2
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The Definite integrals:

If [ f(x)dx = B(x) + c, then the integral of f(x)

fromato b is denoted by f: f)dx

And read a + cs definite integral of f(x) here a
is called lower limit and b is called upper limit.
*the interval [a, b] is called range of
integration.

We evaluate f: f(x)dx as;
Consider [ f(x)dx = @(x) + ¢
=[7 f@)dx = 19(x) +cl}
= [@(b) + c] — [@(a) + ]
=0Mb)+c—0()—c
SIP Fdx = 6(b) - B(a)
Note: if the lower limit is a constant and upper

limit is a variable, then the integral is a function
of the upper limit.

[ rmde = 10@)E=0(x) - 0(a)

The area under the curve

b
[ reodx = o) - 0@

Represented the “area of region” bounded
under the curve of function f(x) the x — axis
and between two ordinates x = a,x =

b as shown in figure.

@(b)

8(a) f()

!

'y

Fundamental theorem of calculus:
If f(x)is continuous V x € [a,b] and @' (x) =
f(x)

b
ffumx=mm—mw

Is called fundamental theorem of integral
calculus.
Properties of Definite integral

fabf(x)dx = —Jbaf(x)dx

= 0(b) — 0(a)
—[@(a) — B(b)]
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= — .[af(x)dx
b
b a
.[ f(x)dx = —J- f(x)dx
a b

b c b
(b).[ f(x)dxsz(x)dx+f f)dx a<c

<b
Proof:

[ reax =0 - 0@

b
J. f(x)dx = @(b) — 0(c)

fcf(x)dx + fbf(x)dx =

= 0(c) — 0(a) + 8(b) — B(c)
= @(b) — ?(a)

b
f f(x)dx
=>f;f(x)dx = [ f()dx + fcbf(x)dx

© J fx)dx =0

Proof:

faf(x)dx = 0(a) — 0(a)
’ =0
= jaf(x)dx =0
Also member fZ) cf (x)dx = c f:f(x)dx
and [ [f () + g(0)]dx = [ f(x)dx +
[} g(x)dx

Exercise 3.6

Evaluate the following indefinate integrls:
Q.1: [[(x* +1) dx

SOLUTION:

flz(x2 +1) dx

Chapter 3
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= (2 (15 + 1) - (2 (-1 + (—1))
- G.1+1)—G.1—1)
()

SOLUTION:.
_ 0 -2
=[, Qx—-1"%dx

=2°, @x—1)"% .2dx

1 |(2x—1)_2+1 0
T2

—-2+1 -2

1](2x-1)"1 0

2 -1 —2

1 |°
2x—-11_»

=il - Gl
i)

1 —5+1]

_1|

2

SOLUTION:

le.c
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Class 12
= > 3-x)dx

= (1) [°, (32 (~1)dx

--2[(6-2%)- (¢~ -o»)]
~2[(@#) ()
— 21— (@»)]

—i-27]=2

Q.5: [\°J2t—1)3 dt
SOLUTION:
3
= [Pt -1)zdt
1 5 3

Vs 5
(2t-1)z
5

3
1 |(2t-1)2*

1
2 3 )
~+1

1 2 1

[((2\/_ —1)? ) ((2(1) - 1)3)]

_g[(zﬁ— 1)3 - 1]

Q6f SxVaZ —1dx

SOLUTION:.
1
= f;/g(xz —1Dzxdx

1
%fz\/g(xz —1)z .2x dx

Chapter 3

https://NewsonGoogle.co

2 x
Q7 fl m dx
SOLUTION:
_ l 2 2x
- zfl x2+2 dx
=~ lIn(x? + 2) 12
[In(22 + 2) —In(12 + 2)]

=3 [In(6) = In(3)]

=3[m(5)] =32
: =In+2

Properties of natural log

In(AB) =InA +InB
n(Z)=InA-InB
InA% = BlnA

Q.8: [} (x——)2 dx
SOLUTION:

=f2( +5-2x )dx

= f23(x2 +x72—-2)dx

241 —2+1 3
x x
= + - 2x|
241 | —2+1 2

)-(55)

) (—11)_16+11_27_9
6 /) 6 6 2

Q.9: f_ll(x+%) x2+x+1dx

SOLUTION:

—f (P +x+ 1)z (2x+1) dx

1
= %f_ll(x2 +x+1)z2(2x + 1) dx

33
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2 2

1
S+l

L2(az+ 1+ 07) = (D2 + (1) +1)3)]
%[((3)3) — ((1 -1+ 1)2)]

- (@) - ()

:[3v3-1]=v3—-3 ANs.

3= (31) = (V3 = W3(E) = 343

3 dx
Q10 fom

SOLUTION:

3
3 1 1 _1X
= —dx=|§tan 1—|

0 32+x2 3lp

3[(tan3) - (an= )]
g [(tan~1 1) — (tan~1 0)]

o2

Q.11: [Zcost dt
6

SOLUTION:

SOLUTION:

Here f(x) = x+§

1 1
1 [(x2+x+1)§+1] 1 [(x2+x+1)E
-1

Chapter 3 https://NewsonGoo

—2[5[5_

_3[2\£ 2\/7]
_25v5 2

T 3242 3'2\/2

_ 54 _svE-ae)
T 32 3 32

_ 5V5-8
T 3V2

Q.13: flzlnx dx
SOLUTION:
Consider

fInx dx =[Inx.1dx

Here U=Inx , V=1

Using [U.V=U.[Vdx— [[U.[Vdx]dx

=Ilnx.[1dx— [[(Inx)".[1dx]dx

=Ilnx.x —fEx] dx
=lnx.x = [1dx
=xIlnx —x+c
Taking limits

fflnx dx = |x Inx —x|?

=2In2 -2)-(11nl1 -1)
=2In2 -2)-(10) -1

=2In2 -2
Q.14: foz (eg - e_g) dx
SOLUTION:

x
x x 2

foz (ef—e_i) dx = i—e_—

1
2

=2 [(eg + e_g) — (eg + e_f)]
=2[(et+e 1) = (e® +e9)]

=2[e+3-1-1|=2[e+:-2]

_ €2+1—2€ _z 2 2 _
—2[—6 ]—e(e + 1% — 2e)

Q 15: ;—tcose+sin9
) 70 cos20+1

SOLUTION:

deo

T . T .
2 Cos 6+sinf _ fZCOS 6+sin 6 d

“J0 1+cos20 0

PDFelement

x _x
= |Zez + 2e 2
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T . T
—[ cos@ sin 6 1~ 1
4 == (2
cos2 6 + cos? 9] dx 2 fO [cose +
cos 6.cos 9]

= %foz[sece + sec@tan 0] db

T
:%Hnlsece + tan 6| + secH|;

= % [(ln |sec% + tan%| + sec%) — (In|sec 0 + tan 0| +
sec 0)]

= >[(nV2 + 1] +¥2) = (n|1 + 0] + D)]
= 2[(nVZ + 1| +v2) - (0 + 1]

=~ [InVZ + 1] +v2 - 1]

Q.16: fogcos?’e de

SOLUTION:

= [fcos6 cos?6 db = [¢cos6 (1 —sin®6) db

T

L .
= foﬁ(cose —sin?@ cosf) db = |sin9 _sm3 0 Z

Q.17: fﬁcos 0 cot?0do

SOLUTION:
Ji# cos? 8 (cosec?§ —1)do =
6

fg (cos? 0 cosec? 8 — cos? 0)do =
6

G 00520 2 _ (1 2 2
Jz (52 —Cos?0) do = J# (cot? @ — cos? 6) db
6 6

T

= [ (cosec?6 —1—
6

1+cos 26

) dé
% 2cosec? §—2-1-cos 26
= [ (RO iioeostt) g
= %fg (2cosec? 8 — 3 — cos 26) d6
6

= % [—2 cotfd — 36 — sinze]%

=3[<—2c0t£—32—% —
2 4 "4

Chapter 3

Wondershare
https://NewsonGoogle.cqg:-io =t

201 3m 1 n)
(D 2 2sm2

-(-28-3-79n3)

n
= —2—%+2\/§+§—%”+§]

_1[_,_1 Y3_sm_m
_5[ 2 2+2\/§+4 4+2]

1 [—8—2+8\/§+\/§—3n’+2n’]
T2

4

1 [—10+9\/§—n]
T2 4

_ —104+9V3-m
B 8

Q.18: [fcos*t dt

SOLUTION:

_ 2 _ 1+cos2t
f4cos tdt= f(cos )% dt = f( _ ) dt

\ f% 1+cos? 2t+2 cos 2t

dt
4

= —f4 (1 + 2O 4 2 cos Zt) dt

T
_ —f (2+1+cos4-t+4 cos Zt) dt =%f0‘*(3 + cos 4t +

4 cos2t) dt

m
[3t+51n4t+451n2t]0

-1 [(3_E + sin4(%) + 4Sin2(z)> (3(0) 4 Sin4(0) sm4(0) +
8 4 2

4
sin 2(0)
220

[+ zan (D) - (04280 4220

S tran)- (o2 ead) -2 o

2) =0
=:l(F+2)l =515 =5

Q.19: [?cos® 6 sin0do
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SOLUTION:

J§cos?6 sinfdf = — [3cos® 6 (— sinf) do =

T

cos’6|3 = ! 3 E) - (COS3 0)] =
0 3

(% 2 2
Q.20: [#(1+ cos*@)tan® 0 dO
SOLUTION:

— (3 (tan? 2 2
= [ (tan® 6 + tan® 6 cos” 6) db
= [ (tan® 6 + tan2 6 cos?0) do =

f‘*(tan 9+Sl cos 20)do

= [ (tan® 6 + sin” 6) dt=foz[sec29—1+
1- cosZB]dQ

cos 26

=f01[sec29—1+—
lcosZG]d@
2

]d@—f [sec 9———

= [tan@ ——9 _lstQ]

[t ne -6 -
%sinZG]Z
0

= [(1-Z=25inZ) ~ (0 - 0~ Lsin(0) )]

=[(1-5-3sin}) - @] =[(1-5 -7 ) -

Q)

Q 21 secO
0 sin8+cos 0

SOLUTION:

Divide uo and down by cos 6

T T sec
— (139 49— [s—cosé__ 4g

0 sinf+cos 6 — Jo sin@+cos@
cos @

n 2
_f4sec6 secG _ [z .5€c %]

tan6+1 ~ Jo tang+1

Here f(x) =tan8 +1 = f'(x) =sec?d

= [In|tan 6 + 1|]g

Wondershare

https://NewsonGoogle. Lo 7
= [(ln |tan% + 1|) — (In|tan 0 + 1|)]

= [(In|1 + 1]) — (In]0 + 1])]
=1In|2|—-In|1|=In2—-0=1In2

5
Q.22: [ |x—3|dx
SOLUTION:
J2 1 = 3] dx
3 5
= ["lx=3]dx + [J]x — 3| dx
3 5
= [ —(x=3)dx+ [[(x—3)dx
= [P (x=3)1dx+ [S(x—3).1dx

_eem? e
2 -1 2 3

= — (B =39 = (-1-3)]+; (-3 - (B~ 3)?)]
1 1
=—2[0-16]+[4-0]
—%[0—16]+%[4—0] =8+2=10

1 2
Q.23: ff <x;+22> dx

x3

2
<x3+2> 2
fi AL dx —3f1 (x3+2) .%x_gdx=

8 x
1

2+111
3 ﬂ (xs + 2)

2+1

31

= (((1)§ + 2)3> _

1
8

1 3
= ((1+2)%) - (((2-3>E +2) ) = (3)° -

(2 =7 () =y - e

=(E-3-mB+1)-(¢-1-mi1+1])
=(§—3—1n4)—(§—1—1n2)
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Chapter 3
—ln4—%+1+ln2
=2 _2-1 4412

2 2

9

= _:_1—1n22+ln2

=2—-—2In2+4+In2=2-In2

3 3x2-2x+1

2 (x—1)(x2+1) dx

Q.25: [,

SOLUTION:

f3 3x2—2x+1 _ f3 3x2-2x+1
2 (x=-1)(x2+1) -
x2+x—1|3

of TerT — 3 _
S — dx = |In|x

=(nl33—32+3—1]) = (n[23 =22 +2 — 1))
=(n27 =9 +3—1]) = (In|8 — 4 + 2 — 1|)
—1In20—1In5 :1n25—°:1n4

sinx—1

Q.26: f4ws . dx

SOLUTION:
_ sinx 1
f (cos2 cos? x) dx
_ z sinx _ 1
- f04 (cosxcosx cos? x) dx

T
= [#(secx tanx — sec®x) dx

T

= [secx —tanxlg

- (sec%—tan%) — (sec0 — tan 0)

=(vV2-1)-(1+0)

=V2-1-1=+v2-2
Q.27: fo“

SOLUTION:

1+smx

T . T .
7 1 1-sinx — J-Z 1-sinx
0

0 1+4sinx 1-sinx 1-sin2 x

T .
41 sinx — _J-Zsmx—l

0 cos?x

2 /sinx 1
B ) @
0 \cos?2x cos?x
sinx 1
_f4-( > ) dx
cosxcosx  cos?x

T
— Jj(secx tanx — sec® x) dx

0 cos?x

T
= —|secx —tanx|;

=— [(sec% — tan %) — (sec0 — tan 0)]

Wondershare

https://NewsonGoogle.co a5

-[(V2-1)- (1 +0)]
—V2+1+1=2-+2

1 3x
Q.28: fomdx

SOLUTION:

_ (1 —3x _ _ (14-3x-4 _
dx = fomd =) o X
dx

fom —f V4 —3xdx+
dx

fl 3x

0 v4-3x
1 4-3x
0 v4-3x

1 1
Ll =r

= L[4 307 (-Bdx + 2[4~
3x)_% (—3)dx

£ e 31
_ 1 (4—3x)2 4 (4—3x) 2 _ 1 (4—3x)2
Lm0zt | 4130 27 1
E+1
1,1
4 (4—3x)5
3 1
2
1

1
3x)2
0

f-4fa-sof, 3l(e-
3(1))2) — ((4 - 3(0))3)] — g [((4 - 3(1))%) _
((4 - 3(0))%)]

- 5[t - o] -2t - o] =3[ -
(@2)e] - 5[ (07 - @23 =211 - 2] -
Sl1-21]

J1-8-21-2]=
—_14 g —14+24 E
9 3 9 9

cos x

Q.29: fng

e sinx(2+sinx)

SOLUTION:

2 —
= .Ccosx dx =
fg 51nx(2+51nx)

(2+smx) sinx
fn —————— .cosx dx
— sinx(2+sinx)

T
_ 1f;[ (2+sinx) sinx

- = . cosx dx
sinx(2+sinx)

sinx(2+sinx)

s
1 05 [cosx
]cosxdx=—fnz[. —
27— Lsinx

2 fE [smx

cosx ]

2+sinx

2+sinx
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Vs
= % |ln|sinx| —In|2 + sinx||§
6

=%[(ln |sin§| —In |2 + sing|) — (ln |sing| —In |2 +
sin)]
=3[ -2+ 1 = (13— 2 +3])]

1 1 5 1
=2[0-m3—m:+m¥ =2[-Im3 - (in1 - n2) + (n 5 -
n2)]

=§[—1n3—ln1+ln2+1n5—ln2] =§[—1n3—0+
In 5]

1 1 5 1, 5

z sinx
Q.30: fOZ (1+cos x)(2+cos x)
SOLUTION:

> sinx _

0 (1+cosx)(2+cosx) -
z 1

2 sinx dx
0 (1+4cosx)(2+cosx)

_ ﬁ (24+cosx)—(1+cosx)
~Jo

sinx dx
(1+cosx)(2+cosx)

(2+cosx) (1+cosx)
|(1+cosx)(2+cosx)  (1+cosx)(2+cosx)

] sinx dx

1 1 .
- sinx dx
| (1+cosx) (2+cosx)

sinx sinx

|(1+cosx)  (2+cosx)

T . .
_ —_1]3[ sinx ~ sinx
-1Y0 [(1+cosx) (2+cosx)

_ 1 fg[ —sinx —sinx
T —170 l(1+cosx)  (2+cosx)

T

= —[In|1 4+ cosx| —1n|2 + cosxl]g

=— [(ln |1 + COS§| —1In |2 + CosgD -
(In|1 + cos 0| —In|2 + cos Ol)]
=—[(In|1+0|=In|]2+0]) = (n|1 + 1| —In|2 +
1D]
= —[In(1) = In(2) — In(2) + In(3)]
= —[0-2In(2) + In3] = 2In(2) — In(3)
=In(2)2 -~ In(3) =In4 —In(3) = In}

alnb = Inb*

v Ina — Inb

Chapter 3
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https://NewsonGoogle.co PDFelement

Application of definate integral:
Area under the curve:

Casel. if f(x) = 0Vx € [a, b] then curve lies above
X — axis.

b
A= f f(x)dx wherea < b
a

Ais area of region above x
— axis.under the curve

of functiony = f(x)fromatob
Casellif f(x) <0Vx €
[a, b] then curve lies below

b
X — axis.so A = —f f(x)dx wherea < b
a

Ais area of region below x — axis,under
The curve of functiony = f(x)fromato b

EXercise 3.7

Q.1: Find the area between the x —
axis and the curvey = x* + 1 fromx =
ltox=2

SOLUTION:

Given y=x%+1 Asy=x?+1>
0 in [1,2], therefore curve is above x — axis

2 2
Required Area = f y dx = f (x?2+1) dx
1 1

)-G+1)

Q.2: Find the area above the x —
axis and under the curvey = 5 — x> from x =
—1tox=2

SOLUTION:
Given y=5—x% Asy=5—x?>0in[-1,2]

,therefore curve is above x — axisRequired Area

2 2 53
=jydx=f (5—x2) dx = |[5x ——
1 -1 3

23 (—1)3
-(s2-2)- (50 - E2)

-1
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_ (30 — 8) (—15 + 1)
~\ 3 3
—14_22+14 36

= =—=12
3 3 3

Chapter 3

sq.unit

Q.3: Find the area below the curve y = 3/x
and above the x — axis betweenx =1tox =4
SOLUTION:

Given y=3yx Asy=3Jx>0

in [1,4], therefore curve is above x — axis

4 2
Required Area =f y dx = 3] Vx dx
1 -1
1 |4
(x)§+1
1

S+1

4 1
=3f (x)21dx=3
1

314

3 L e
=3 (’;l - 3.—|(x)%

3
2l
—2 ((4)3 - (1)3) =2 ((22)% - 1)
=202%3-1)=28-1)=2(7)
=14 sq.unit

1

Q.4: Find the area bounded by cos function from
=_I =T

x=-stox=;

SOLUTION:

Given y = cosx Asy =cosx =

. m T . .
0in [— E’E] ,therefore curve is above x — axis

s V3

2 2
Required Area =.[ J cosx dx
Y Y

= |sinx|%% = sin (g) — sin (— g)
=1-(-1)=14+1=2 sq.unit

Q.5: Find the area betweeen the x —
axis and the curve y = 4x — x%.
Puty=0 4x—x*>=0
x(4—x)=0
x=0 or 4—x={(

x=4

SOLUTION:
Given y = 4x — x?

Asy =4x —x? >
0 in [0,4], therefore curve is above x — axis

Wondershare

PDFelement

Required Area = f
0

Q.6: Determine the area bounded by the parabola
y = x% + 2x — 3 and the x — axis.
SOLUTION:
Given y=x*+4+2x-3
Asy=y=x?>+2x—-3<
0 in [—3,1], therefore curve is below x — axis
1

Required Area = —f y dx

I3

=—f (x? +2x —3) dx

-3
X3 X2 1
42T - 3x|_3
x3 2 1
5 + x4 — 3x|_3

(13—3 +12-3.1) - (g +(-3)2 - 3(—3))]

(G+1-3) = (Z+0+9)]
+1-3+Z-9-9

1 27

2+ 220

3" 3

’1+27—60]

[ 3

-32] _ 32 .
N = — sq.unit

Puty=o0 x>+2x—-3=0
x2+3x—x—-3=0
x(x+3)—1(x+3)=0
x+3)-(x—-1)=0
x+3=0 orx—1=0
x=-3 x=0

Q.7: Find the area bounded by the curvey =
x3 +1,the x — axis and line x = 2

SOLUTION:
Given y=x3+1 x3+1=0

(x +

Puty =0

Dx?-x+1)=0

x+1=

0 or x?—x+1=0 (Solveitself)

x=-1

After solving this equation gives imaginary roots

soneglect.
Asy=x3+12

0 in [—1,2], therefore curve is above x — axis
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2

Required Area J y dx —J (x3+1) dx
x4
4

+ x
-1

2 (—1)*
=<Z+2>—< 4 +(—1)>
=(4+a—(i—1)

=(6)-—<lif)=6———=6+E

4 4
_24+3 27 .
== -7 square unit.
Q.8: Find the area bounded by the curve y =
x3 — 4x, and the x — axis.

SOLUTION: ;
Puty=0 x°—4x=0
x(x2-4)=0
x(x—=2)(x+2)=0

i 3 x=0 orx—2=0 ,or x+2=0
Given y=x>—4X| x=0 or x=2 ,or x= -2

Asy =x3—4x >

0 in [—2,0], therefore the curve is above x — axis
Asy =x3—4x <
0in [0,2], therefore the curve is below x — axis

0 2
Required Area = f y dx —j y dx
-2 0

0
=f (x3 — 4x) dx
-2

2
—f (x3 — 4x) dx
0

4
S U

4 L, 472
{50
(52 c)
(@)
(-]

=[(0-0)—(4—8)]
—[4-8)-(0-10)]
=04+4+4+0
=8 square unit.
Q.9: Find the area between the curve y = x(x —
1)(x + 1),and the x — axis.
SOLUTION:
Given y=x(x—1)(x+1)=x3—x
Asy=x3—x>
0 in [—1,0], therefore the curve is above x — axis
Asy=x3—x <
0 in [0,1], therefore the curve is below x — axis

Wondershare

PDFelement

[(%-f%)
(F-F)
=[o- w—ﬁ—%]
‘[(rz)‘(o“’)]

=0 1+1 1+1+0
N 4 2 4 2
_-1+2-1+42 1

4 2

0.10: Find the area above the x — axis,
bounded by the curve y?> = 3 — x from
x=-1tox=2
SOLUTION:

Given y?=3—x =>y=+/3—x Asy =

3—x 2
0 in [—1,2], therefore curve is above x — axis
2 2
Required Area =f y dx =f V3—x dx
= —f (3—x)2(-1) dx
-1
1 2
(3 ) +1

1

5+ 1

2

———kB—xﬁ

(29

(o)
() --

= ? sq.unit
Q.11: Find the area betweeen the x —
. 1
axis and the curve y = cos- X fromx =

—1m to 1.
SOLUTION:
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. 1 1
Given y =cos;x Asy=coszx =

0 in [—m, ], therefore curve is above x — axis

Required Area = f_nny dx = f_nn cos%x dx
s

sin%x 1 1
1 =2 [(smz(n)) - (smi( - n))]
2 g4
=2[1- (-] =4
Q.12: Find the area betweeen the x —

axis and the curve y = sin2x fromx = 0 to g

SOLUTION:
Given y = sin2x Asy =sin2x =20

. T . .
in [O, 5] ,therefore curve is above x — axis

Required Area = [3y dx = [?sin2x dx
—cos2x g

= == = —%[(cos 2?”) — (cos 2(0))]

0
=—=|--- 22 sq.unit
Q.13: Find the area betweeen the x —
axis and the curve y = V2ax — x> whena >
0.
SOLUTION:

Given y = sin2x Asy =sin2x >

. Vi . .
0in [0, §] ,therefore curve is above x — axis

Required Area = fozay dx = fozaVZax —x2 dx =

foza\/az —a? + 2ax — x? dx

= foza\/az —(a? — 2ax + x2) dx
— (%% [2 (v — 2
= [, Va2 —(x—a)? dx
Using formula [+Va?— x%dx
= Zsin~? (Z) +ZVaZ —x2+¢
2 a 2

[ (22) + (V=]

a2— a)\/a2 - (2a - a)2>

0—a>

Chapter 3
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Tn square unit.

Differential equation:

An equation containing atleast one derivative of

a dependent variable with respect to an
independent variable is called dif ferential

equation.e. g.
2
y%+2x=0 and x%+%—2x
Order of Differential equation:

The order of the dif ferential equation is the order
of the highest derivative in the equation.

}’Z—i +2x =0 (1st order dif ferential equation)

0(2nd order dif ferential equation)
Degree of Dif ferential equation:
The degree of a dif ferential equation is the greatest
power of the highest order derivative in the equation.
dy | dy _ (dz_y)‘* Yo
X dx4+dx x (552 +dx+2x—0

(1st degree dif ferential equation)
3

a* d a2y\* | a
x (d—xZ) +d—z—x (d—xZ) +d—i+2x= 0
(3rd degree dif ferential equation)
General solution:
The solution of dif ferential equation which contains
arbitrary constants is called general solution.
Particular solution:
The solution obtained from general solution by

applying the initial conditions is called particular
solution.

Initial value conditions:

The arbitrary constants involving in the solution

of a dif ferential equation can be determine by the
someven conditions. such conditions are called Initial
TIT BIT: General soltion of the dif ferential

equation of order n contains n arbitrary constants
which can be determined by n initial values
condtions.

Exercise 3.8

Q.1: Check that each of the following equations
written against the dif ferential equation is its
solution.

. dy
i) X = 1+y
Provethaty =cx—1
SOLUTION:
dy _
E =1+ y
Separating the variables:
xdy = (1+y)dx

1 1
mdy = dx
Integrating both sides

1 1
fmdy = f; dx
In|1 + y| = In|x| + In|c|
In|1 + y| = In|cx|

1+y=cx

X
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y=cx—1

i) 2y +1)2-1=0

provethaty* +y=c —%

SOLUTION:

P@2y+1)Z-1=0

Separating the variables:

x2(2y + 1)% =1

2y + Ddy = % dx

Integrating both sides

fQy+Ddy = [x"2dx
yZ -2+1

2 S ty=

X

-2+1
-1

y2+y=x_—1+c
y2+y=—§+c

i) y2-1=0

prove thaty?> +y =c — i
SOLUTION:

x2(2y + 1)%— 1=0
Separating the variables:
x2Q2y+1) % =1

Ry +1dy = % dx
Integrating both sides
fQy+1Ddy =[x"2dx

x—2+1

—-2+1

2
2%+y=

2 x

y + y = _—1 +c
1

yi+y=—-+c
. 1dy _
iv) o 2y =0
Prove thaty = ceX’
SOLUTION:

2 =2y

;dx

Separating the variables:
i dy = 2x dx
Integrating both sides

Il %dy = [2xdx

2
Inly| = Zx?+ o

Inlyl = x?+ ¢,

elnlyl = ex2+c1

y=e* 4ea
y= e’ +¢

dy y2+1

) = o

Prove y = tan(e* + ¢)
SOLUTION:

dy _ y*+1
dx e ¥
Separating the variables:

1 1
y2+1 y_e"‘dx

Chapter 3 https:

1

1+y?

Integrating both sides
1

fryzdy = [e*dx

tan"ly=e*+¢

y = tan(e* + ¢)

L4y _
Q.2: -=-y
SOLUTION:
dy _
= Y
Separating the variables:

dy = e*dx

1

;dy = —dx

Integrating both sides

f%dy =—f1ldx

Iny=-x+¢

elly — p=x+cq

y - e—x eC]_

y=ce™*

Q.3: ydx+xdy=20

SOLUTION:

ydx+xdy =0

Separating the variables:

xdy =—-ydx

1 1

; dy = —; dx

Integrating both sides
lav=—(1

f;dy =—J-dx

Iny=—Inx+Inc

Iny+Inx =+Inc
In(xy) = +Inc

SOLUTION:
dy _ 1-x
dx y
Separating the variables:
ydy =(1—x)dx
Integrating both sides
Jydy=J(1-x)dx

2 2
y? =X — x? + Cl
y2=2x—x%+42¢
y2=x(2—-x)+c
Q.5: Z—i’ = le
SOLUTION:
ay _y

dx x_2

Separating the variables:
lav=2L4d

y W =a

Integrating both sides
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Iny = —§+cl

elny — e—%+01
1
y = e x et
_1
y=ce «x
Q.6: sinycscx % =1
SOLUTION:

. d
sinycscx %z 1

Separating the variables:

siny dy = sinx dx
Integrating both sides
[siny dy = [sinx dx
—COsSy = —cosx +¢;
—cosy = —(cosx — ¢;)
COSY = COSX — C;

cosy =cosx + ¢

Q.7: xdy+y(x—1)dx =0
SOLUTION:
xdy+y(x—1dx=0

Separating the variables:

xdy = —y(x — 1)dx

Integrating both sides
f%dy=f—1+idx
Iny=—-x+Inx+Inc
Iny =In(xc) — x
Iny —In(xc) = —x

y = —

In(%) = —x

eln(%) e *

Y
xc
y=cxe

x2+1

Q.8: ek
SOLUTION:
x2+1

y+1 vy dx

Separating the variables:
(xz + 1)y dx = x(y + 1)dy
x(y+1)dy = (xz + 1)y dx

y7+1dy x+1dx

1+1dy=x+—dx
y x

= e_x

—-X

x dy

Integrating both sides
f(1+§)dy= f(x+%) dx
y+Iny =x72+ln(x) +1Inc
y+Iny= %2+ln(xc)
In(xc) =

x2
Iny — =Y

Chapter 3
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yeY¥=cxez
1dy 1
Q9 =5 1+y)

" xdx

SOLUTION:
To=3 YY)

x dx
Separating the variables:

7 sdy == (x)dx
Integratmg both sides

f1+y dy——fxdx

tan™ y= x?+c

1
2
x2
y = tan (T +c
Q.10:2x2y X =22 -1
SOLUTION:

2,3 _ 2
2x V=X 1
Separating the variables:

2_
ydy=x L dx

2x 2

x2-1
ydy = —( ) dx
Integrating both sides

1 1
Jydy=3J (1-5) dx
[ydy=5] Q-x)dx
y2_1 -1
T=i (-5 e
y:= x+—+c

42y

Q.11: 2y+1

SOLUTION.

dy 2xy

dx ' 2y+1

Separating the variables:
dy _ 2xy

dax 7 2y+1

dy _ x(2y+1)-2xy

dx 2y+1

dy _ 2xy+x—2xy

dx 2y+1

dy _ _x

dx 2y+1

2y + 1dy = xdx
Integrating both sides
fQy+1)dy=/[ xdx

2 %2
27+y=7+c

yy+1) = %2 +c
Q.12: (x?
SOLUTION:

(x? = yx?)
Separating the variables:

d
—yxz)d—i+y2 + xy?

day 2 2
dx+y + xy
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d
=y =y 1+
x*(1—y)dy = —y*(1 + x)dx

1+x

y = —x—zdx

= x72+ 1) dx
y x
—2+1 2+
_2+1—lny——(_ +lnx)+c1

{_T—lny:—(§+lnx)+cl

2+1

—%—lny= —(—%+lnx)+cl

lny+i= (—§+lnx)—c1

lny+1=1nx—l+c
y x

Q.13: sec’x tany dx + sec’y tanx dy = 0
SOLUTION:

sec’x tany dx + sec?y tanx dy = 0
Separating the variables:

sec?y tanx dy = sec’?x tany dx
sec?y _ sec® x dx

tany tanx

Integrating both sides

fseczy dy = _f sec? x

tany tanx
In(tany) = —In(tanx) +Inc
In(tany) +1n (tanx) =Inc
In(tanytanx) =Inc
tanytanx = ¢

My — ) = 2 4y
014 (y-x) =2y +3)
SOLUTION:
dy dy
(r-xz)=202+2)
Separatlng the varlables:
y— x = 2y + 2
- a - 2 2y*—y
Multlplymg both sides by — 1
+ 2 =y —2y?
(x + 2)— =y —2y?
(x + 2)dy = y(1 —2y)dx

y(1- 2y) y=mdx

Integrating both sides
S =g
f[;(ll—zzyaz) y(1- Zy)] dy = f_ dx
f[l+ a 223/)] =I5 m dx
[Sdy—[ gz dy =[5 dx

y 2y-1
ln(y)+ln(2y—1)—ln(x+2)+1n(c)
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In (ﬁ) =1In c(x+2)

y _
m— C(X+2)

Q.15: 1+ cosxtany% =0
SOLUTION:
dy _
1+ cosxtany-—= = 0
Separating the variables:
dy _
cosxtany—— = 1

1
tanydy = — o dx
Integrating both sides
—siny
f cosy
In (cosy) =In(secx +tanx) +Inc
In (cos y) =In[c(secx + tanx)]

cosy = c(secx + tan x)

Cy— e ﬂ
Q.16: y—x2=3(1+x2)
SOLUTION:

y—xZ—y—3(1+xZ—i)

Separating the variables:
dy dy
yox o= 3+ 3x 7

dy
x —
dx

dy = [ secx dx

y—3= Bx% +
y—3= 4x%
dy
4‘Xa
& -1
E dy = = dx
Integrating both sides
L ~1r1
fyT3 dy = 4f o dx
In(y —3) =%1nx+1nc
1
In(y—3)=Inx++1Inc
1
In(y—3)=1In (cx4)
1
y—3 =cxs
1
y =34 cxs
Q.17: secx + tany% =0
SOLUTION:
secx + tany;i—z =0
Separating the variables:

da
tanyd—i = —Secx

tany dy = —secx dx
Integrating both sides
[tany dy = — [ secx dx

[ gy = [ secx dx

cosy
In (cosy) =In (secx +tanx) +Inc
In (cosy) = In [c(secx + tanx)]
cosy = c(secx + tanx)
Q.18: (e* +e™®)
SOLUTION:

x —x\ 4y
(e*+e )dx

dy x —x
—=e —e
dx

= e* — e™* Separating th
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X

dx

eX+e ¥
Integrating both sides

e*—e~

dy =

eX—e™*
Jldy=[ = dx
y=In(e*+e™)+c
Q.19: Find the general solution
of the following equation
dy

oo X= xy?.Also find the

Particular solutionify=1
whenx =0
SOLUTION:

1
y2+1
Integrating both sides

1

-1 .X'Z
Tan y=+c

dy = x dx

(General solution) (1)
Atx=0 , y=1

2
tan~1(1) = % +c
E =c (Putinl)

—1, X T
tan" "y = > + 7
(Particular solution)

Q.20: Solve the dif ferential

equation % = 2x given that

x=4 whent=0
SOLUTION:

Separating the variables:
dx = 2x dt
~dx=2dt
Integrating both sides
1
J-dy=2[1dx
Inx =2t +¢;
elnx — p2t+cy
x =e? e
x = ce?t Where et = ¢
(General solution) (1)
Atx=4 , t=0
4 = ce?©®
4 = ce®
4=c¢ Putin(1) v e=1
x = 4e?t
(Particular solution)
Q.21:Solve the dif ferential

equation g + 2st = 0. Also find the

Wondershare
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Particular solution if s = 4e
whent =0

SOLUTION:
ds +2st=0
dt

Separating the variables:

ds
a = —2st

~ds = —2tdt

Integrating both sides
1
Jcds=—[ 2tdx
2

Ins = —2% +c
Ins =—t?+¢
s = e tita

s=eth e

s=ce " Wheree“ =c
(General solution) (1)
Ats=4e , t=0

4e = ce~ (O

4e = ce®

4e =c Putin (1)
s=4de.et’

s=4el7t

(Particular solution)
Q22. In a culture, bacteria increase number of
bacteria present. If bacteria are 200 initially and are
doubled in 2 hours, find the number of bacteria
present four hours later.
Solution:
Let P be numbers of bacteria then

— P
dt

ap
> = kp

2 dP = kdt
P
take integral
1
f;dP =k[dt
InP = kt + Inc
Inp —Inc =kt
InZ =kt
C
P okt
Cc
p=ce — ()
put p=200, t=0 (conditionl)
200 = cek(© = ce0
= ¢c=200 ~e’=1
So (i)p = 200e*t — (ii)
Putp = 400 when t = 2 (conditionlI)
so(i) = 400 = 200e*t
2 =e* = In2 = Ine?*
2k = In2

k=1m2
2
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in2
So (ii) = p = 200e2™
in2

2 p= 200e z P fort=4
2 p=2002"2 = 200e!"?" = 200!
= p=200(4)=p =800
Which is required number of bacteria present
four latter.
Q.23 a ball is thrown vertically upward with a
velocity of 2450cm/sec neglecting air resistance,
find
i.  Velocity of ball at any time t
ii. Distance traveled in any time t
iiii. Maximum height attained by the ball
Solution:
Let v is velocity and g is acceleration, so

dv
i) P —g forupward

= dv =-—gdt
2 [dv=—g/[dt
2 v=—gt+c
Put v = 2450,t =0so
2450 = —g(0) + ¢; = ¢, = 2450
v=—gt+ 2450 ~ g=9.8m/sec
Thusv = —980t + 2450 = g =980cm/
sec
ii) let h be height so
dh

U=E

an _
dt

ah _ _980 + 2450
dt

dh = —980tdt + 2450dt
[ dh = —980 [ tdt + 2450 [ dt
h= —9802—2 + 2450t + c,
puth=0,t=0
0 = —490(0)2 + 2450(0) + ¢,
=2c,=0
so h = —490t? + 2450
(iit) For max.hight,v =0

So 0 = —980t2 + 2450 from (i)

980t = 2430
980

2
soh = 2450(2) - 490 %)
= 6125 — 30625
= h = 3062.5
So max. hight = 3062.5cm
max hight = 30.6m (= by 100)
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