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_ Definitions —»Theory — Exercise

Mathematical Induction

A method of testing formulas, theorem, statements and properties is called Mathematical induction method.
O This method is particularly used in series sum.

Principle of mathematical induction.

If a proposition S (n) satisfies the following two conditions.

C—1 S)istrue forn=1

C—2 Sn)istrue forn=k

= Sn)istrue forn=k+1

Then S(n) is true for all positive integral valves of n.

Principle of Extended Mathematical induction:

Sometimes we want to prove formulas or results which are true for all integer n greater than or equal to some

integerii.e;n>1i wherei #1

In such cases we check formulas extended mathematical induction.

Exercise 8.1

Use mathematical induction to prove the following formulae for every positive integer n

Question # 1.
1+54+9+ -+ @n—-3)=n2n-1)
Solution. Suppose S(n):1+5+9+ -+ (4n—3) =n(2n—-1)
Putn=1
S:1=121H)-1)=>1=1
Thus condition [ is satisfied.
Now Suppose that the condition S(n) is true forn = k
S(k):14+54+94+ -+ @lk—-3)=k(k—-1) > (i)
The Statementforn =k + 1
SK+1):1+54+9+--+UAKk+1)-3)=(Ck+1D2Kk+1)-1)
=2 14+5+9+-+@lk+1)=(k+1)(2k+2-1)
=2 14549+ -+ @k+1)=(k+1)(2k+1) - (ii)
Adding 4k + 1 on both sides of (i),we have
1+54+94+-+@k—3)+4k+1=kQR2k—-1)+4k+1
1+5+9+ -+ @k+1)=2k*—k+4k+1
1+5+9+-+@k+1)=2k?+3k+1
=2k*+2k+k+1
=2k(k+1)+1(k+1)
=(k+1DQ2k+1)
Thus condition S(K + 1) is true if S(K) is true, So condition I is Satisfied and Hence S(n) is true for all positive
integer n.

Question # 2.
1+3+54 -4+ 2n—1)=n?
Solution. Suppose S(n): 1+ 3+ 5+ -+ (2n — 1) = n?
Putn=1
S):1=1>=>1=1
Thus condition [ is satisfied.
Now Suppose that the condition S(n) is true forn = k
S(k):1+3+5++QRk—1)=k? - (i)
The Statementforn =k + 1
S(K+1):1+3+5++Q2(k+1)—1) = (k+1)?
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= 1+3+5+-+QRk+1)=(k+1)2
Adding 2k + 1 on both sides of (i),we have
143+5++Rk—1)+QRk+1) =k?>+ 2k +1)
1+3+5+ -+ Qk+1)=k%+ 2k + 12
14345+ -+ Q2k+1) = (k+1)>
Thus condition S(K + 1) is true if S(K) is true, So condition I is Satisfied and Hence S(n) is true for all positive
integer n.

Question # 3.
1434544+ @2n—1) =n?
Solution. Suppose S(n):1+ 3+ 5+ -+ (2n — 1) = n?
Putn=1
S(1):1=1>=>1=1
Thus condition [ is satisfied.
Now Suppose that the condition S(n) is true forn = k
S(k):1+3+5++QR2k—1)=k? - (i)
The Statementforn =k + 1
S(K+1):1+3+5++Q2k+1)—1) = (k+1)?
=> 1+4+3+5+-+2k+1)=(k+1)>
Adding 2k + 1 on both sides of (i),we have
1+3+5++QRk—1D+QRk+1)=k*+ (2k+1)
1+3+5++Qk+1)=k%+2k+12
1+34+54+4+R2k+1)=(k+1)
Thus condition S(K + 1) is true if S(K) is true, So condition I is Satisfied and Hence S(n) is true for all positive
integer n.
Question #4.
Provethat1+2 + 4+ -+ 271 =2"—1
Solution. Suppose that
S(m:1+2+4+--+2"1=2"n-1
Putn=1
SA:1=21-1=1=1
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
Sk):1+2+4+-+2K1=2k—-15 (i)
The Statement forn = k + 1 becomes
Sk+1):1+2+ 4+ +2k1-1 = 2k+l 1
= 14244442k =kt1 _q
Adding 2X on both sides of equation (i), we have
1+2+4+-+21 42k =2k_ 142k
> 1+2+4+--+2k=2k2)-1
=> 142+4+4--+2k=2k1_1
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.
Question #5.

Provethat1+1+1+-~-+211 =2[1- 1]
Solution. Suppose that

1
S(n):1+i+z+“'+2n—_1 :2[1_2_71
Putn=1
1 1
5(1):1=2[1_§]:1=2[E]:1=1

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
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1 1 1 1 )

The Statementforn = k + 1 becomes

1 1 1 1
S(k+1):1+§+Z+--~+2k+1_1 =2[1—2k+1]
1 1 1 2
S I S
2 4 2k T % 2k
Adding L ON both sides of equation (i), we have
1,1 1 1 1 1
T+ + 4t T+ =2[1- ]+
= 14+, +t o =2- 0t
= 1+2+4+-~-+2k =2—2k(2—1)
= 1+2+4+---+2k =2—2k

Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.

Question # 6
2+4+6+--+2n=nn+1) - (i
Solution:
Forn=1
2)=11+1)=>2=2
= (i) istrue forn=1
C — 1is satisfied.
Suppose (i)istrue forn=k i.e;
2444+6+-+2k =k(k+1) - (ii)
we shall prove taht (i)is true forn=k+1 i.e
2+4+6+-+2k+2k+1D)=(k+1k+1+1)
24+4+6+-+2k+2k+1D)=(+1D(k+2)
LHS=2+4+6+--+2k+2(k+1)
=k(k+"!)+2(k+1) by (ii)
=(k+1)(k+2)=R.H.S
= (i)istrue forn=k+1, C-2
is satisfied. hence (i) is true for all integers n.

Question #7.
Provethat2 + 6+ 18 +---+2x3"1 =37 _1

Solution. Suppose that
S(n):2+6+18+-++2x3"1=3"-1
Putn=1
S(1):2=3"-1=22=2
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):24+ 6+ 18+ -+ 2x 31 =3k -1 (i)
The Statement forn = k + 1 becomes
Stk+1):2+6+ 18+ -+ 2 x 3kF1-1 =3k+l _q
=> 2+6+18+ - +2x3k=3k1_1
Adding 2 X 3% on both sides of equation (i), we have
24+46+18+ - +2x3k1+2x3k=3k—142x3k
> 2+6+18+--+2x3k=3k3)-1
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=> 246+18+--+2x3F=3k1_1
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.

Question #8.
n(n+1)(4n+5)

Provethat1 X3 +2X5+3 X7+ -+nXx(2n+1)= o

Solution. Suppose that

+1)(4n+5
S(n):1x3+2x5+3><7+---+nx(2n+1):n(n (@n +5)

Putn=1

1O _ 4 _

S(1):1x3 = 3

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k

k(k+1)(4k+5
Sk):1x34+2%x543x74++kx(2k+1)= ( ) )_)

The Statement forn = k + 1 becomes

)

S(k+1):1><3+2><5+3><7+---+(k+1)(2(k+1)+1):(k+1)(k+1+1)(4(k+1)+5)

k+1Dk+2)(4k+9
:1X3+2X5+3X7+"'+(k+1)(2k+3)=( )( )( )

Adding (k + 1)(2k + 3) on both sides of equation (i), we have

k(k + 1)(4k + 5)
1X3+2X5+3X7++kx@2k+1)+ (k+1)2k+3) = +(k+1)(2k +3)

k+1
= 1X3+2X5+3%x7++(k+1)(2k+3) = [k(4k + 5) + 6(2k + 3)]

k+1
= 1x3+2%X543x7+-+(k+1)QR2k+3)= [4k? + 5k + 12k + 18]
k+1
= 1Xx3+2X5+3%x7+-+(k+1)2k+3)= [4k? + 17k + 18]
k+1
= 1x3+2%X5+3%x7++(k+1)R2k+3)= [4k? + 8k + 9k + 18]

k+1
= 1X3+2X5+3%x7++(k+1)(2k+3) = [4k(k + 2) + 9(k + 2)]

k+1
= 1X3+2X5+3X7 4+ (k+1)(2k+3)= [(k + 2)(4k + 9)]

e+ 1)(k + 2)(4k + 9
o IX342X5+3x7 4+ (k+ 1)k +3)= T DEFDEAD)

Thus S(k + 1) is true if S(k) is true, So condition /1 is satisfied and S(n) is true for all positive integer n.
Question No.9
X x3 3 4 +

=nn+1 n+2
1 2+2 + X 4+ nxm+1) ( X )

Solution:

nn+1Mn+2) N

1X2+4+2%Xx3+3%xXx4+-+nxn+1)= )

Forn=1
1A+ 1)1 +2
1x(1+1) ( X )
>2=2
= (i)istrue forn=1 , C— 1istrue satisfied.Suppose (i) istrue forn=k i.e,
k(k+1)(k +2)

I1X2+2%x3+-+kxk+1)= 3 - (ii)

We shall prove that (i) istrueforn =k + 1 i.e;
k+DEk+1+D)k+1+2)
3

1X242%X3++kx(k+D+k+Dx(k+1+1) =
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1><2+2><3+---+k><(k+1)+(k+1)><(k+2)—(k+1)(k3+2)(k+3)

LHS=1X2+2Xx3++kXxk+1D)+(k+1)xk+2)
_k(k+1D)(k+2)

+ (k + 1) x (k +2) by (ii)
_ k(e + 1)(k +2) +3(k + 1)(k +2)

_ (e 1)(1{1 2){k + 3}

k+1)(k+2)(k+3
_ G DEADE+I) _
= (i) istrue forn=k+1
C — 2 is satisfied . Hence (i)is true for all integers n.
Question No.10

nn+1)4n-1)
1X2+3X4+5X6+-+@2n—1)x2n=

Solution:

nn+1)4n—1
1X2+3X4+5X6++2n—1)x2n= (n+ 1)( )

)
Forn=1
C — 1is satisfied.Suppose (i) is true forn =k i.e
+ - -
k(k+1)(4k -1
1Xx2+3x4+- (2k 1)><2k=( X ) (i)
We shall prove that (i) is true for n=k+1 i.e
k+Dk+1+1D)AKk+1) -1
1><2+3x4+---+(2k—1)><2k+(2(k+1)—1)><2(k+1)=( X IS )= D

1><2+3x4+...+(2k_1)X2k+(2k+1)xz(k+1):(k+1)(k+2)(4k+3)

L.HS=1x2+3xX4+-+ 2k —-1)x2k+ 2k +1) x 2(k + 1)

_ ek + D@k -1) 2k + 1) x 2(k + 1) by (ii)

k(k + 1)(4k — 1) + 6(2k + 1)(k + 1)
3
_ (ke + 1){4k? — k + 12k + 6

(k + 1){4k? + 8k + 3k + 6}
3
_ (k+1){4k* + 8k + 3k + 6}

_ (e + 1){4k(k +2) +3(k +2))

=(k+1)(k+2)(4k+3):RHS

= (i)istrue forn =k +1,C — 2 is satisfied. Hence (i)is true for all integral n.

Question #11.

Provethat |+ st axa T T o =1 7o
Solution. Suppose that
1 1 1 1 1
Sigt s texat " tamen - LT nrd
Putn=1
1 1 1 1
Sigz=1-323=3

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k




Chapter 8 Class 1t year https://newsongoogle.com/

1 1 1 1 1

S(k):l><2+2><3+3><4+m+k(k+1)_1_k+1_)

)

The Statementforn =k + 1 belcomes 1 1 1 1

Al s R TV R T e yTang ) Sy e g

1 1 1 1
-1 _—
= + + +

1x2 2x3T3xat " T P2y TTh42

. 1 . L
Adding Doz On both sides of equation (i), we have

1x2 2x3 3xat " Tk T D+ ke r DK+ 2)
1x2 2x3T3xa T T s nk+2) T ke 1 T s )
1 1 1 1 1 k+2-1
1x2 2x3 3x4 (k+ 1)k +2) k+1 (k+2)
1
Z ax2toxataxat™ Tt ke TTksilpsn)
1

Z axz2toex3Taxat " Tt k+2) 1Tke2

Thus S(k + 1) is true if S(k) is true, So condition I1 is satisfied and S(n) is true for all positive integer n.
Question # 12.

1x373x5 5x7" T 2n-nEn+1) " 2n+1
Solution. Suppose that

S(n): +

1x373x5 5x7 7 " Y 2n— D+ 1) T 2041

Putn=1

SMiyigs 241 3 3
= =

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k

SW:y 3t gxsTsxr k- nEk+1) _2k41 D

The Statement forn = k + 1 becomes

S(k“)dx3+3><5+5><7+"'+(2(k+1)—1)(2(k+1)+1)_2(k+1)+1
1 1 1 1 k+1
1x3 3x5 5x7 Rk+1D)(2k+3) 2k+3
Adding (2k+1)(2K+3) on both sides of equation (i), we have

1><3+3><5+5><7+m+(2k—1)(2k+1)+(2k+1)(2k+3)_2k+1+(2k+1)(2k+3)

1
1x3+3x5+5x7+"'+(2k+1 2k+3)=2k+1[k+(2k+3)]
1 1 1 1 1 2k?+3k+1
1x3 3%x5 5x7 Qk+1)Q2k+3) 2k+1 2k +3)
1 1 1 1 1 2k +2k+k+1

S Ix373x5 5x7 "t ks DRk+3)  Zk+ 1t 2k £3)




1 1 1 1 1 2k(k+1)+1(k+1)

® Ix3 3x5 sx7 T Tt 2k D2k+3)  Zk+ 1 2k +3)
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1 1 1 1 1 Rk+ 1)k +1)
S xataxstsxy T TRk D@k +3) 2kt 1 @2k +3)
1 1 1 1 k+ 1)
=

ix313x5 5x7 " TRk D@k +3) 2k+3)
Thus S(k + 1) is true if S(k) is true, So condition I] is satisfied and S(n) is true for all positive integer n.

Question # 13.
1 1 1 1 n

2x5+5x8+8x11+"'+(3n—1)(3n+2):2(3n+2)

Solution. Suppose that

Sy s sxg T ex11 T T T Br-1)GBn+2)  203n+2)

Putn=1

S(l):2x5=2(3+2):>10_10

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k

S(k):

1
2><5+5><8+8><11+"'+(3k—1 3k+2) 23k +2)

Forn = k + 1 then staement is

S(k+1).2X5+5x8+8x11+"'+(3(k+1)—1)(3(k+1)+2)=2(3(k+1)+2)

1 1 1 1 k+1

2x5 5x8 8x11 Bk+3-1)Bk+3+2) 2Bk+3+2)
1 1 1 1 k+1

2x5 5x8 8x11 Bk +2)(3k+5) 23k +5)

adding both sides (3k + 2)(3k + 5) in (i)

2><5+5x8+8x11+"'+(3k—1)(3k+2)+(3k+2)(3k+5)

k 1 1 k 1
2B3k—-2) (@Bk+2)Bk+5) @Bk+2)2 3k+5
k  3k*+5k+2 1 3k*+3k+2k+2
3k+2 203k+5) Bk +2) 23k +5)
1 3k(k+1)+2(k+1) (k+1)Bk+2) k+1
Bk +2) 2(3k +5) 2Bk +2)(3k+5) 2(3k+5)
Thus S(k + 1) is true if S(k) is true, So condition I1 is satisfied and S(n) is true for all positive integer n.

Question # 14.

rd-r
r+ri+r34 ot = ( )

Solution. Suppose that

r(l—rt

S(n):T+T2+r3+...+rn= ( )

Putn=1
r(1—r)
S)ir=———==r=r
1—1r
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
r(l—rk
Sk):r+12 473 4o gk = %_} o
-r

The Statementforn = k + 1 becomes
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k
r(l—r *1
S+ 1):r +72 +73 + ookl = %_rl
Adding r**1 on both sides of equation (i), we have
k
r+r24rd 44k 4 rktl _rA =T L ke

r
r kT ket k2

rHri4rd4 gkt =
1-r

K+
r—r 2

=> r+ri4rd4e il =

r
r(1—r *1
> r+r2+rd4eprktl = ( )

Thus S(k + 1) is true if S(k) is true, So condition 1 is satisfied and S(n) is trrue for all positive integer n.
Question # 15.

at+(a+d)+(a+2d)+-+[a+(n—1)d] =
Solution. Suppose that

9 [2a + (n— 1)d]

Snya+(@a+d)+(@a+2d)++[a+(n—1)d] =, [2a+ (n—1)d]

5l
Putn=1

S(D:a 2[2a+( -1)] a a

= 1 d > =
Thus condition [ is satisfied.

Now Suppose that S(n) is true forn = k

S(k):a+(a+d)+(a+2d)+---+[a+(k—1)d]=k[2a+(k—1)d]—>(i)

The Statementforn = k + 1 becomes

S(k+1):a+(a+d)+(a+2d)+---+[a+(k+1—1)d]=k+1[2a+(k+1—1)d]

k+1
a+(@a+d)+(a+2d)++[a+kd] = [2a + kd]
Adding [a + kd] on both sides of equation (i), we have

a+(a+d)+(a+2d)+~-+[a+(k—1)d]+[a+kd]=k[2a+(k—1)d]+[a+kd]
a+(a+d)+(a+2d)+~-+[a+kd]=1[2ka+k(k—1)d+a+kd]
= a+(a+d)+(a+2d)+~-+[a+kd]=2[2ka+k2d—kd+2a+2kd]
= a+(a+d)+(a+2d)+---+[a+kd]=2[2ka+k2d+2a+kd]

N a+(a+d)+(a+2d)+---+[a+kd]=1[k(2a+kd)+1(2a+kd)]

= a+(a+d)+(a+2d)+~-+[a+kd]=1[(2a+kd)(k+1)]

(k+1)
> a+(a+d) +(@a+2d)++[a+kd] = [(2a + kd)]

Thus S(k + 1) is true if S(k) is true, So condition II is satisfied and S(n) is true for all positive integer n.
Question # 16.
1-1'+2-214+3-3!'+-+n-nl=mn+1) -1
Solution. Suppose that
Sn:1-1'+2-21+3-3!'+-+n-nl=mn+1!-1
Putn=1
SM:1-1'=A+DI=-1>1=21-1>1=2-1=>1=1
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
Stk):1-11+2-21+3-31++k-kl=C*k+D!'—1————(i)
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The Statementforn = k + 1 becomes
Sk+1:1-1142-21 43314+ +(k+D)-(k+D!'=C*k+1+1D! -1

1-114+2-2143-314++k+D-(k+D!'=(k+2)-1
Adding(k + 1) - (k + 1)! on both sides of equation (i), we have
1-U+2-214+3-314++k-kl+k+D)-k+D!'=Ck+DI=14+k+1D) - (k+1)!
= 1-14+2-214+3-3l14++k+D)-k+D!I'=Gk+D)!A+k+1) -1
=>1-14+2-214+3-314++k+D)-k+D!'=C+D!(k+2)—-1
= 1-U+2-2143-314++(k+D-(k+D!'=(k+2)-1
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.
Question # 17.
a,=a,+n-1)d When ay,a, +d,a, + 2d,...forman A. P.
Solution. Suppose that
S(n):a, =a; +(n—1)d
Putn=1
SMa;=a1+(1-1Dd>a, =a;
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
Sk)ap=a1+(k—1)d————-(i)
The Statement forn = k + 1 becomes
Stk+D:agy1=a1+(k+1-1)d
ap+1 = a1 + kd
Adding d on both sides of equation (i), we have
ag+d=a;+(k—-1d+d
= ak+1=a1+(k—1+1)d
= a1 =aq + (k)d
Thus S(k + 1) is true if S(k) is true, So condition I1 is satisfied and S(n) is true for all positive integer n.
Question # 18.
a, = a;r"1 When ay,a;1,a,7%, ... form an G.P.
Solution. Suppose that
S(n):a, = a;r™ !
Putn=1
SM:ay=air! ' a1, =4
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):a, = a1 - (i)
The Statement forn = k + 1 becomes
S(k + 1) Ar+1 = alrk+1_1
Qg1 = agrk
Multiplying r on both sides of equation (i), we have
a,r = aqr
= api = T

k—17,.

k-1 1
+

= Ar+1 = alrk
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.
Question # 19.

n(4n? -1
12+ 32 +52 + .-+ (2n—1)? _n(@n . )
Solution. Suppose that
n(4n? —1
S(n):12 4+ 324524+ .-+ (2n—-1)?% = ( . )

Putn=1

1(4-12-1 3
Q:}ll

S():11 = =—_=1=
@Y 3 3
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Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
k(4k? — 1
S(k):12 +32 4+ 52 + -+ (2k — 1)2 = %

The Statementforn = k + 1 becomes

=

_k+D@E+D -1
B 3
Tk + D@EEE+ 2k +1) - 1)

S(k+1):12+3%2+52 4+ 2k +1) — 1)?
+ + + +  +2-

12 32 52 .. (2 1)?
+ + + + + =
k+1)(4k*?+8k+4—1
12 32 52 ... 2k 1) ( ) )
+ + + + =
k+1)(4k* +8k + 3
12 32452 .. (2k 1)? (e 10 )
+ ,+5 + =
2 4k3 4 8k?% + 3k + 4k? + 8k + 3

12 3 24 (2k+1)?

3 2
12+32+52+...+(2k+1)z:4k + 12k + 11k + 3

Multiplying (2k + 1)? on both sides of equation (i), we have

k(4k* -1
12432452+ -+ 2k—1)?+ (2k+ 1)* = ( )+(2k+1)2

k(4k?* — 1) + 32k + 1)?
= 12+32+5%+ -+ 2k+1)2 = ( )+3( )

+ o+ o+ + =

4k3 — 4k% + 4k + 1
L1232 52 gk 1) k3 —k+304k*>+4k+1)

4k3 — k + 12k? + 12k + 3
= 12+32+52+-+(2k+1)2= * e

4k3 + 12k%* + 11k + 3
= 12432452+ -+ (2k+1)? =

Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer n.
Question # 20.

n+2)=(n+3)

P+ +(Q++(
Solution. Suppose that
S+ QY+ O +-+PFH =T
Putn=1
s:A=TH=sAH=hH=1=1
Thus condition I is satisfied.
Now Suppose that S(n) is true forn = k
+
S P+ +-+ETH=ETH S
The Statement forn = k + 1 becomes
SCk+1): () + () + )+ 0+ )=
(D+Q+Or++EPH=(h

k+1+2 k+1+3

)

Multiplying (k ; 3) on both sides of equation (i), we have
3 4 5 k+2 k+3y _ k+3 k+3
G @r Qe (DD = H+ (50
. n n _n+
since (D +(. "D =C"TH

3 4
= Q@ Q+-+*EH =it h




k+4
T4y

k+3
3) (4

5> (P+Q+ Q-+ 13 =
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Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer
Question # 21.
Prove by Mathematical INDUCTION that for all positive integral values of n.
(). n?+ nisdivisible by 2
Solution. Suppose that
S(m):n?+n
Putn =1
S(1):12+1=2
Clearly S(1) Is divisible by 2 .Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):k*+k
Then there exit a quotient Q Such that
k? +k =20Q
The Statement forn = k + 1 becomes
Stk+1):(k+1)?+ (k+1)
=k?+2k+1+k+1
=k?+k+2+2k
=2Q+2(1+k)
=2[Q+ (1 + k)]
Clearly S(k + 1) is divisible by 2
Thus S(k + 1) is true if S(k) is true, So condition II is satisfied and S(n) is true for all positive integers.
ii) 5" — 2™ is divisible by 3
solution:
5™ — 2n is divisible by 3 — (i)
5n—2n=5l-21=5-2=3
Which is divisible by 3 C — 1 is satisfied. suppose (i)is true fonn =ki.e;
5k — 2k is divisible by 3
= 5k -2k =30 - (i)
We shall prove that (i) is true forn=k+1 i.e
5k+1 — 2k+1 s divisible by 3
Now
5k+1 — 2k+1 s divisible by 3
Now
5k+1 _ 2k+1 — 5k_ 51 _ 2k_ 21
5%¢(3 +2) —2k.2
= 3.5k 4 2.5k — 2.2k
= 3.5k + 2.5k — 2.2k
= 3.5% + 2(5% — 2k)
3.5% + 2(3Q) by (ii)
=3(5k+2Q)
Which is clearly divisible by 3 C — 2 is satisfied. Hence (i) is satisfied for all integers n.
(iii) 5™ — 1 is divisible by 4
Solution:
5" — 1 isdivisible by 4 — (i)
forn=1
5" —1=5'—1=5—1=4whichis divisible by 4.
C — lis satisfied.
Suppose (i)is true forn=ki.e
5k — 1 = 4Q - (ii)
we shall prove that (i)is true forn =k + 1i.e;
5kl —1=5k51—1
=5K4+1)-1
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4.5% + 15+ -1

4.5% + (5 — 1)

4.5% + 4Q by (i)

4(56k + Q)
Which is clearly divisible by 4.
C — 2 is satisfied, Hence (i)is true for all + ve integers n.
(iv) 8 x 10" — 2 isdivisible by 6
Solution:
8 x 10™ — 2 is divisible by 6 — (i)
For n=1
8x10"—-2=8x101-2=80-2=78=6x13
Which is divisible by 6 C — 1 is satisfed.
Suppose (i) istrueforn =k + 1 i.e;
8 x 1041 — 2 is divisible by 6
Now
8 x 101 —2 =8 x 10k -2
=80 x 10k -2
= (72 +8) x 10k -2
=6x12x 10+ 6Q by (ii)
= 6{12 x 10* + Q}

Which is clearly divisible by 6. C — 2 is satisfied . Hence (i) is true for all +ve integers n.
(v) n® —n isdivisible by 6
Solution:

3

n° —n is divisible by 6 — (i)

For n=1
n-n=1)3-1=1-1=0
Which is divisible by 6, C — 1 is satisfied. Suppose (i) istrue forn=k i.e
k3 — k is divisible by 6
= k3 —k =60Q - (ii)
We shall prove that (i) is true for n=k+1
(k + 1)3 — (k + 1) is divisible by 6
Now
(k+1)3—(k+1)=k3+1+3k*+3k—k—-1
= (k3 —k) +3k(k + 1)
= 6Q + 3k(k + 1) by (ii)
=6Q+3(2P)~ k(k+1)isaneven
= 6Q + 6P
=6(Q+P)
Which is clearly divisible by 6.
C — 2 is satisfied. Hence (i)is true for all integers n.
Question # 22,

+ + 4 = (1_

3 32 3n 2 )

31’1
Solution. Suppose that

S(M): g+ gyt ot gy = 5 (1= 5)

Putn=1

w| =
w]|

Sis=s(1-3) 2= =
'3 27 3 "3 273
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k

sl 1 1 1, 1 _
(f)gt+gzttggp=50-30 >0
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The Statement forn = k + 1 becomes

1 1 1 1 1
Multiplying?}Tr on both sides of equation (i), we have
1,1 1 1 _1 1 1
ctpt ot mtar =0 f g
= 1+i+ + 1 —1(1_i)+#
3 32 3 172 3k’ 7 3.3k

= 3+32+"'+3k+1=2(1_3k+3.3k)

1

= 31+32+'"+3 15,073 30

= +32+“'+3k+1: (1_3k+1)
3 1

1
= + 32 Tt 3k+1 = 9 3k+1
Thus S(k + 1) is true if S(k) is true, So condition 1 is satisfied and S(n) is true for all positive integer values of n.
Question # 23.

- l.nn+1
12-22 432 4%+ +(-D" 1. n? - ( )

Solution. Suppose that
— + _ + —
" -D"l.nn+1
Sm1? 22 3 4. (1) tepz=C DT mOHD
Putn=1

5(1):1:(_1)0'1(1+1)=>1=2=>1=1

Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k

—D* 1 k(k+1
S(k):1%2 =22 432 — 424 +(—1k"1 . 2 _D ( ) ___

The Statementforn = k + 1 becomes

-

k —
Sk +1):12 =224+ 32— 42 4 ... 4 (—1)kH? 1-(k+1)2=(_1) P e D0+ 14D

12 -2, +32 — 424, +(—1K - (k + 1)% = (=D e+ Dk +2)

Multiplying(—1)* - (k + 1)? on both sides of equation (i), we have
_1)k-1.
1222, 32 — 424 +(—D)F 1 k2 + (—D)F - (k+ 1)2 = TV FED Lk (k4 1)2

_1)k-1.
= 12—22+32—42+...+(—1)k-(k+1)2=( b (k+1(k—2(k+1))
)
_1)k-1.
= 12—22+32—42+...+(—1)k-(k+1)2:( D (k+1)(k—2k—2)
_1)k-1.
= 12—22+32—42+...+(—1)k-(k+1)2=( D (k+1)(—k—2)

—1k .

Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.
Question # 24.
13+33+53+...+2n-1)2 =n?22n*-1)
Solution. Suppose that
S(m):13+33+53+...+(2n—1)3 =n?(2n? - 1)
E4r4r55gcf4rd66f65rrdrotg5rif8]
S(1):13=12-2-1?-1)=1=2-1)=>1=1
Thus condition [ is satisfied.
Now Suppose that S(n) js true forn = k
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S(k): 13+ 334+ 53+...+Qk - 13 =k2Q2k? - 1) — — — —(0)
The Statement forn = k + 1 becomes
Stk+1):13+33+53+... +Q*k+1) - 13 =(k+1D?QK+1?-1)
B+3,+5%+..+Qk+2-1)3 = (k* + 2k + DQK*+ 2k +1) — 1)
1343, +5%+...+Q2k +1)3 = (k* + 2k + 1)(2k* + 4k + 2 — 1)
B+3,+53+...+Qk+1)3 = (k* + 2k + 1)(2k?* + 4k + 1)
13 +33+53+... 4k + 1)3 = 2k* + 4k3 + k? + 4k3 + 8k? + 2k + 2k? + 4k + 1
13+334+53+...+Qk+ 1)3 = 2k* +8k3 + 11k? + 6k + 1
Multiplying(2k + 1)3 on both sides of equation (i), we have
13+334+53+... +Qk— 13+ 2k + 1)3 = k2(2k? - 1) + 2k + 1)3
= 1,+334+53 4+ + 2k +1)3 = 2k* — k? + 8k + 1 + 12k* + 6k
= 13433453+ +k+1)3=2k*+8k3+11k?> + 6k + 1
Thus S(k + 1) is true if S(k) is true, So condition 1 is satisfied and S(n) is true for all positive integer values of n.
Question # 25.
x + 1is the factor of x** —1;x # —1
Solution. Suppose that
Sn):x*" —1
Putn=1
S(:x?—1=(@x+D(x—-1)
Clearly (x + 1) is the factor of S(1).Thus condition I is satisfied.
Now Suppose that S(n) is true forn = k
S(k):x** -1
Then there exist Quotient Q such that
x* —1=(x+1DQ - ()
The Statement forn = k + 1 becomes
Sk + 1):x20+D) — 1
— y20+1) _q
Adding and Subtracting x 2
— x2kH+2 _ 42k 4 42k _q
=x?*x? -1+ (x+1)Q using (i)
=x?k(x+ D -1+ (x +1)Q
=(x+1DE*xE-1)+0Q)
Clearly (x + 1) is the factor of S(k + 1).
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.
Question # 26.
x —yisthe factorof x" —y ;x *y
Solution. Suppose that
S(n):x™ —ym
Putn=1
S:xt—yl=x—y
Clearly (x — y) is the factor of S(1).Thus condition I is satisfied.
Now Suppose that S(n) is true forn = k
S(k): xk — yk
Then there exist Quotient Q such that
K —yk=(x-»Q-—®
The Statement forn = k + 1 becomes
S(k + 1): xk+1 — yk+1
= xk+l _ yk+1

Adding and Subtracting xy*
= xkH1 — yk 4 xyk — kel
= x(x* =y +y* (x~)
=x(x —y)Q +y*(x - y) using (i)
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= (x = »Q +y)
Clearly (x — y) is the factor of S(k + 1).
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.
Question # 27.
x + yisthe factorof x** 1 + y?" Lx £y
Solution.
x +yisa factor of x*" 1 +y? 1 5 (i)  (x # —y)
Forn=1
x2n=1 4 y2n=1 = y2(D) 14 y2(1)—1 =x+y
Clearly x + y is a factorof x + y
C — lis satisfied.Suppose (i) istrue forn=k i.e
x + 7y isa factor of x?"71 4 y2n-1
= 22714yl = (x +)Q - (i)
We shall prove that (i) is true
forn=k+1
x +yisa factor of x*"1 4 y2n-1
x2n=1 4 2=l = 3 20k+1)-1 4 y20k+1)-1
= y2k+2-1 4 y2k—1+2

— x2k-1 2k-1

y2
X2+ x2y — x2y2k=1 } y2k=1 ;2
— XZ(XZk_l + ka—l) _ ka—l(XZ _ yZ)
= x2Q(x +y) — y* 1 (x* — y?) by (ii)
= (x +Y){x2Q — y* 1 (x — y)}
(x + y)is a factor of x?k+1)-1
C — 2 is satisfied of x>(+D=1 4 y2(k+1) 1
C — 2 is satisfied. Hence (i)is true for all + ve integers n.
Question # 28. Use mathematical induction to show that

1+2+2%2+..42n=2n+1_1

xZ+y

— x2k—1 2k-1

for all non-negative integers n.
Solution.
Suppose that
S(n):1+2+22+4 .- 42n =211
Putn=1
S(1):1=2""-1=21=2-1=>1=1
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):14+2+22 4 42k=2k1_1_—— ()
The Statement forn = k + 1 becomes
Stk+1):1 4242, 4+ 421 =201 11
SCk+1):1+2+22+ 4 2kF1 = 2k+2 1
Adding 2%*1 in both sides of (i)
142422+ 4 2k 4 2kt = okl _ 1 4 pktl
14242242k =2k (1 +1) -1
1+2+22 4. 42k =2k (2) —1
1+42+22 4 42k = k141 _q
142 +2% 442k =2k#2 1
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.
Question # 29. If A and B are square matrices and, AB = BA then show by mathematical induction that AB™ = B"A
for any positive integer.
Solution. Suppose that
S(n):AB™ = B"A
Putn=1
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S(1):AB' = B'A = AB = BA
S(1)is true as we have given AB = BA.Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):AB¥ = B¥A—— (i)
The Statement forn = k + 1 becomes
S(k + 1): ABk+1 = Bk+14
Post-multiplying (i) by B
(AB¥)B = (B¥A)B
A(B¥B) = B*(AB) By Associative Law
A(B**1) = B¥(BA)  Given AB = BA
A(B**1) = (B¥B)A By Associative Law
ABkt1 = Bk+1y4
Thus S(k + 1) is true if S(k) is true, So condition I1 is satisfied and S(n) is true for all positive integer values of n.
Question # 30. Prove by Principle of mathematical induction that n? — 1 is divisible by 8 when n is and odd
positive integer.
Solution. Suppose that
S(n):n® -1
Putn=1
S(1):12-1=0
Clearly it is divisible by 8.Thus condition I is satisfied.
Now Suppose that S(n) is true forn = k
S(k):k?—1
Then there exist Quotient Q such that
k?—1=8Q—- (i)
The Statement forn = k + 2 becomes
Stk+2):(k+2)*-1
=k?+4k+4-1
=k?-1+4k+4
=8Q +4(k+1) wusing (i)
Since k is an odd number then k 4+ 1 is an even number then there exist an integer P such that
K+1=2P
Then
= 8Q + 4(2P)
=8Q + 8P
=8(Q+P)
Thus S(k + 1) is true if S(k) is true, So condition /1 is satisfied and S(n) is true for all positive integer values of n.
Question # 31 Use the principle of mathematical induction to prove that In x™ = n Inx for any integral n > 0 if x
is a positive number.
Solution. Suppose that
S(n):Inx™ =nlnx
Putn=1
S(D:Inx' = 1inx = Inx = Inx
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):Inx* =k Inx — (i)
The Statement forn = k + 1 becomes
Stk + 1):Inxk1 = (k + 1) Inx
Now adding [nx on both sides of (i)
Inx* + Inx = k Inx + Inx
Inx**! = (k + 1)Inx
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.
Question #32.n! > 2™ — 1 for integral values of n = 4.
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Solution. Suppose that
Sny:n!>2"-1
Putn=1
S(1):4!'>2*—-1=24>16—-1 =24 > 15
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
S(k):k! > 2% —1- (i)

The Statement forn = k + 1 becomes

Stk+1):(k+ 1) >2k1 -1
Multiplying both sides of (i) by k + 1

kl'(k+1)> QK- (k+1)

Kl(k+1)>RK-1D(k-1+2)

(k+ 1)! > 2Kk — 2k — g + 2kF1 —1
(k+ 1) > 2k —1
Thus S(k + 1) is true if S(k) is true, So condition 1 is satisfied and S(n) is true for all positive integer values of n.
Question #33 n? >n+ 3 for integral valves of n > 3

Solution:
n?>n+3 vn=3-(>)
forn=73
(3)2>3+3=29>6
= (i) istrue forn=3, C—1
Is satisfied.

Suppose (i) is trueforn =k i.e
k2>k+3 V k>3- (i)
We shall prove that (i) is true
Forn=k+1 i.e
(k+1)?2>k+1)+3
>k+1)2>k+4
Now adding 2k + 1 both sides of (ii)
2k +1+k?>>2k+1+k+3
=>(k+1)?2>k+4+2k
>k +1)2>k+44+2k
>k+1)2>k+4 as 2k>0
= (i)istrue forn=k+1 C— 2 issatisfied.Hence (i)is true foralln =3
Question #34 4" > 3" + 2" 1 forintegarl valves of n > 2

Solution:
4" > 3" 421 v n>2 - (i)
Forn =2
42 > 3% 42271
=216>9+4+2
=16 > 11
= (i)istrue forn=2 ,C —1 issatisfied.Suppose (i)is true forn =ki.e
k™ > 3m 4 2k-1 vk > 2 - (ii)

We shall prove that (i) istrueforn =k +1 i.e
gk+1 5 gk+1-1

= 4k+1 > 3k+1 + Zk
Now x (ii) by 4
4.4% > 4(3k 4 2k-1)
4R+ > 4,3k 4 4, 2k-1
= 4kt > 4 3k 4 k-1
= 451 > (3 +1).3K + (2 +2).2k1
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= 4k+1 > 3.3k 4 3k 4 2.2k"1 4 2, 2k1
= 4k+1 > 3k+1 + 3k + 2k—1+1 + 2k—1+1
= 4k+1 > 3k+1 4 3k 4 ok 4 2k
= 4+l > 3k+1 4 (3k 4 2ky 4 2k
= 4#+1 > 3k+l 4 ok As 3 +2Kk>0 vk =2
= (i)istrue forn=k+1 ,C — 2 is satisfied. Hence (i)is true for alln = 2
Question#35 3™ <n! forintehralvalvesofn>6
Solution:
3"<n! Yn>6 - (i)
Forn =7
37> 7! = 2187 < 5040
= (i)istrue forn=7 ,C — 1is satisfied Suppose (i)is true forn =ki.e;
3k < k! Vk > 6 - (ii)
We shall prove that (i) istrue forn=k+1 i.e
341 < (k4 1)!
Now X (i) by 3 we get
33k <3k!  As3<k+1 Vk>6
= 3k < (k + k!
= 3k < (k + 1)!
= (i)istrueforn =k +1 ,C — 2 is satisfied. Hence (i) is true foralln > 6
Question #36 n! > n? for integarlvalves of n > 4

Solution:
n!l>n? vn=4- (i)
Forn =4
4! > (4)?
= 24> 16

= (i)is true forn =4 ,C — 1is satisfied. Suppose (i)is true forn =k i.e

Forn=k i.e

k!'>k? V k>4 - (ii)
We shall prove that (i) istrueforn=k+ 1li.e;

(k+1)!> (k+1)>?
Now X (ii) by (k+ 1) we get
(k+1D)!'>k!'(k+ 1)k?
= (k+1D!'>k+1D(k+1) Ask?>k+1 \fork=4

= (k+1)! > (k+1)?

= (i)is true forn=k +1 ,C — 2 is satisfied. Hence (i) is true for all integralof n > 1 — 1

Question#37. 3+ 5+ 7+ -+ (2n+5) = (n + 2)(n + 4) for integral values of n > —1.
Solution. Suppose that
SM):3+5+7++(2n+5=n+2)(n+4)
Putn=-1
S():3=(-14+2)(-1+4)=3=(1)B)=3=3.
Thus condition [ is satisfied.
Now Suppose that S(n) is true forn = k
Sk):3+5+7+ 4+ R2k+5)=(k+2)(k+4)———-()
The Statement forn = k + 1 becomes
Stk+1):34+54+7++QRK+D+5=(Kk+1+2)(k+1+4)
34547+ 4+2k+24+5=((k+3)(k+5)
34547+ 4+R2k+7)=(k+3)(k+5)

Multiplying both sides of (i) by (2k + 7)
34547+ 4+ 2k+5)+Rk+7)=((k+2)(k+4)+ 2k+7)
345+7+ -+ Rk+7)=k?®+2k+4k+8+2k+7
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3+54+7+-+2k+7)=k*>+8k+15
3+5+7++ Rk+7)=k?+5k+3k+15
3+5+7++QRk+7)=k(k+5)+3(k+5)
34+5+7++R2k+7)=((k+5(k+3)
Thus S(k + 1) is true if S(k) is true, So condition I is satisfied and S(n) is true for all positive integer values of n.

Question # 38. 1 + nx < (1 + x)™ for integral values of n > —1.
Solution. Suppose that
S)y:l+nx < (1+x)"
Putn =2
S2):1+4+2x<(1+x)?>=>1+2x <1+ 2x +x2.
Thus condition I is satisfied.
Now Suppose that S(n) is true forn = k
S():1+kx < (1 +x)k———(i)
The Statement forn = k 4+ 1 becomes
Stk+1):1+ (k+ Dx < (1 +x)k*1

Multiplying both sides of (i) by (1 + x)
1+k)(1+x) <1+ 1 +x)
14 x +kx + kx? < (1 + x)k*1
14 (k+1Dx < (14 x)k+!
Thus S(k + 1) is true if S(k) is true, So condition /] is satisfied and S(n) is true for all positive integer values of n.

“Binomial theorem “

Statement:
let @ and "x " be two real numbersand "n" be anatural numbers then
(at0)"=(g)a*+(Pax" + (a2 xr+ -+ (. _ 1) an= =1 xr-1 4 (.)amrx’ +

n-1 n
+(n_1)ax +(n)x
Proof:
We prove that it by mathematical induction method consider

(a+x)"=(gla*+(Parxm + (D amx + o+ (L _Dam T+ () an T +

+(,_ Pax™ () x" - ()

Forn=1
@+t =Ma+ (et
>a+x=1la+1.a% (1)=(1)=1 a® =1
>a+x=a+x

= (i) istrue forn=1 C —1 issatisfied.
Suppose (i) istrue forn=ki.e

(a+x)% = ak+ (O aktukt+ Gyakat 4t (K a0 ko 4
+( F a4 ks G
We shall prove that (i) istrueforn =k + 1
For this multiplying eq.(2) by (a + x) we get
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(a+x)(a+ x)k
N NPT R B N k k—(r=1) ,r—1
=(a+x)[(0)a +(1)a x +(2)a X +---+(r_1)a = X"

n =T AT k - k
+(r)ak x +---+(k_1)axk 1+(k)xk]

=>(@+x)kl =a [(g) ak + (llc) ak=1xk=1 4 (g) ak=2x2 4 . + C. f D ak=(r=1 -1 4 (:) ak=rx"
k-1 k
+ +(k_1)ax +(k)x]
+x [()) ak + () ak=lxk=1 4 () ak=2x% 4 . + C_p ak= =D =l + () akTam
k-1 k
+(,_ paxt+ ()]
(a + x)k+1 = (0) akt1 + (1 ) akxl + (2) ak—1x2 4+ o+ (7- 3 1) ak—r+2,r-1 + (r) ak—r+1xr+_ +

(k B 1) axk-1 4 (k) axk
+ (0) akxl + (1) ak=-1x2 4 (2 )ak=2x3 + - + (r 3 1) ak-r+lxr 4 (r) ak=rxmtl 4. 4 (k B 1) axk
(k) xk+1

As we know that
M=1H=1¢h=1sBH=¢"hH
D+G_p=CTh=s®d+O=E"h.d+dH="H
D+ _p=C Haad+(_p=0 "
=1=>"=1aso *hH=1 ="

Putting valves we have
k + 1) akxl + (k +1 Y@k 1x? 4 e 4 (k +1 Y @k 4 e

)
)

(a + x)k+1 — (k ) 1) ak+1 + (

k+1
G 10%

(a + x)k+1 — (k ) 1) ak+1 + (k +1 ) ak+1—1x1 + (k + 1) ak+1—2x2 4ot (k + 1) ak+1—rxr + ..

+ ( )xk+1

k+1

= (l)istrue forn =k + 1,C — 2 is satisfied
Hence (1)is true for all natural numbersn
Binomial Expression:
A polynomial consisting of two terms is called Binomial or Binomial expression
e.g;x—2y,a+b,3x+5y e.t.c
O The expression of (a + b)"for small valves of n can be obtained by direct calculation such as
(a+b) =a+b
(a+ b)? = a? + 2ab + b?
(a+ b)3 — a3 + 3a%b + 3ab? + b3
(a + b)* = a* + 4a3b + 6a?b? + 4ab3 + b*
here
(i) Right sides of these equations are called Binomial expansion.
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(ii)The exponents 1,2,3,4 are called indices (plural of index)to expand any binomial
Expansion for higher valves of n. we uses of expansion named as Binomial theorem.

Remember:
i Inthe expansion of (a + x)™ there are n + 1 terms.
[.e one term more than the exponent)
ii The exponentof "a "decrease from n to zero. While exponent of 'x'increase fromzero ton

iii In the expansion of (a + x)™ the sum of exponents of "a"and “x” is equal to n.
iv In the expansion of (a + x)™ the term (r) a™ "x"iscalled (r + 1)thtermieT 4, = (r) amr.x’
v Itis also called general term. The successive terms can be obtained by putting r = 0,1,2,3,...,n

vi In binomial expansion the coefficients from the beginning and end are same.
ie ())=0()
vii (0) , (1) , (2) ) e (r) ) e (n) are called binomial coefficients.

The Middle term in the expansion of (a + x)™
For (a + x)"

Total number of termsisn + 1

Case I: (n is even):

If nis even, then total number of terms = n + 1(odd)

Now, middle term = "+1= 2

e.g inthe expansion of (a + x)® heren =6 (~ nis even)
Totalterms=6+1 =7
Middleterm=2+1 =3+1=4
So 4th term will be its middle terms.

Case Il (nis odd):

If nis odd, then total number of terms = n + 1(even)

Now, middle term = (n+1) and (n+3)

e.g inthe expansion of (a + x)°> heren =75 (~ nis odd)
Totalterms=5+1=6

Middle term= St _ 6 _ 3

Middle term= 3 _8 4

So 3" and 4t term will be its middle terms.
Some Deductions from the binomial expansion of (a + x)™
i  We know that

(a+x)"=(Da"+ () a*lxl + () a" " x? + (3) am3x3 4+ -+ () x" = ()

By puttinga = 1 in (i)
a+0m =+ Oxt+ O+ 34+ (Dan
nn—-1) , nn—-1mn-
T 3!
ii Bybuttinga =1 and replace x by (—x)
n( -1 , nn-Dn-2)
TR 31

2
1+x)"=1+nx+ )x3+---+x”

1-x)"=1-—nx+ x3 4 o 4 (—=1)nxn

iii To find Sum of Binomial coefficients: by puttinga = 1,x = 1 in (i)
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n n n n n
A+Dr=()+ QD+ (D + Q) ++()
2™ = sum of Binomial coefficients
iv Sum of even coefficients equals to sum of odd coefficients
(@+x0m=yar+ (Pamixt + (P ar 2l + (P arad 4+ () xn
By puttinga =1,x = —1
n n n
A-D"=O+QQEDH+HQED2+H O ED) + -+ O) (D7
= () - (D+ Q=D+ +(_ PEDT () (D=0
If n is odd positive integer
D+ +H P+ +(D=(P+ D+ (D +~+( _
We conclude that
Sum of even coefficient= Sum of odd coefficients
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Exercise 8.2
Question # 1. Using binomial theorem, expand the following:

(i). (@ + 2b)°
Solution.
(a + 2b)5 = (g) aS(2b)° + (El’) a5~1(2b) + (2) a5-2(2b)2 + (g) a5-3(2b)3 + (i) aS~*(2b)* + (55) a5-5(2b)5

(a +2b)° = (1)a® + (5)a*(2b) + (10)a3(4b?) + (10)a?(8b3) + (5)al(16b*) + (1)(32b°)

(a + 2b)° = a® + 10a*h + 40a3b? + 80a?b3 + 80ab* + b°
6

(i) (Z_xz)
Solution.
6 6 0 6—-1 1 6-2 2 6-3 3
2 =) = 524) +(4 )%) (_%C—zs) +(2)5%) (—%(_26) +(3)6%) (=,2)
F(PO ) RO () +RO ()
6 6 5 1 4 2 3 3 2 4

— 2 =) +(6)(—) (— 2 +(15)%) (=2 1O (= ) +A9)E) (= )
+(6)(—) (= 2) +M (=, )

6

2
(2 - xz) =) ca T (6) 32 (- xz) + (15) 16(—) + (20) (—8 *(— x6) + (15) ( 4 )E—) +(6) ) (—x )
+ (D)

x 2% x° 3x3 15 20 60 96 64

2 x2 64 8 4 x3 x6 x9 x12
(iii). (3a — 361)4
Solution.

4 1 2 3 4
Ba—-——=(y (Ba)* + ) (Ba)® (- 3a) +() (3a)* (- 3a) +(3) Ba) (- 3a) +() (= Ba)
2 3 4
= 1(81a*) — 4(27a®) —) + 6(9a?) (9a2) —4(3a) (27a3) + 81q4
3 4
= 81la* — 36a%x + 6x2 — 942 + 8144

(iv). (2a — a)7
Solution.

@a= = )(Za)7+( ) a)° (— 216 )(Za)5 =) TR ) + (PR (=) + ()=
+( )(Za)(——) +( )(——)
7

5 6 X 5 x 4 x3 3 x4 2 XS x6 X
= 1(128a%) - 7(64a°) () +21(320%) () —35(16a%) () +35(8a%) (p —21(4a?) 9 +7Q2a) €9 — 7

4 xS 6 7

X X X
= 128a” — 448a5x + 672a3x2 — 560ax? + 280 — — 84 —z + 14— — —
a a a a
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8
x _ 2y
v G2
Solution.

8 6 2 3

3 7 5 4
) = (PG TR C IR CHRG) C L) FED P
1

4

(

2y x
6 7 8

3 5 2 7
QG ) +HEED C D) TR ) PG )

8 7 6 2 5 3 4 2
x (32y5 x _ 64y x _ 128y7 256y8
=56( 3) )+28( ) "—8&)( )+
x8 x  7x*  14x? 22y%  448y* 512y% 256y8
256y8 8y® 4yt  y2 x2 x4 X6 x8

6
wi). vV =V)

Solution.

6 6 0 6—1 1 6-2 2
V. -V) =) &) +(PV) )+ (V) +QQE) (V)
6—4 4 6-5 5 6—6 6

FPO) ) +QE) (V) H Q) (V)

1 3

6 6 5 4 2 3
WV, V) =) +®O ) () +U5H ) (V) +2CON) (V)2
5 6

4 1
+AH W) (V) +O ) (V) + ) (-¥)

6 3 4 2 0 2 4 3
W, -V) =M -OF) +1HE) —CON) +UHE) —® V) + e

6 3 2 2 3
(V,-V) = 3-6,+15 —20+15 —6 ,+ ,
Question # 2
Calculate the following by means of binomial theorem:
(1).(0.97)3
Solution.
(0.97)3 = (1 — 0.03)3
(0.97)* = () (1) + () (D*(=0.03) + () (1)(=0.03)? + () (=0.03)*
(0.97)3 = (1)(1) + (3)(1)(=0.03) + (3)(1)(0.0009) + (1)(—0.000024)
(0.97)3 =1-10.09—0.0027 — 0.000027
(0.97)3 = 0.912673.
(ii). (2.02)*
Solution.

(2.02)* = (2 + 0.02)*
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=& @+ ¢ @002 + ) 220022 + ) 210.02)* + (D) (0.02)*
= 1(16) + 4(8)(0.02) + 6(4)(0.0004) + 4(2)(0.000008) + 1(0.00000016)
16 + 0.64 + 0.0096 + 0.000064 + 0.00000016
16.64966416

(iii).(9.98)*

Solution.
(10 — 0.02)* = () (10)* + &) (10)3(-0.02) + ) (10)%(—0.02)% + ) (10)1(=0.02)3 + ) (—0.02)*

(9.98)* = (1)(10000) + (4)(1000)(—0.02) + (6)(100)(0.0004) + (4)(1000)(—0.000008)
+(1)(0.00000016)

(9.98)* = 10000 — 80 + 0.24 — 0.00032 + 0.00000016

(9.98)* = 9920.23968

(iv). (21)°
Solution.
(21)° = (20 + 1)5
= (o) 20)° + () (20)* + () (20)*(1)* + () O)*(1)* + (Y ROM)* + () (1)°
= 1(320000) + 5(160000) + 10(8000) + 10(400) + 5(20) + 1
= 3200000 + 800000 + 80000 + 4000 + 100 + 1
= 4084101
Question # 3

Expand and simplify the following:
@0). (a + \/Zx)4 + (a — \/Zx)4
Solution.
(@+v20)' = () @'V20) + () @' V20 + () @220 + () (@ (V2x)’
+() @ V2"
(@+v20)" = a* + () (@3(20) + (6)(@2(2x) + B)(@'(V2x) + (H2x)"
(a + \/2x)4 = a* + 4V2a3x + 12a%x% + 8vV2ax3 + 4x* - (i)
Replacing v2 by —V2 in equation (i).

(a— \/Ex)4 = a* — 4V2a3x + 12a%x% — 8V2ax3 + 4x* - (ii)
Adding (i) and (ii), we have




Chapter 8 Class 15 year  https://newsongoogle.com/

(@a+v2x) "+ (@a—v2)"

= a* + 4V2a3x + 12a%x? + 8V2ax® + 4x* + a* — 4V2a%x + 12a%x? — 8V2ax3 + 4x*

(@+V20)" +(@—-V20)" = a* + 12a%x% + 4x* + a* + 12a%x% + 4x*

= 2a* + 8x* + 24a%x?
= 2{a* + 12a°*x? + 4x*}
(). 2+V3)’ + 2 -V’
Solution.
e+vD = Q@+ O @D + O @D + Q@D + H @' + Q@D
= 1(32) + 5(16)(v3) + 10(8)(3) + 10(4)(3V3) + 5(2)(9) + 1(9V3)
= (2+ \/3)5 = 32+ 80V3 + 240 + 120V3 + 90 + 9V3 - (i)
replace V3 by — V3 we get
2 =3’ = 32— 80V3 + 240 — 120V3 + 90 — 93 - (ii)
Adding (i) and (ii)
2 +v3)" + (2 —V3)" = 2{32 + 240 + 90}
= 2(362) = 724

(iii). 2 +i)°> - (2 —10)°
Solution.
2+0% =) @5+ ) @5 1D + ) @522 + O @520 + ) @5 *(D)* + ) (255()
0 1 2 3 4 5

2+0°= DB+ GO+ 10)(2)*H? + (10)(2)* D + @' O* + ()°

(2 +1)> = 32+ 80i + 80i% + 40i% + 10i* + i®> — — — (i)
Replacing i by —i in equation (i).
(2 —1i)®> =32 —80i + 80i% — 40i3 + 10i* — i®> — — — (ii)

Subtracting (i) and (ii)
(2+10)° — (2 —1i)° = 324 80i + 80i% + 40i> + 10i* + i®> — 32 + 80i — 80i% + 40i3 — 10i* + i°
(2 +0)° — (2 — i)° = 80i + 40i3 + {5 + 80i + 40i3 + i°
(2 +0)° = (2 - )° = 160i + 80i3 + 2i°
(2 +0)° — (2 —0)° = 160i — 80i + 2i
(2+D)5—(2-1)° =82i
V). (x +VEZ=T)" + (x —ViZ=T)’
Solution. (x + VX2 =1)° + (x = VX2 = 1)
Suppose that Vx2 — 1 =t

GAVZ—D) + =V —1) = (x+ 0%+ (x— )

3 3
(x+Vx2—1) +(x+Vx2—1) = (x3+3x%t+3t?x +t3) + (x3 — 3at + 3t%x — t3)
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3 3
4+ Va2 —1) + e+ Va2 —1) = x3 + 3tx2 + 3t2x + t3 + x5 — 3at + 3t2x — 3

3 3
(x+Vx2—1) +(x+Vx2—-1) =2x3+6t%x
Replace t = Vx2 — 1

GV D +(x-VZ-D) =23 +6(VaZ- D) x
(x+\/x2—1)3+(x—\/x2—1)3 =2x3 4+ 6(x% — 1)x
(x+\/x2—1)3+(x—\/x2—1)3=2x3+6x3—6x

(x+\/x2—1)3+(x—\/x2—1)3=8x3—6x

= 2x(4x?% — 3)

Question # 4
Expand the following in ascending powers of X :

(). (2 + x — x?)*
Solution. (2 + x — x2)*
Putt =2+x
2+ x—x?)*=(t—x?)*
2+x—x*)t= () O*(—x»° + D) O (=) + () O (=x*)* + () O3 (=x%)?

() O
2+x—x)"= DO+ OO (D' + (6)(O* (M) + (DO (—x®) + (D)x®
(2+x —x?)* = t* — 4t3x% + 6t2x* — 4tx® + x® - (i)
Now
th =2+ x)*
t' = () @*@° + (Y @@+ () @2W + () @@ + () @
tt=(1)(16) + (D@ + (6)(2)*()* + (H(2)' ()* + M ()*
t* =16 + 32x + 24x% + 8x3 + x*
t3=2+x)3=(2)2+3(2)%(x) +3(2)(x)* + x3
t3 =84 12x + 6x2 + x3
t2=2+x)?>=4+4x+x?

Putting all values in (i),we have
(2+x—x2)* =16 +32x + 24x? + 8x3 + x* — 4(8 + 12x + 6x% + x3)x? + 6(4 + 4x + x?)?x* — 4(2 + x)x°

+ x8
(24 x —x2)* =16 + 32x + 24x? + 8x3 + x* — 32x% — 48x3 — 24x* + x5 + 24 + 24x + 6x% — 8x° — x7 4+ x8

(2+x—x%)*=16 +32x — 8x? — 40x3 + x* + 20x°> — 2x° — 4x7 + x8B

(ii). (1 — x + x2)*

Solution.
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(1—x+x?)*
= -0+ O U-0E + ) A-02aD2 + DA -0'@? + () (1 - 0°?)*
=(1—x)*+4x%(1 —x)3 + 6x*(1 — x)® + 4x°(1 — x) + x8
1—4x 4+ 6x% —4x3 + x* + 4x?(1 — 3x + 3x% — x3) + 6x*(1 — 2x + x?) + 4x® — (4x7) + xB
1—4x + 6x% — 4x3 + x* + 4x? — 12x3 + 12x* — 4x5 + 6x* — 12x° + 6x° + 4x° — 4x7 + x8
1—4x+ (6+Dx%+ (—4—-12)x3+ (1 + 12+ 6)x* + (—4 — 12)x° + (6 + 4)x° — 4x7 + x8
1—4x + 10x% — 16x3 + 19x* — 16x° + 10x°® — 4x7 + x8

(iii).(1 — x — x?)*
Solution..

(1—x—x2)*

= (01— )+ (P Qa- x)3 (=2t + QA= x)?(=x%)* + (- 0)1(=x?)* + () (1- x)0(=x2)*
=(1-x)*—4x>(1—-x)3 + 6x*(1 — x)? — 4x°(1 — x) + «8
1—4x + 6x? —4x3 + x* — 4x?(1 — 3x + 3x% — x3) + 6x*(1 — 2x + x?) — 4x° + (4x7) + «8
1—4x + 6x% — 4x3 + x* — 4x? + 12x3 — 12x* + 4x5 + 6x* — 12x° + 6x° — 4x0 + 4x7 + x8
1—4x+(6—Dx?>+ (—4+12)x3 + (1 - 12+ 6)x* + (4 — 12)x° + (6 — 4)x° + 4x7 + x8
1—4x + 2x% + 8x3 + 5x* — 8x° + 2x° + 4x7 + x8

Question #5
Expand the following in descending powers of x :

(). (x?+x—1)3
= (o) (x?)* + D) (x*)?(x =D + ) (A (x = 1%+ (3) (x = 1)3
=x®+3x*(x—1) +3x%2(x2 +1—-2x) + (x3 =1 —3x% + 3x)
=x%+3x>— 3x* +3x* + 3x%2 — 6x3 + x3 -1 —3x? + 3x
=x®+3x°+(-3+3)x*+ (-6 + x>+ (3 -3)x*>+3x—1
=x%+3x>—-5x3+3x—1
3
@i). (x—1- x)

3
Solution. (x — 1 — x)

Suppose that t = x — 1 then

t— ) =t3— -t?+ -
( x) X x2

t— 32O
Now
t3=(x—-1)23=x3-3x2+3x—-1
t?=(x-1)?=x*>-2x-1

Putting all values in (i), we have
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13 L 3, 3
(x—l—;) =x>—3x +3x—1—;-(x —2x—1)+ﬁ-(x—1 ~ 3

13 3 3 3 1
(x—1-2) =x3-3x243x—-1-3x+6——-+-————
X X X X X

13 L 3 1
(x—l—;) =x>—3x +5_x_2_F

Question # 6
Find the term involving:

(i).x* in the expansion of (3 — 2x)’

Solution. Since
Tos1=()a""x"
Herea =3,x = —2x,n =7 so,we have
7 -
Tra1= () 37 (=2x0)"
T — 7 3 7 r -2 r
1= (DA (=2 @)
For term involving x* we must have x™ = x* > r = 4
T, = () B (-2

T, = BHBP@@
T, = 15120x*
- 13
(ii) x 72 in the expansion of (x — x_zg
Solution. Since
Ta1=(Da""x"

2

Herea =x,x = —2% ,n =13 so,we have
X

Ta=C) P72y
r

Ta=C) 0 @er?
r

T =CHE @
For term involving x =% we must have x137," = x 2 = 13 — 3r = -2
—3r=-2-13
—3r =-15
r=5
Ts = () (-2°()
T, = (1287)(=32)(x)_?
T6 = —41184x~2

9
(iii). a*in the expansion of (; —a)
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Solution.
let Ty = () a™".b"
# Trp = (1) @™
9 2 9—r
= Tri1=() %x) (—a)"

-r

9
Twu=(276) ()

for required result r =4
9-4
STa=(N20)  (-a)t

5
= 126(2)°. () a”
_ 4
>T =126(32). a
" 4032a*
T
(iv). y3 in the expansion of (x — Vy)' '

Solution.

letT .1 be the required term

T 41 = (r) a>"h"
115 11-r r
=>T 4 =C)a’'™" (—Vy)

11y 11—
T 1= )x7(=1)" y2

For put )= 3
=>r==6
11
T 1= ()M (=12
=>T =462x°(1)y3 = 44462x°y3
Question # 7

Find the coefficient of;

10
(i). x° in the expansion of (x? — 2x)

Solution. Since
T=()a""x

2

Herea = x°,x = — x,n=1050,wehave

2
T 10 2 —r 3 r
r+1 — (T ) (X )10 ( 2

Tor = (0 (020 2=y




Chapter 8 Class 15! year https://newsongoogle.com/

3
Ton = (1) (02027 (= 2y

3
Toan = () (025 (= 2y

For term involving x> we must have x%, 73" = x> 220 —3r =5
—3r=-20+5
—3r=-15
r=>5

T =)@

243
T =@252)x)° (- )

15309 .
- X

.. 15309
Hence coefficient of x° = — )

2n
(ii).x™ in the expansion of (x? — x)
Solution. Since
T = ()@

2

Herea = x“,x = - n= 2n so ,we have

T o1 =M e (= )
T = M "2 (-1

2n _
T =)™ (=1
For term involving x4™=3" we must have x** 3" = x" > 4n—-3r=n

3n = 3r

So

T 1= ™ @ (=1)"
Ta= o GO

T 4= (CD" ("

n!n!
!

Hence coefficient of x> = (—1)"

nin!’

Question # 8
10

Find 6th term in the expansion of (x? — %)

Solution. Since

n -
T = (@ "x"
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3
Herea = x2,x = —— ,n =10 ,r = 5s0,we have
2x

3
To = (gD ()75 (=5
_ 10y 25 315
To = (D) 6B (- )
T =(252)x,°(

~ 30457

15309 .
- X

Question #9
Find the term independent of x in the following expansions..

10
(i) (x— )
Solution.

Let T .1 be the required term

wT 4= (r) a™ . p"

T

10 -
=T = (a7 (=)
T = () 2y x0

10 -
=T =) (2207,
For required result put
10—-2r=0=>2r=10=r=>5
10 _
=T 1= () (=2)°x107,)
= 252(—32)x°
T = —-8064(1) = —8064
} 10
(ii). (Ve —,.,)
Solution. Since
Ti=()a"7x

Here a = Vx ,x = n = 10 so,we have

2x2 "’

T =GO T6 )
10-r r

2 (2) x—ZT'

Ta=CHw

10-r 1"
T =CHE 7T 7€)
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10 10-5r 1 r
Ln=CH0 2 &)
. 10-57 o _. 10-5r
For term independent of xwe must have x 2 = x" = —= 0
5r =10
r=2

So
2
T =YW

T =@(56)
45
T =
(iii).(1 + x2)3 (1 + x2)4

4 4
Solution. (1 +x2)3(1+ ') = (1 +x2)3 (1+x2)

4
1+x3Q xz) =x8(1+x2)3(1 +xH)*
+
4
1+x23+ xz) =x78(1 +x?)7

Since
Ti=x0()a"7ar

Herea =1,x = x?

,n=7so,we have
T =x78() (1) 7@

T = ()

For term independent of xwe must have x2" 8 =x"=2r—-8=0

2r=28
r=4
S0
T =()x°
T =35
Question # 10
Determine the middle term in the following expensions:
2 12
M- ,)
Solution
Since n = 12 ia an even so middle term is 1% = % =7

Thereforr+1=7=>r=6

1 A2
Herea ==,x = = ,n = 12 so,we have
X

n -
T = (D@ "x"
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12. 1., x?
Ter1=( 6 )%x)12 6(—7)6
6 12

Ton = O20€) &)

231

_ 6
To+1 = X

231

Thus the middle term of the given expansion is <>~ x°.

B 11
Solution

+1 1141 _

Since n = 11 ia an odd so middle term are " =6and™ =1 =

7
So for the First middle term

Here a = ,2 X ==, n= 11 so,we have

T=()am

Ta=Chentse-, )

T =hent-, )
6 5
T=CHGo (-,

6 1 5 5
T =462¢—) (- ) .©)

6 5
T =462.£) .x6(—1)5(3) x>

T _462(3)  —231(3
=>T ()x ()x

693
=>T =— x

For 7" termputr = 6
11-6 6
Ta=()0G0  (=5)
5
= 462.,5x°(=1)% 55 ¢
462 231 77

T32(3x) 48x 16x

N 1 2m+1
(iii). (2x — Z)
Solution

. . . 1 2m+1+1 3 2m+1+3
Sincen = 2m + 1ia an odd so middle term are %= m+2+ =m+1and’%= m+2+ =m+2
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So for the First middle term

1
Herea = 2x,x = —o = 2m+1,r = mso,we have

n —
T = (a7

2m+1

1
Tint1 = ( ) ()2 _m (=™

m

mEL @=L,

Tm+1 = (

T = G H L omtt_m(—qym

2m+1

Tmt1 = ( ) (2x) (=)™

m!(m+ 1 22!

=(C D™

_1\ym
T 2607 o 1)

Now for the 2" middle term

Herea = 2x,x = — x,n=2m+1,r=m+1so,wehave

2

T=()am

2m+1 o
Thy141 = ( ) (2x)2m+i=m-1(_ Zx)m+1
1
2m+1 _ mr
Trmi2 = ( ) (2x)2™m ™ (- Zx)
(2Zm+ 1)! 2m+1-m—1 "

(m+1)(2m+1-—m-—1)!

= (D™ (m + 1)t G (@0
- (_1)m+1 (m+ 1)m! (zx)_l
2m+1)! 1
m+2 (m+1)!'m! 2x
1 Cm+D)! 1
mt2 m!(m+1)! x

Important Note:
v (a+ b)3 = a®+ 3a’b + 3ab? + b3
And (b + a)? = b3 + 3ab? + 3a’b + a3
Now 3a?b = 3rd term from the end in the expension of (b + a)3
So we conclude that
Required term from the end in the expansion of (a + b)" is equal to required term from beging in the

expansion of (b + a)"
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Question # 11
Find O2n O10th term of the end in the expansion of (x =+

3n .
2x) Solution.

1
Herea=x,x = —— ,n=3n,r =2n

2x '
Number of term from the end= 2n + 1
To make it from beginning we take a = g X=X andr+1=2n+1=r=2n
As

T 1= (a7
T nsr = () (=, )" 2™

T i1 = () (= O™
T i1 = () (= M)
T i1 = () (= DT

T i1 = () (= NGO

T n _ (2n)!(3n — 2n)! (=" @®)"

D" @Bn)!
o (2n)!(n)!
Question # 12
Show that the middle term of (1 + x)27 js 135 207D gnyn.

2n+2

Solution. Since n is even so the middle term is =n+1

Herea=1,x=x,n=2n,r+1=n+1=r=n

As

T =M@
T =M

n
™ nl@2n- o

— 1
) x"

™o

2n)2n-1)(2n—-2)..5-4-3-2-1
T+ = n! (n)!
[2n)(2n—-2)(2n—4)..-4-2]2n—-1)2n—-3)(2n—=5)-..-5-3 1]

1 = n!(n)! x

X
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[ —1DMm—2)..-3-2-1]2n—-1)(2n—3)(2n—5) + .- 5-3 - 1]

n

Tr = n! (n)! x
2"l [(2n-1)(2n-3)(2n—5)-..-5-3-1]
1 = n!(n)! x
5-3:1..2n—-1
Question # 13
Show that:
P+ +(Q++( p=2""
Solution.
Consider
A+0)" = (D +(Dx+ D2+ (D3 + (Dxt+ -+~ PDx" T+ (D) x"——— (D)

Putx = 1in (i)
A+ D" =(D+ QD+ D+ + Y+ -+ _D+()

2n= (D + O+ QD+ + (D (T D+ () —— = (i)

Putx = —=1in (i)
A-1D)"=(D+QPED+HQED*+H QD EDP+H (O ED -+ G P EDTHH QO D
0=(+QDED+(DED*+ QD+ (DD + -+ (" D ED 4+ () (D"

If we consider n is even then
0=(D-P+QPD-@P++-=C"" D+

[P+ D+ (D ++WDI=[(D+ D+ () ++( P
Using it in equation (ii), we have

1

2" =[(D+ D+ D+ -+ PIFIP+HQ+ D +—+ 7 D]

M=2[(PD+HQQFE+F -+ I

IO E O R SR G
27 =[(PDHEQ+ () + -+ (]
[P+ +E++G Pl=2""

Hence Proved.

Question # 14
Show that:
n 1n 1n 1 1 1 2 g
© 3D 3@+ FR 5+ TG = S
Solution.

n 1 n 1 n 1 n 1 n 1 n
LHS=(+5(D+3(+ 7+ ++ —7()
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n! 1

n! 1
2T =1

A=)
1 1

n!
431 (n —3)!
n! 1

LHS=1+

n+1 n!
L.HS=——]

n+1

-1

1

n+1 1+E1!(n—1)!+

LHS— 1 1 1 (n+ Dn!
HS =g b oG T

302
1 (n+ Dn!
320 (n—2)!
1 (n+ n!

A3 =3y
1 (n+ Dn!
431(n —3)!
1 (n+ Dn!

1 (n+ 1n!
L.HS= n+1+

+
n+1

n+1[ 21 (n— )+

m +1)!
2l — 1!

32!(n—2)!

n +1)!
3T —2)!

n !
LHS— @ +1)

[ —3)

[n+1+

(n+ 1) (n+ 1)

LHS= 1 [n+1+
n+1

431 (n - 3)!

(n+ 1)!

1]

1
+n—+1-(n+1)]

+o 1]

+ 1]

2n+1-2) 3Tn +1-3)! 4 (n+1

L.H.S:L[(n+1)+(n+1)+(n+1)+(n+1)+(n+1

n+1 )+

LHS=_1

L.H.S =

.}1. - _1 2n+1
. . . .

Hence Proved.

—3)

m[_1+1+(n+1)+(n+1)+(n+1)+(n+1) (n+1)+ S+ (

1 n+1 n+1 n+1 n+1 n+1 n+1
n—+—r[_1+( 0) ( )+( )+( ) ( )+( )+ “+(

+o+ 1]

+(n+1]

n+1]

n+1]
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The Binomial theorem when the index "n" is a negative integer or a fraction:

when n is negative integer or a fraction, then

n-1) nn—-1)(n-
TR 3]

n 2) , _
1+x)" =1+nx+ x° + -+ oo provide |x| + -+

This is called Binomial Series.
Note:

1. In Binomial Series
FirsttermT =1

Second termT = nxx

Third Term =T ="""1 x2

Fourthterm T = " D=2 3

Similarly

General term = T ,, = "0 D727+ 4y

2. the symbols (O) () () etcare meaningless when n is negative of a fraction.

Exercise 8.3

Question No.1 Expand the following upto 4 terms, taking the valves of x such that the expansion in each case is
valid.
O A-xt?

Solution:
Y- le-ne-2
A-0)Y2=1+()(-x)+ . 31 (=x)3 + -
_ 1 i , 1.1 1.7 3 3
=1- x+ )= (O )= )x
=1—2x—8x2—16x3+~-
Note:

1
The expansion of (1 — x)z is valid if |x| < 1

i. (1+2x)7!
Solution:
(1+2x0) " =14 (=1)2x) + T2 2x0)% + TPEDED (9593 4 ...
=1—2x+4x*—8x3 + -
Note:
The expansion of (1 + 2x) Y is valid if |2x| < 1= 2|x| <1 = |x| < )
ii. (1+x)s
Solution:

hetl-ny “hHeEt-net-2
2

A+x)3=14+(-=_)x+ x% + x3 4
131 1 4 1 1 4 3
4 - — N =Na2 4 —( N =\ 43 1.
17 2, 14
=l—=x+—-x*——x>+--

3 9 81
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Note:
1

The expansion (1 + x) 3isvalidif |x] <1
1

iv. (4-3x)2
Solution:
1 3 02 1 3 3 /2
(4-3x)2 = [4(1- ;)] =200 =20-)
ez Wipe-n U
=2{1+2(—4x)+ 91 (—4x) + 3 (—4x) + 3
e N A R e RN SICIICINICHp IS
=2{l =g = g% T ygpa )
=27 Y Te T
Note:

The expansion of (4 — 3x)/? is valid if |, xI <1

3 4
= |x|<1=|x|<

(v) (8—2x)7"
Solution:
-1 -1 -1
(8—2x)-1—[8(1— x)] —8‘1(1—4x) =8(1— x)
1 1 DE2)(3) . 13
e )+( )( )( 0 + ( )(—2)( )( )+
= 2 3.
8{1+4x+16x +64x +--}
— 2 3
gttt ot T
Note:
The expansion of (8 — 2x) " is valid if f| x| <1=  |x| <1 = |x| <4
(vi) (2—3x)7?
Solution:
-2 -2 -2
2-3x)?%=[2(1- x)] —2—2(1—2x) ML)
2)(=3) 3 2)(=3)( 4 3 3
_ {1+( 2)(_ 0+ (- )( )( 0 + ( )(— )( )( )+
=1{1+3x+27x2+27x3+---}
_1,3.,27 5,27 5,
Note:
The expansion of (2 — 3x)72 is valid if |2x| <1l= 5 x| <1=|x| < 3
(viiy @07
Solution:
1-0" _ -1 -2
W— (1 —X) (1 +X)
- 1+ (=1)(—x )+(— )( 2)( %)? +(—1)(—32!)(—3) (_x)3+_“}{1+(_2)x+(—2)2(!—3)x2+( 2)( ;)( 4) 4

={1+x+x2+x3+ - Hl—-2x+3x%2 —4x3+ -}
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=1(1—-2x+3x2 —4x3+ )+ x(1—2x+3x%+ )+ x2(1 = 2x+ )+ x3(1 — ) + -
=1-2x+3x2—4x3+x—2x>+3x3+x2—-2x3+x3 + -
=1—2x+x+3x2—2x2+x2 —4x3 +3x3 —2x3 +x3 + -
=1—x+2x2—2x3+ -
Note:
The expansion of (1 — x)™! and (1 + x)™2 are valid if |x| < 1 thus expansion of (1 —x)~1(1+ x)~? is valid
if |x] <1

VI+2x
(viii) 1ex
Solution:
V14 2x
= (1+2x)2(1-x)"
- 'd-nd-2
=(1+,@e0+ (2x)? + 31 2x)3 43 x{1+(-D(=x)+ ’1 (—x)% + 31 (=x)3+-3
:{1+x+26)(—2)(4x2)+6(2)(—2)(—2)+---}{1+x+x2+x3+---}
={(l+x+x2+x3+ - Ix{1+x+x2+x3+-}
=1(1+x+x2+x3+---)+x(1+x+x2+---)—2x2(1+x+--~)+2(1+-~-)+~--
1
=1+x+x+x2+x2— x24x3+x3+ -
1 2 3
=1+2x+ 22— )x“+2x°+ -
3 2 3
=1+2x+ x“+2x°+-
Note:

1
The expansion of (1 + 2x) iswvalidif |2x| <1 =2|x|<1= |x| < 5 and the expansion of (1 — x)~! is valid if

Il <,

FY2% s valid if x| < !

Thus expansion o
1

(iX) (4+2x)2

Solution:

-1
(4 + 2x)2 _ [4(1+2x)]2 2 -0 :41 (1+1x)2 [2(1_196]

1 -1 1 -1

=2(1+2x) .2—1(1—2x) =(1+2x) (1—2x)

A CRa O’y (-1 -2)

1) 3} 1 1 .2 (=1D=2)(=3) 1 3 }
0 +22 2 Ve prene s T TPy CDEDEY

1 2(
{1+ )+ 21 - x) +

1 1 1 1 1 1 1 1
={1+ x+ O I+ OCED)EF+H -1+ x+ P+ P+

_ _ 2 3 ... 2 34 ...
—{1+4x 32x +128x + }{1+2x+4x +8x +-}

= 2 34 ... 2.y — 2
—1(1+2x+4x +8x + )+4x(1+2x+ X<+ ) 37X (1+2x)+128

14 a2 a3 w2 23 .2 .3, .3 ..
1+2x+4x +8x +4x+8x +16x 3zx 64x +128x +

11111 11 11
=1+t Dx+gtg— )P Hgt [~ T X

1+ x+332 x2 + 28 x3 +

11 23

_ w2 43
1+4x+32x +128x +

4 x3(1_|_...)_|_...
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Note:

1
The expansion (4 + 2x)z is validd if |%x| <l=> %|x| < 1= |x| <2 and the expansion of (2 — x)~!is valid if
5xl <1=3lx| <12 x| <2
(4+2x)1/?

2—xX

Thus expansion of
(x)

1
(1+x—2x?)2
solution:

is valid if [x] < 2

T e-ne-2

(x —2x2)2 + 3) (x —2x2)3 + -

[1+4 (x—2x)]2 = 1+2(x—2x2)+
=1+ ! x—x*+ 1(—) (- 1) [x% + 4x* — 4x3] + (1) (- 1) (- 3) [x3 —3x2(2x?) + 3x(2x%)? — (2x?)3 + -]

=1+2x—x2+8(x2+4x4—4x3)+16(x3—6x4+12x5—8x6)+---

_ L2 2 4 3 3_ .4 5 6.4 ...
—1+2x X 8x 2x +2x +16x 8x +4x 2x +

_ a4 2 3 _ 4 5_ .6 ..
1+2x+1( 198)x +(2+16)x +( ) 8)3; +4Ji 2x +
=1+ x— x24+—)a3+ 66— xt+ X0 — x4

— 2 3_ .4 5_ .64 ...
1+2x 8x +16x 8x +4x 2x+

=1+2x—8x2+16x3—---
Note :
The expansion of [1 + (x — 23(2)]1 is valid if |[x — 2x?| < 1
>x—-2x2<1 or —(x—-2x?)<1
>x—2x2—-1<0 or—x+2x*-1<0
—2x2+x—-1<0 or 2x2—x—-1<0
solving — 2x*+x—1=0 solving 2x*—x—1=0

—1+V(1)2 - 4(=2)(-1)

2 —_ —_ =
2(=2) or 2x“—2x+x—-1=0
-1++1-8
=>x= or 2x(x—1)+1(x—1)=0
-1+ -7 . .
=>x= 4 (rejected being complex) >x-1D2x+1)=0
1
>5x—1=02x+1=0=>x=1 ,x =—
1
The expansion of [1 + (x — 2x )]z is valid if — , < [x] <1
(xi) (1 —2x+ 3x?)2
Solution:
1 1
1 o )
[1—2x+3x%]2 = 1+£(3x2—2x)+ 21 (Bx?% —2x2) + 31 (Bx% —2x)3 + -
3 11 1 171 1 3 )
=14+5x" —x+56) (—3) (9" - 12x% + 4x%) + 26 (= ) (- P [Bx?)® = 3(3x*)(2x) +3(3xH)(26)* — (2% + -]
3 1 1

=1 +Ex2 - X —§(9x4 —12x3 + 4x2) + - (27x% — 54x° + 36x* — 8x3) + ---
143,02 94+3312+]2676275+9413+
= =Xt —x—=x"+=x>—=x‘+—x"——x > +-x*—=x+
2 8 2 2 16 8 4 2




1 27 27

Chapter 8 Class 1%t year https://newsongoogle.com/
3 9_9 4 _ =" ,5, 7" ,6
2)x2-|7-(4— g)x 3 X +16x +

=1—x+é—§1)xz+%; 27 . 27

1—x+x2+x3+-xt - x*——_ x5+
8 8 8 16

x6 + e
Note :

The expansion (1 — 2x + 3x2)% is valid if [3x% — 2x| < 1
3x2-2x<1 or —3(3x*-2x)<1
3x2-2x—-1<0 or —3x2+2x—1<0
solving 3x?—2x—1=0 or 3x?2—-2x+1<0
3x2=3x+x—1=0 Solving 3x*> —2x+1=0

3x(x— 1) +1(x—1) =0 ~(=2) £ V(=2)2 - 43)(D)

(2)3)
2++4-12
x—1)Bx+1)=0 X =
2+ -8 .
x—1=0 , 3x+1=0 X = 6 (rejected being complex)
x=1 X =-

3
1
The expansion of (1 — 2x + 3x2) isvalid if — <x<1

Question No.22 using Binomial theorem find the value of the following to three places of decimal.

(i) V99 (i) 98):
Solution: L 1 Solution:
V99 = (99)2 = (100 — 1)2 (0.98); =(1-0. 02);
1 1
! 1 1D
[100(1— ] = (100)2(1 - 0.01)2 C1+ (-0.02)+ (~0.02) 4 -
«— D 111
=10{1+,(-00)+ (=0.01)2 + -} =1-0.01+ ( )(= )(0.00040) + -

1
=1-0.01—" (0.00040) + -

1 1
=10{1-0.005+ ) (= )(0.0001) + -} =1-0.01—0.000050 + -

= 10{1 — 0.005 — 0.0000125 — ---} =1-0.010050
=10(1 — 0.0050125) = 0.989
=10(0.9949) = 9.95 =0.99
(ifi) (iv)
1
(1.03)3 3V65
Solution: Solution:
1 1 1 1
(1.03)3 = (1+ 0.03)3 3V65 = (65)3 = (64 + 1)3
1 :
= 24 .. =
=1+ (0.03)+ (0.03)2 + [64(1+ )] =603+ )
1 2 1
=1+0.01 — .
+0.010 + &) (= ) (0.0009) + =(43)§(1+64)
=1+0.010 — (0.0009) + -- —1) z
=1+0.010 = 0.0001 + - =4{l+z60+ , &) +}
=1.0099
=4 1+L+1(1)(_1)(_1 )_|_
=41+ 157732 G 314096 }
=4 +0. ~segsz )

L 41°8841) = 4.02
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(v)
417

Solution: . .
W17 = (17)2; = (16 + 1)7
1 3 1 1 2
=[16(1+ E)] = (16)4 1+ —)
1 1
1 1 7
= (24)1(1 + —) =201+ E)
1 1
ld-1 | 2
4
%) +}

=214 g+ 76 - )(ﬁ) )

(=

=2{1+40.015—

= 2{1+0.015 — O%]O%%6 +-
= 2(1.014) = 2.029 = 2. 03

(vii) 1
Solution:
1
1 =_1,=(998)-s
(998)5 .
1 __

= (1000 — 2)-3 = [1000(1 — _ 2 ] 3

1

3 _ 1.3
=1071(1 -
1 1(1 5'0_0_)
-Het-n 2
3 3
21 (=500}

41
1{1+1500 2( )(15)6250000”'"}
=5 {1+ 0.0006 + -} = = (1.0006) = 0.100

— 103y 1
1 1 1o
BECARRANEY (‘W“

(ix) ﬁ
V8
Solution:
_ 1
o oal
V8 8 8
_61 1) 2
=1+1( 1>+2 (—)+
—1——+2§>( 5)@)
0.0062 —

—1—0062—088%9+
= 0.936

(vi)
5v31
Solution:
— 1 1 1
5V31=31)5=(32-1)5=[32(1- )]
1 32
1 15 1 15
=32)°[1-35] =@ -3
1
15
=2(-39)
1%1_ 1) 1 2
S 214 P+ S () +
=2{1—%+7(§)(——)(m)+'“}
=2{1—0.006 —
= 2{1-0.006 — O&§898+ }
=2(0.993) = 1.987

(viii) W;E
Solution:
1 1

= (252)"%

1
1 —

= (243+9) 5 = [243 A+
ZE
= (3% &(1+223) 53 TA+ )

DE1-1H 2

=%{1 —0.007 + 0.000016 + -+ }

=% (0.993) = 0.331

(x) (0.998)73

Solution:

(0.998) 3= (1—0, 002) 3
-het-n
—2.!—
= 1+000066+'}( hH (- “)(000004)+

1 + 0. 00?)066 +-
= 1.00066 = 1. 001

=1+ (= ) (~0.002) + (—0.002)% +

1
5

=30 CPGP+ 5 55 €0 4
-1 1 6
=0 L+l ehHedo
3 -13"‘5 25 729

}
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x1] (1)
1 1
— (1280)%
6V486 Solution:
Solution: 1 1
1 (486)_1 (1280)% = (1296 — 16)%
= = 6 1 1
6V486  (4g6)¢ _ 6 1,1 1.1
(166) -1 -—uw6a—fﬁéh—(ﬁﬂ<r—aa

= 243 6
= (729 —243)76 = [729(11—729]

1

=@ ea-3)

1

(__3) + .

_1_ 1 76
=37'(1-3) =3 (1 -3)
111 oD 1
= {1+ )+ 91
1 1 1 1 7 1
L STRPIGPIGPLDRES

=, {1+005+001+)

1

2_3 {1.06} = 0.3536

}

1 1 4{4__1) i 2
1

1 1 3 1

=605yt 2 (0 9 i) + )

= 6(0.997) = 5.98
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Question No.3

Find the coefficients of x™
1+x2
(1+x)2

Solution:

in the expansion of

1+x

(1+x)?
=1 +x){1+(2)x+
=1+ x){1+(-D2x +(—1)23x2 4+ (—1)34x3 + -}
Following the above pattern , we have
=1 +x){1+ (—D)2x+ (-1)23x% + (—1)34x3 +
+ (D" (n— Dx" 2 + ()" Inx !
+(-D*(n+ Dx" + -}
The terms involving x™ in the expression
of (1+x?)(1+x)"Lare
1(-D*(n+ Dx™ = (—1D)*"(n+ DHx™ and
x2(_1)n—2 (Tl _ 1)n—2 — (_1)n—2 (Tl _ 1)xn
Therefore coefficients of x™
=DM+ D+ (D) P(n-1)
=DM+l + (D7 (n— 1))
=(-D"{n+!'+n-1}=(-1"(2n)

(i) B

Solution:

(1+x2)(1+x )

(] )
(1 — x)g =1 +x)?1-x)"?
=1+ 0% {1+ (=2)(—x) + s T (—x)?
@y .
LCOEED

=(1+2){1+4 (—2x+3x% +4x3 + -}
Following the above pattern we have
T &1 + x? 2
1+2x+3x + 4x3 + - +(n—1)x"
+nx™ 1+ (n+ Dx™ + -
The terms involving x™ in the expansion
of (1+x)2(1—x)2arel(n+ 1)x" = (n+ 1)x™
(2xnx™ ! = 2nx™ and
x2(m—1Dx"?% = (n—1)x"
Therefore coefficients of x™
=n+1+2n+n—-1=4n

e
Solution:
1+x)°
El ;2 1+x)31-x)"?

=(1+43x+3x%+x%)

(=2%73) n =23 5 +.

Class 15t year https://newsongoogle.com/

1+ (=2)(-x) + ) (—x)?
{ 2( ) }
( 2)(=3)(=4) " 3

3!

Following the above pattern we have
= (1+3x + 3x% + x3){1 + 2x + 3x2% + 4x3 + -
+(m—Dx" 3+ (n—1Dx" + -}
The terms involving x™are
L(n+Dx*=mn+ x™
3x.nx™ ! = 3nx™

3x2.(n—1Dx™" 2% =3(n—-1)x"

And x3(n — 2)x"3 = (n — 2)x"

Therefore coefficients of x™

=n+1+3n+3(n—-1)+(n-2)

=n+1+3n+3n—3+n-2

=8n—4=4(2n-1)

(iv)

tFx*
(1-x)3
Solution: (
f?'fs?%: (1+x*A-x)7°
1+(—3)(—X)+(_ Ry
_ 2
=(1+x%+2x){ M(_ )3 4 }
3 x4 4 x5
=+ 20 {1430+ 5 x2 + T xt )

Following the above pattern we have

1 2x3 3x4 , 4x%5 4
+_2 X+ 2 X +—2 X
b d ol HOED g (I DOED)

=(1+2x+x2){

The terms involving x™ are

ﬁ‘t—i—l—)ﬁ—i—z-}én—'—lﬂfn—ﬁ-}

5 n(n2— 1) " 2n(n2— 1) n
And © A1 yn-2 _ (n—zl)n "
Therefore coefficients of x™
m+1D(n+2) 2n(n+1 (n —Dn
2 2 2

_n2+2n+n+2+22n1+2n+n1—n

_4n*+4n+2  2(2n*+2n+1)

2 2
=2n+2n+1

(v)
(I—x+x2—x34-)2
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Solution:

A+x) =1+ (CDx+ (_1)2('_2)9:2 + (_1)(_;)(_3)3(3 + o

>(1+x)1= 1—x+x2—x3 + -
Squaring both sides
S+ 1P =0Q-x+x2—x3+)2
S>(1-—x+x2—x3+-)2=1+x)?
-2)(-3 -2)(—3)(—4
EDE3 L, EDEIED 50

=14+ (-2)x+ T ) 3

=2)673)%" L COGHTT 4
)
=1+ (—D2x + (—1)23x% + (—1)34x3 + ---
Following the above pattern we have
1+ (—D12x + (—1)23x%2 + (- 1)34x3 + - +
D*"(n+ x™ + -
The coefficients of x™ = (—=1)*(n + 1)

=14+ (-2)x+ +..

Question No.4 if x is so small that its square and
higher powers can be neglected, then show that

(i)

IR 3
~1— x
v

Solution : —
11—+xx
1

v
= (1-x)(1 +%)2
=(-0+E)x+)

L.HS=

= (-1 x+-)

=1—(2§r1)x+---

(ii)

Solution:

L.H.S =\/1+_

1. (1+ 2x);(1 —x$ :
={1+,@0)+ 1+ ) (=) + -}
=1+ A +5x) + -

1
=1+ox+x+

1
=1+C+Dx+

T+ox+
zx

3
~1+5x~RHS
(iii)
1 1
9+7x)Z—(16+3x)F 1 17

4+ 5x ~7177283%

Solution:

O +i0° -6+ 301"

- 4 + 5x
1 1

B2A+ 0 —2ta+ 201"
4(1+2)
! 1 -1
- 21;[3 (1 +;x)2 201+ 1§6x)4] (1+ 25;")

_1 1,7 1,3
=2 B €D+ ) -2+ € 0+
X (1+ (1) €x) + )

4

_1 7 ) — 3
—_4[3(1+_1_8x+ ) 2(1+_6_4x+ )]

A=5x+w)

1 3 5
=—B+x—-2—-—>x+](A—2x+-)
4 6 112 932 4

x4+ )A=_x+-)
54
A+ x+)@A-_x+-)
44 96 4
= (1 + 1206103y x 4 -00)
96

4

| 1
[En

1, 17
30
96

3874sz'1_1'5

L ~2s”
~2+ x

— x)3 4

X+ )

=

4
~1-—
4
Hence proved.

(iv)

Solution:

= — _ -3
LHS= y*+ ; (14 +x)2(1 —x)
1

2
=[4(1+Zx)] (1-x)73

1

1 2
=2(1+7%) (1-07°

=2[1 +%%x) +- ][+ (=3)(=x) + -]
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=2(1 +1x+---)(1+3x+---)

8 (vi)
=2(1+3x+%x+---) ) .
1 1-x)2Z(9—-4x)Z 3 61
=21+@+Dx+) (8+3x)1/3 2 48
-2(1 +%5x+ ) Solution: ) .
25 H RN
=2txte L 5= SR
~2+ 2 ~RHS (8 +3%)3
4 1 4
hence proved (1-x)2[9(1—-9x)]
(V) 1 3 B g
(1+ x)2(4 — 3x)2 5 [8(1 +8x]
1 zll-(]_—_x) 1 4 %
(8 + 5x)3 6 (1-x)2[3°(1 - gx)]
Solution: = +
3 3
_a+ 03 [4(1 - 3x]2 23 (1+8)]
3 1 4 172
[8(1+_ x)] ; _(1-x230-g%)
3 2 3 13
_ (1+x)3[22(1—1x)] 2(1+g0)
S 3 _ 4 1 3 3
[23 (1 +30)] =21-0iA-50 A+g0
3 3 3 1 1 4
(1+4)z[4(1— x]* =S 1-Jx+-31+5 (g0 +}
= ) 13
2(1+§x) 1+ (=)8x) + -}
3 1 2
8 3 3 5 4 =5 {1-3x+}{l-gx+--}{l-gx+
= (14+x)20-"x) 1+ x) 3 2
2 4 4 5 38 =5{1-gx—-5x+-}{l-gx+-}
=4{1+ x+-3}{1+ (- x)+} 3 2 1 1
2 2 4 =5A-G+tPx+-)@A-gx+-)
a+Ehen+-3 37 "1 13
8 =—2(1 gx—1—8x+ )
=4(1+_12x+-~)(1—%x+---)(1—_254+-~) 3 1 13
=41 -9x+1x+--)A -5 x+) B ( ]582)x+ K
3 2 24 ——(1 9-7'_2 x+-)
=4(1—%x+---)(1—1§4x+~-) 3 61
—E(l—ﬁx-l- )
=4(1l-px—gx+) 3 36l
=4(1-(2+Dx+-) ~o 0 L
¥ ~3 g ¥ SRS
=4(1- 24 ) Hence proved.
B 20
=41 - x+) (vii)
5 o - X
=4(Q—-Zx+) — — )13
6 (8 —x)l/ ~2 12

5
~ 4(1—gx) ~R.H.S Solution:
Hence proved
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Chapter 8
1
S 4 x (8 ;;)_3 =1—lx—x2—lx2—
LH = T 2 £ ,
1(8_x)3 . —1—Ex—(1+§)x +
2 3 ., 1 9,
_54 ) (s ) —1—§x—§x ~R.H.S

_(8—x)§+(8—x)1§

4 -307
=1+ -

[8(1- g0’

1
(221 -201
=1+ . s
251 —g0)]’
1 12

24+ (1—-2%x)

1
2+ (1-gx)’°
15 17
=1+(1—Zx) (1—§x)

=1+

3

11 11
=1+(1+E(—Zx)+---)(1+(—?(—gx)+---)
1

=14+ (g4 ) (L5, x+)

1 1
=1+(1+2%x—18x+'--)
=1+(1+(ﬁ—§)x+--~)

(1-3)
=1+(1+ o2 xX+-)

2
—1+11—24x+~-
zZ—Esz.HS

Hence proved.
Question No.5 if x is so small that its cube and higher

power can be neglected , then show that
() V1 2x2 =~ 1 L2y
i) X —2x% = 5% —gX

Solution:

LHS=V1—x—2x2
1

(1—x—2x2)2 .
=Gy 2
22

1
=1l+o{-(x + 2x%)} AT S 2x23% + -

_, ! , 111 2?1y
=1—x =2 456 () (+ 2 4

1 1
=1——x—x2—§(x2+4x3+4x4)+---

2

Hence proved.

(ii)

1+ 1
N P %

1—x 2
Solution:
+ x =
LHS=a-": =\/
1—x VI—x
1
1+ x)3z
A0 bt
(1—x)z
la-1

SR N TR CRE PR G Y CR PR )
_ 1 1,1, 1.2 1 1145 24 ..
= (1 g+ 7€) ()4} (1 x5 (- ) ( 2 x4 )

1 1 1 3
={1+sx—zx?+-J{l+sx+5x2+-}
2 8 2
2 1 1 2 2
=14+ _x+_x“+_x+_x“——_x*+--
2 8 2 8

1
— 14+ CH)x+ 4 -+
2.2 8 4 8

3+2-
YxZ 4 =1+x+_x%+ -

NN

=1+x+(

I ool

=1+x+%x2+---z1+x+%x2+--- R.H.S
Hence proved

Question No.6 if x is very nearly equal to 1, then
prove that PxP — qx9 =~ (p — q)xP 1
Solution:
L.H.S = PxP — qx1
Letx =14+ h where his so small that its square
and higher power can be neglected, so
LHS=p(1+h?—-q(1+h)
=p{l+ph+-}—q{l+qh+-}
{p+p*h+-}—{q+q*h+-}
=@-q) +@h—q°h) +
=@-D+@-@+h+--
=@-D@-@+ph+ -
=@-{1+@+ah+-}
~(p—-{1+(+qh}
=p-q@A+hPtT =~ (A+x)"=1+nx
~(p—q)xPt wx=1+h
~R.H.S
Hence proved.
Question No.7
If p — q is small when compared withp and q,

show that
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1
2n+Dp+(2n—-1)q (p+qn
2n-Dp2n+1)q = 2q
Solution:

L.HS=

Cn+1Dp+(2n-1)q
2n-Dp(2n+1)q
Letp —q = h = p = q + h where his so small that
its squares and higher powers can be neglected, so
2n+Dp+ (2n-1)q
LH.S =—om—Tpea+ g
2n+1)qg+@n+1h+(2n—-1)q
=SW@n—-Dg T Zn—-Dh+ Zn+1I)q
@Cn+!+2n—-1)qg+ (2n+Dh
T@2n—IF2nF gF2Zrn—1D)h
4ng + (2n+ 1)h
= 71nq m—
4nq {1+&n+31)h}
2n—1

4nq {1+ €2n—1) h}

-a+" " hna +<M)h}
(4nq 1 4ng
={1+(_ Hh{-n=Lp

2 4
> nnq nq

=1—( )h€211—+—1)h+
4nqq 4nq

=1+ h {~2n+1+2n+1
4‘)‘1—6['{ }

=14+ 2h —.=14+ h —..
4neg

:1+1€h_)—~--z{1+ hy
5 2

~{1+ & {1+£}}—

p—q
}hpq

~ {1+

2q
2q++p—q p+ q .
~ {—20—} ~ 24-)
~R.H.S
Hence proved
Question No.8
Show that

n 2 8m n+N
[Z(nj:N)] ~9n—N_ _4n
Where n and N are nearly equal.

Solution:
1

n 2

LH.S = [ ]
1

N

n 2 n

- [2(n+n+h] [2(2n+h)]

1
2

4n

v h
2 (1+4n)

1 —Z
- =aD

h~\2
21+,

1 1. h
=51+ (€D +)

h
=_2{1_%+...}
1 h
_g_%_p...
zz—_—)(i)

2
N
RHS= B8m _T"
gn — N 4

“N=n+h
8n n+n+h
=9n—m+th)~ ~ 4n
8n 2n+h
=9r—n—h ——4n—
8n 2n+h
2n(1+ h)
— 8n _ n
8n (1—dv) an
1 1+#
- n 2
1-52)
hgﬂ 1 h
=U-gp) —20+5

__1_nh _
=-3-1 +1+¢( 1)68hg)+

=—1_nh h 4 ..
5 -4n+1+-8‘n+

1 1 1.h
= (11_'2') + (g_}?:)ﬁ-l_
= + Q.;Z) 4o
2 n
zé—%2~é— h - (ii)
By (i)and (ii)
LHS=RH.S
hence proved
Question No.9 identify the flowing series as binomial
expansion and find the sum in each case.

1.3.5

) 1-ihy+B3G 13507,

Solution: consider
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_ 1,1, , 1.3 1.2 135
y= 1--2Q+:@ 535G )
Let the series be identity with
(n—-1) ..
1+x)" = 1+nx+%x2+---.—> (ii)
By comparing (i) and (ii)
y=(14+x)" - (iii)
=_14 =_1
Now nx = 2(4)::~nx 5
1

>x=-
( 1 8?3 1.2
n(n— 2
And —— 2'4(4)
nn-1) 1 E 1.3 1.2
nrn—1b _

-~ '64n2 T 64
n_
>___ =3
n
>n—1=3n=>-1=3n—n
1
:>—1:2n:n:—5
1 1
50 x = — - =>x=_
— 4
8(-1)
Putting valves of x and n in (iii)
1
1 2
y=Qa+p
5.2 2 2
=) =) =
2 5 V3
= Sum of series is
V(E
(ii)
11, 13 1% 135 ¢°
1-_ O+ -2y +-
. 22 242 24.6 2
Solution:
Consider
13 4. 1
y=1- (—}+ & - H oo ()
E 24 2 246
Let the series be identity with
n _ ( _1) 2 .
1+x)"=14+nx+ + .-+ = (iD)

by comparing %i)and (i)
y=(14+x)" - (iii)
Now

nx=—1(—l):>nx=—l=>x=——L

And D,z — 13
21 24(2)

nn—-1) 1.2 13
=~z Cmw

1 3

16n2 ~ 16
=3=>n—1=3n

n(n—1).
n—1
n
>n—-3n=1=>-2n=1

=

= sum of series is %[3

(iii)
3 35 357
1+7F+7F'8+71-_8_1—Z. - + -
Solution:
Consider
3 35 357
1+7F+7F'8+71-_8_1—Z. - + -
Let the series be identical with

nn—-1
A1+x)"=14+nx+ ( )x2+---—>(ii)
|
by comparing %i')and (i)
y=([14+x)"
_3 _ 3
Snx=g=ox=
n(n-1) 2 3.5
And —2+—x =48
nn—-1) 3 2 15

= —2—%am)

9 15
=>n(n—1)—Z 1€
n—1 15
= n 9
or9n—9—15n=>—9—15n 9n
—9 =

9 3
>n=—_=Sn=—
6 3 21
so X 3 -5
4(=3)
Putting valves of x and n in (iii)
1 -3/2
y=01-.)
5
2
-0

_ @ =2 = WD)

Sy= 02
= Sum of series is (\/5)3
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. 11 135 1
(iv) 1-337 ﬂ() 246(3)3
Solution:

Consider

y= 1-33. 3

Let the series be identical with

35 173
SRS 10

Q1+x)*=14+nx+ = 2! - (ii)
By comparing (i) and (ii)
y=(14+x)" - (ii)
Now 11 1 1
nx=-, :>nx——6:>x:—6n
And "B x2 —ﬁ(?)
1
an—1) 1% 3
= 2! Tx? (—6n) = 89)
3
= n —12><36=> n =3
>n—-1=3n=>n-3n=1
1
>-2n=1=>n=-2
So X = —_%
6(—,)
1
=>x=3
Putting valves of x and n in (iii)
1 -2
y=0+))
S
4 -
=£3)
1
32
= (4)
y V? -
= sum of series isvgg
Question No.10
Uses binomial theorem to show that
1+t+4£3+135+=V2
4 4.8 4.8.12
Solution:
1 13 135
y ttgtigtasnt _‘/7
Solution:
1_|_1+13+135 @
Y _"TaTagTasizT M

Let the series be identical with

Q1+x)"+1+nx+ (2' 1 x? + - o (iiD)

By comparing (L) and (ii)
= (1 + x)™ — (iii)

1
Nownx——:>x——
4 in
n(n 1) 2 1.3
And ——x

— 13
nn-1) 1 2 3
=2 &)
nn—1) 1 3
=2 -ton2 =32
n—1
=3=>n—-1=3n
n
—-1-3n—-n=-1=2n
1 1 1
>n=—_ S0 x= 1=— 1=—
2 4(_'2) 4(_'2)
Putting valves of x and n in (iii)
1
__1N2
2
y

1 _
=>y=(@)2=y=V2
Hence

1 1.3 135

1+-+==+ =2
4 4.8 4.8.12
Question No.11
_ 1.3.5
Ify— 2|(3)+3|()+
Then prove that y? + 2y —2 =10
Solution:
Here
1 1.3 1°2 1 3 )
y=3+31G (—) oo (D)
Adding (1) on both sides
1 1.3 1% 1. 3 513
1+y—1+ +— (§) (—3) + -
Let the series be |dent|cal
(1+x)”+1+nx+(—) R (1)

2!
By comparing (L) and (ii)

= (1 + x)" - (iii)
1

Nownx——:>x——
3 3n2

Ang 20D y2 = 12 (L
2! (3)

s>nn—1x% ==

1.2 1 1
snn-D(g) =5 =

1 1
n(n - 1)W =

[EEN
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— 1 . . .
R n g 3o m—1=3n Putting valves oix and n in (iii) )
15 17,
>n—-3n=1=>-2n=1 _ -2 _ 2
1 1 2 1+2y—(1—2) =>1+%y—€2)
>n=—— S0 x = = —

2 3
3(—
Putting valves of x and n in (iii)

1
2 72 "2
14y=(1-3 =1+y=¢)
21+y=0B)zz=21+y=+V3
Squaring both sides
2
1+y)?=13)" =>1+y*+2y=3
=>y2+2y+1-3=0
= y2+2y—2=0 hence proved.

Question No.12
+ o+t C+
. 1 131 1.3 1 1351
if 2y=22 21 24 21 24 31 26
Prove that 4y?> + 4y — 1 =0

Solution:
Here

1 131 131 135 1 .
2y =22+ p1.24+ 21.24+ 31 .26+ > (D)

Let the series be identical with

Tl!Tl !
A+20)"+1+nx+ 1 x2 4 > (iii)

By comparing (i) and (ii)
y=14+x)" - (iii)

4n
Andn%!:nx2=lz“!3='212
1 2 3
= n(n—l)(4n) =16
3
71(711_1)162 16
n =3 n—1=3n
>n—-3n=1=>-2n=1
_ 1 __ 1
:n——z so x= 1
4(_2)

__1
2x=-3

=142y =(2)2
=>1+2y=V2 (squaring)
2
(1+2y)2 =2
>1+4y%+4y=2
>4y +4y+1-2=0
=>4y2+4y—1=0
Hence proved.
Question No.13
If y__+_() +E( ) +-
2!
Show that y* + 2y —4 =0
Solution:
Here

= 2t 3

, 3 HAE T3,
Adding 1 on both sides
l+y=1+34+83 11353 L L

By comparing (i) and (ii)
1+y2z 1 +x)2 - (iii)

nx = => x = 5n and 2
ﬁw—ﬁ 2
X ’535) 270 o =38
= =3
n(n = )'25n2 25 "= 257 n "

n—1=3n=>n—-1=3n—n=2n

=>n=—_24t sox = 1 =—é
5(=5)
So (jii)

L+y=(=) =6

=>1+y=\/5=>(1+y)2=5
142y +y2=5=2924+2y+1-5=0
= y? + 2y — 4 = 0 hence proved.




