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3.1 Introduction 
Matrix: 
A rectangular array of numbers enclosed by a pair 
of bracket is called a matrix. 

𝑒. 𝑔; [
2 −1 3

−5 4 7
]   

Note: 
i) Matrices are denoted by capital letters 

such as A,B,C…,X,Y,Z 
ii)  The elements or entries of a matrix as 

denoted by small letters such as 
𝑎, 𝑏, 𝑐, … , 𝑥, 𝑦, 𝑧. 

iii) The horizontal lines of elements are 
called rows of a matrix. 

iv) The vertical lines of elements are called 
columns of a matrix. 

Order of a matrix. 
The number of rows and columns of a matrix is 
called order of a matrix. 
i.e.; if a matrix has m rows and n column then its 
order is 𝑚 × 𝑛 (read as m-by-n). 

𝐴 = [
2 −1 3
1 4 7

]  𝑖𝑡𝑠 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 2 × 3  

𝐵 = [1 4 6]  𝑖𝑡𝑠 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 1 × 3  
*the matrix A is called real if all of its elements are 
real. 
Types of Matrices 
Row Matrix: 
A matrix which has only one row i.e; a matrix of 
order 1 × 𝑛 is called row matrix. 
e.g.;[𝑎11 𝑎12 𝑎13 ] , 
[1 2 3 ] etc. 
Column Matrix: 
A matrix which has only one column. i.e.; a matrix 
of order 𝑚 × 1 is called column matrix. e.g.; 

[

𝑎11

𝑎12

𝑎13

] , [
1
2
3
]    𝑒𝑡𝑐.  

Rectangular Matrix. 
A matrix whose number of rows and columns are 
not equal is called rectangular matrix.eg.; 

[
2 −1 3
1 4 7

]  , [
𝑎11 𝑎12 𝑎13

𝑎@1 𝑎22 𝑎23
]   

Square Matrix: 
A matrix whose number of rows and columns are 
equal is called square matrix. e.g.;  

[
1 2
3 4

]  𝑎𝑛𝑑 [
𝑎11 𝑎12

𝑎21 𝑎22
]   

Null Matrix: 
A matrix whose all elements are zero is called null 
matrix. 

e.g.; [
0 0 0
0 0 0

],  [
0 0
0 0

] 

 

*row matrix and column matrix are also called row 
vector and column. 
Principal Diagonal: 
The diagonal from upper left corner to the lower 
right corner of a square matrix is called principal or 
main diagonal or leading diagonal. 
e.g.; 
 
 
 
 
the entries 𝑎11, 𝑎12, 𝑎13 form the principal diagonal  
Secondary diagonal: 
The diagonal from lower left corner to the upper 
right corner of a square matrix is called secondary 
diagonal or leading diagonal. 
e.g.;  
 
 
 
The entries 𝑎13, 𝑎22, 𝑎𝑛𝑑 𝑎31𝑓𝑜𝑟𝑚 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑𝑎𝑟𝑦  
Diagonal. 
Diagonal Matrix: 
A square matrix in which all elements except the 
diagonal are zero is called a diagonal matrix. 

e.g.; [
1 0
0 2

],[
3 0 0
0 3 0
0 0 3

] 

Identity Matrix: 
A diagonal matrix whose all elements of the main 
diagonal are 1 is called identity matrix denoted by 
𝐼𝑛 

e.g.; [
1 0
0 1

]
2×2

,[
1 0 0
0 1 0
0 0 1

]

3×3

 

 
Scalar Matrix: 
A diagonal matrix whose all elements of the main 
diagonal are same is called scalar matrix. 

e.g.; [
2 0
0 2

]
2×2

,[
𝑘 0 0
0 𝑘 0
0 0 𝑘

]

3×3

 

 Needs to remember 
Square Matrix: A matrix having m rows and n 
columns with m=n is called square matrix.  
Rectangular Matrix: A matrix having m rows and n 
columns with 𝑚 ≠ 𝑛 is called rectangular matrix. 

Diagonal Matrix: let 𝐴 = [𝑎𝑖𝑗]𝑏𝑒 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑥  

of order n, if 𝑎𝑖𝑗 = 0∀ 𝑖 ≠ 𝑗 𝑎𝑛𝑑 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑎𝑖𝑗 ≠

0 𝑓𝑜𝑟 
𝑖 = 𝑗 𝑠𝑜𝑚𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙  
𝑜𝑓  𝐴 𝑚𝑎𝑦 𝑏𝑒 𝑧𝑒𝑟𝑜 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑎𝑙𝑙, 𝑡ℎ𝑒𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴 𝑖𝑠 

𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥.    

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

https://newsongoogle.com/
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Identity Matrix: let 𝐴 =

[𝑎𝑖𝑗]𝑏𝑒 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 

𝑜𝑟𝑑𝑒𝑟 𝑛 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ≠ 𝑗 𝑎𝑛𝑑 𝑎𝑖𝑗 = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 = 𝑗 

Then A is called unit matrix or identity matrix 
denoted by 𝐼𝑛. 
Null Matrix: A matrix of order 𝑚 × 𝑛 with all 
elements zero is called null matrix. 
Scalar Matrix: let 𝐴 =

[𝑎𝑖𝑗]𝑏𝑒 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓    

Order n. if 𝑎𝑖𝑗 = 0 ∀ 𝑖 ≠ 𝑗  𝑎𝑛𝑑 𝑎𝑖𝑗 = 𝑘(𝑠𝑜𝑚𝑒 𝑛𝑜𝑛 

𝑧𝑒𝑟𝑜 𝑠𝑐𝑎𝑙𝑎𝑟) ∀ 𝑖 = 𝑗 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑜𝑚𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠   
𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑐𝑎𝑙𝑎𝑟 𝑚𝑎𝑡𝑟𝑖𝑥.  
Equal matrices: 
Two matrices of the same order are said to be equal 
if corresponding entries are equal. 
Addition of Matrices: 
Two matrices can be added if both have same 
order. 
*addition is done by adding corresponding entries 
of the matrices. 
*Matrices of different orders cannot be added. 
Transpose of  matrix: 
Transpose of a matrix is denoted by 𝐴𝑡can be 
obtained by interchanging rows into column or 
column into rows. 
Scalar multiplication: 

𝑙𝑒𝑡 𝐴 = [𝑎𝑖𝑗]𝑏𝑒 𝑎𝑛 𝑚 ×

𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑛𝑑 𝑘 𝑏𝑒 𝑎 𝑠𝑐𝑙𝑎𝑟  
𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑘 𝑘 𝑎𝑛𝑑 𝐴 𝑐𝑎𝑛 𝑏𝑒 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑏𝑦  
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑛𝑔 𝑒𝑎𝑐ℎ 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓𝐴 𝑏𝑦 𝑘.  
𝑖. 𝑒 𝑘𝐴 = [𝑘𝑎𝑖𝑗]  

𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑘𝐴 𝑖𝑠 𝑚 × 𝑛    
*𝑖𝑓 𝑛 𝑖𝑠 𝑎 + 𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 ,  
𝑡ℎ𝑒𝑛 𝐴 + 𝐴 + ⋯ , 𝑡𝑜 𝑛𝑡𝑒𝑟𝑚𝑠 = 𝑛𝐴  
Subtraction of matrices: 

𝑖𝑓 𝐴 = [𝑎𝑖𝑗]𝑎𝑛𝑑 𝐵 = [𝑏𝑖𝑗] 𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 

𝑚 × 𝑛, 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐵 𝑓𝑟𝑜𝑚 𝐴 
As: 

𝐴 − 𝐵 = 𝐴 + (−𝐵) = [𝑎𝑖𝑗] + [−𝑏𝑖𝑗]  

𝐴 − 𝐵 = [𝑎𝑖𝑗 − 𝑏𝑖𝑗] 

𝑖 = 1,2,3, . . , 𝑚, 𝑗 = 1,2,3, … , 𝑛 
𝐴
− 𝑏 𝑖𝑓 𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑛𝑔 𝑒𝑎𝑐ℎ 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓 𝐵 
𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑒𝑛𝑡𝑟𝑦 𝑜𝑓 𝐴.  
Multiplication of two Matrix: 
Two matrix A and B are said to be conformable for 
product AB if the number of columns of A is equal 
to the number of rows of B. 
*Matrix multiplication is not commutative 𝑖. 𝑒;. 

𝐴𝐵 ≠ 𝐵𝐴 

 If the product AB is defined, then the order 
of the product can be illustrated as given 
below. 
Order of A            𝑚 × 𝑛 
𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝐵          𝑛 × 𝑝  
Order of AB          𝑚 × 𝑛 

NOTE: 
Powers of square matrices are defined as 𝐴2 = 𝐴 ×
𝐴  
𝐴3 = 𝐴 × 𝐴 × 𝐴 ……𝑡𝑜 𝑛 𝑓𝑎𝑐𝑡𝑜𝑟𝑠.  
Determinant of 𝟐 × 𝟐 Matrix: 
The determinant of a matrix is denoted by enclosing 
its square array between vertical bars instead of 
brackets. 

e.g; 𝑖𝑓 𝐴 = [
𝑎 𝑐
𝑏 𝑑

]  𝑡ℎ𝑒𝑛 |𝐴| = |
𝑎 𝑐
𝑏 𝑑

| 

 
 |𝐴| = 𝑎𝑑 − 𝑏𝑐  
𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙  

 𝑖𝑓 𝐴 = [
2 −1
4 3

]  𝑡ℎ𝑒𝑛 |𝐴| = |
2 −1
4 3

|  

|𝐴| = (2)(3) − (4)(−1) = 6 + 4 = 10   
Hence the determinant of a matrix is the difference 
of the product of the entries in the two diagonals. 
Singular Matrix: 
A square matrix A is said to be singular if |𝐴| = 0 
Example:   

𝑖𝑓 𝐴 = [
8 4
2 1

]  𝑡ℎ𝑒𝑛 |𝐴| = |
8 4
2 1

|  

|𝐴| = (8)(1) − (4)(2) = 8 − 8 = 0  
Non-Singular Matrix: 
A square matrix A is said to be Non- singular if |𝐴| ≠
0 
Example:   

𝑖𝑓 𝐴 = [
1 2
4 9

]  𝑡ℎ𝑒𝑛 |𝐴| = |
1 2
4 9

|  

|𝐴| = (1)(9) − (2)(4) = 9 − 8 
= 1 ≠ 0 𝑠𝑜 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 

Ad joint of 𝟐 × 𝟐 𝑴𝒂𝒕𝒓𝒊𝒙: 

𝑡ℎ𝑒 𝑎𝑑𝑗𝑜𝑖𝑛𝑡 𝑜𝑓 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴 = [
𝑎 𝑏
𝑐 𝑑

]  𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑  

𝑏𝑦 𝑎𝑑𝑗𝐴 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑎𝑑𝑗𝐴 = [
𝑑 −𝑏
−𝑐 𝑎

]   

Inverse of 𝟐 × 𝟐 𝑴𝒂𝒕𝒓𝒊𝒙 
Let A be a non-singular square matrix of order 2. If 
there exist of matrix B such that  

𝐴𝐵 = 𝐵𝐴 = 𝐼2  𝑤ℎ𝑒𝑟𝑒 𝐼2 = [
1 0
0 1

]  𝑡ℎ𝑒𝑛 𝐵 𝑖𝑠   

𝑐𝑎𝑙𝑙𝑒𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝑖𝑠 𝑢𝑠𝑢𝑎𝑙𝑙𝑦  
𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐴−1  
i.e.; 𝐵 = 𝐴−1 𝑡ℎ𝑢𝑠  

𝐴𝐴−1 = 𝐴−1𝐴 = 𝐼2 
Solution Of Simultaneous Linear Equations By 
Using Matrices: 
𝑙𝑒𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑠. 𝑏𝑒   

𝑎11𝑥1 + 𝑎12𝑥2 = 𝑏1 

https://newsongoogle.com/
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𝑎21𝑥1 + 𝑎22𝑥2 = 𝑏2 
𝑤ℎ𝑒𝑟𝑒 𝑎11, 𝑎12, 𝑎21, 𝑎22, 𝑏1, 𝑏2 ∈ 𝑅  
Given system in matrix form  

[
𝑎11 𝑎12

𝑎21 𝑎22
] [

𝑥1

𝑥2
] = [

𝑏1

𝑏2
] 

 𝑙𝑒𝑡 𝐴 = [
𝑎11 𝑎12

𝑎21 𝑎22
] , 𝑋 = [

𝑥1

𝑥2
] , 𝐵 = [

𝑏1

𝑏2
] 

𝑖𝑓|𝐴| ≠ 0 𝑡ℎ𝑒𝑛 𝐴−1 𝑒𝑥𝑖𝑠𝑡 𝑠𝑜, 
𝐴𝑋 = 𝐵 

𝑝𝑟𝑒 𝑚𝑢𝑙𝑡𝑖𝑛𝑔 𝑏𝑦 𝐴−1 
 𝐴−1(𝐴𝑋) = 𝐴−1𝐵 

(𝐴−1𝐴)𝑋 = 𝐴−1𝐵  
𝐼2𝑋 = 𝐴−1𝐵                   ∵ 𝐴−1𝐴 = 𝐼2 

 𝑋 = 𝐴−1𝐵 

Or [
𝑥1

𝑥2
] =

1

|𝐴|
[

𝑎22 −𝑎12

−𝑎21 𝑎11
] [

𝑏1

𝑏2
] 

=
1

|𝐴|
[

𝑎22𝑏1 − 𝑎12𝑏2

−𝑎21𝑏1 + 𝑎11𝑏2
] 

 

= [

𝑎22𝑏1 − 𝑎12𝑏2

|𝐴|
−𝑎21𝑏1 + 𝑎11𝑏2

|𝐴|

] 

 𝑥1 =
𝑎22𝑏1−𝑎12𝑏2

|𝐴|
      and  

𝑥2 =
−𝑎21𝑏1+𝑎11𝑏2

|𝐴|
    

𝑡ℎ𝑢𝑠   

𝑥1 =
|
𝑏1 𝑎12
𝑏2 𝑎22

|

|𝐴|
       and 

𝑥2 =
|
𝑎11 𝑏1

𝑎12 𝑏2
|

|𝐴|
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Exercise 3.1 
Q1. If 𝑨 = [

𝟐 𝟑
𝟏 𝟓

]  𝒂𝒏𝒅 𝑩 = [
𝟏 𝟕
𝟔 𝟒

]  

𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊) 𝟒𝑨 − 𝟑𝑨 = 𝑨  
 𝒊𝒊) 𝟑𝑩 − 𝟑𝑨 = 𝟑(𝑩 − 𝑨)  
Solution: 
4𝐴 − 3𝐴 = 𝐴  
𝐿. 𝐻. 𝑆         = 4𝐴 − 3𝐴   

4 [
2 3
1 5

] − 3 [
2 3
1 5

] 

= [
8 12
4 20

] − [
6 9
3 15

] 

= [
8 − 6 12 − 9
4 − 3 20 − 15

] 

= [
2 3
1 5

] 

= 𝐴 = 𝑅.𝐻. 𝑆 𝑝𝑟𝑜𝑣𝑒d 
𝒊𝒊) 𝟑𝑩 − 𝟑𝑨 = 𝟑(𝑩 − 𝑨)  
Solution: 

𝐿. 𝐻. 𝑆             𝟑𝑩 − 𝟑𝑨    

= 3 [
𝟏 𝟕
𝟔 𝟒

] − 𝟑 [
𝟐 𝟑
𝟏 𝟓

] 

= [
𝟑 𝟐𝟏
𝟏𝟖 𝟏𝟐

] − [
𝟔 𝟗
𝟑 𝟏𝟓

] 

= [
𝟑 − 𝟔 𝟐𝟏 − 𝟗
𝟏𝟖 − 𝟑 𝟏𝟐 − 𝟏𝟓

] 

= [
−𝟑 𝟏𝟐
𝟏𝟓 𝟏𝟓

]  → (𝟏) 

𝑅.𝐻. 𝑆    

𝟑(𝑩 − 𝑨) = 𝟑 [[
𝟏 𝟕
𝟔 𝟒

] − [
𝟐 𝟑
𝟏 𝟓

]] 

= 3 [[
𝟏 − 𝟐 𝟕 − 𝟑
𝟔 − 𝟏 𝟒 − 𝟓

]] 

= 3 [
−𝟏 𝟒
𝟓 −𝟏

] 

= [
−𝟑 𝟏𝟐
𝟏𝟓 𝟏𝟓

] → (𝟐) 

 ℎ𝑒𝑛𝑐𝑒 𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆  

Q2. 

𝒊𝒇 𝑨 = [
𝒊 𝟎
𝟏 −𝒊

]  𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑨𝟒 = 𝑰𝟐 

Solution: 𝑵𝒐𝒕𝒆 𝒊 = √−𝟏 = 𝒊𝟐 = −𝟏 

∵ 𝑨𝟐 = 𝑨 × 𝑨 = [
𝒊 𝟎
𝟏 −𝒊

] × [
𝒊 𝟎
𝟏 −𝒊

]  

𝑨𝟐 = [𝒊
𝟐 + 𝟎 𝟎 − 𝟎
𝒊 − 𝒊 𝟎 + 𝒊𝟐

] 

= [
−𝟏 𝟎
𝟎 −𝟏

] 

𝑨𝟒 = 𝑨𝟐 × 𝑨𝟐 = [
−𝟏 𝟎
𝟎 −𝟏

] × [
−𝟏 𝟎
𝟎 −𝟏

] 

𝑨𝟒 = [
𝟏 + 𝟎 𝟎 + 𝟎
𝟎 + 𝟎 𝟎 + 𝟏

] 

= [
𝟏 𝟎
𝟎 𝟏

] = 𝑰𝟐    𝑯𝒆𝒏𝒄𝒆 𝑷𝒓𝒐𝒗𝒆𝒅 

Q3. 
𝒇𝒊𝒏𝒅 𝒙 𝒂𝒏𝒅 𝒚 𝒊𝒇   

[
𝒙 + 𝟑 𝟏
−𝟑 𝟑𝒚 − 𝟒

] = [
𝟐 𝟏

−𝟑 𝟐
] 
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Solution: 

[
𝒙 + 𝟑 𝟏
−𝟑 𝟑𝒚 − 𝟒

] = [
𝟐 𝟏

−𝟑 𝟐
] 

 𝒙 + 𝟑 = 𝟐  ,        𝟑𝒚 − 𝟒 = 𝟐 
 𝒙 = 𝟐 − 𝟑    , 𝟑𝒚 = 𝟐 + 𝟒 

 𝒙 = −𝟏   , 𝒚 =
𝟔

𝟑
= 𝟐 

 So 𝒙 = −𝟏   𝒂𝒏𝒅 𝒚 = 𝟐 
ii) 

[
𝒙 + 𝟑 𝟏
−𝟑 𝟑𝒚 − 𝟒

] = [
𝒚 𝟏

−𝟑 𝟐𝒙
] 

Solution: 
 𝑥 + 3 = 𝑦            3𝑦 − 4 = 2𝑥 
 2𝑥 − 3𝑦 + 4 = 0 
 2𝑥 − 3(𝑥 + 3) + 4 = 0 
 2𝑥 − 3𝑥 − 9 + 4 = 0 
 −𝑥 − 5 = 0 
 −𝑥 = 5 
 𝑥 = −5 𝑝𝑢𝑡 𝑖𝑛(1) 
 −5 + 3 = 𝑦 
 𝑦 = −2 

So 𝑥 = −5 𝑎𝑛𝑑 𝑦 = −2 
Q.4 

𝒊𝒇 𝑨 = [
−𝟏 𝟐 𝟑
𝟏 𝟎 𝟐

]  𝒂𝒏𝒅 𝑩 = [
𝟎 𝟑 𝟐
𝟏 −𝟏 𝟐

]  

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔   
(𝒊)𝟒𝑨 − 𝟑𝑩  (𝒊𝒊) 𝑨 + 𝟑(𝑩 − 𝑨) 
Solution: 

𝟒𝑨 − 𝟑𝑩 = 𝟒 [
−𝟏 𝟐 𝟑
𝟏 𝟎 𝟐

] − 𝟑 [
𝟎 𝟑 𝟐
𝟏 −𝟏 𝟐

]  

= [
−4 8 12
4 0 8

] − [
0 9 6
3 −3 6

] 

= [
−4 − 0 8 − 9 12 − 6
4 − 3 0 + 3 8 − 6

] 

4𝐴 − 3𝐵 = [
−4 −1 6
1 3 2

]  

ii)  
𝐴 + 3(𝐵 − 𝐴)  

= [
−1 2 3
1 0 2

] + 3 ([
0 3 2
1 −1 2

] − [
−1 2 3
1 0 2

]) 

= [
−1 2 3
1 0 2

] + 3 ([
0 + 1 3 − 2 2 − 3
1 − 1 −1 − 0 2 − 2

]) 

= [
−1 2 3
1 0 2

] + 3 [
1 1 −1
0 −1 0

] 

= [
−1 2 3
1 0 2

] + [
3 3 −3
0 −3 0

] 

= [
−1 + 3 2 + 3 3 − 3
1 + 0 0 − 3 2 − 0

] 

= [
2 5 0
1 −3 2

] 

 
Q5. 𝑭𝒊𝒏𝒅 𝒙 𝒂𝒏𝒅 𝒚 𝒊𝒇  

[
𝟐 𝟎 𝒙
𝟏 𝒚 𝟑

] + 𝟐 [
𝟏 𝒙 𝒚
𝟎 𝟐 −𝟏

] = [
𝟒 −𝟐 𝟑
𝟏 𝟔 𝟏

] 

Solution: 

[
2 0 𝑥
1 𝑦 3

] + [
2 2𝑥 2𝑦
0 4 −2

] = [
4 −2 3
1 6 1

] 

[
2 + 2 0 + 2𝑥 𝑥 + 2𝑦
1 + 0 𝑦 + 4 3 − 2

] = [
4 −2 3
1 6 1

] 

[
4 2𝑥 𝑥 + 2𝑦
1 4 + 𝑦 1

] = [
4 −2 3
1 6 1

] 

 2𝑥 = −2           ⇒ 𝑥 = −1 
 4 + 𝑦 = 6    ⇒ 𝑦 = 2 
 𝑥 = −1  𝑎𝑛𝑑 𝑦 = 2     

Q 6. 𝒊𝒇 𝑨 = [𝒂𝒊𝒋]𝟐×𝟐
 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕  

i) 𝝀(𝝁𝑨) = (𝝀𝝁)𝑨  
Solution : 

     𝑳. 𝑯. 𝑺 =   𝝀(𝝁𝑨)        𝑨 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ]  

= 𝝀( 𝝁 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] ) 

= 𝝀( [

𝜇𝑎11 𝜇𝑎12 𝜇𝑎13

𝜇𝑎21 𝜇𝑎22 𝜇𝑎23

𝜇𝑎31 𝜇𝑎32 𝜇𝑎33

 ] ) 

= [

𝜆𝜇𝑎11 𝜆𝜇𝑎12 𝜆𝜇𝑎13

𝜆𝜇𝑎21 𝜆𝜇𝑎22 𝜆𝜇𝑎23

𝜆𝜇𝑎31 𝜆𝜇𝑎32 𝜆𝜇𝑎33

 ] 

 

= 𝜆𝜇 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= (𝜆𝜇)𝐴  = 𝑅.𝐻. 𝑆 
ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
𝒊𝒊)  (𝝀 + 𝝁)𝑨 = 𝝀𝑨 + 𝝁𝑨 
𝐿. 𝐻. 𝑆 

= (𝜆 + 𝜇) [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= [

(𝜆 + 𝜇)𝑎11 (𝜆 + 𝜇)𝑎12 (𝜆 + 𝜇)𝑎13

(𝜆 + 𝜇)𝑎21 (𝜆 + 𝜇)𝑎22 (𝜆 + 𝜇)𝑎23

(𝜆 + 𝜇)𝑎31 (𝜆 + 𝜇)𝑎32 (𝜆 + 𝜇)𝑎33

 ] 

= [

𝜆𝑎11 + 𝜇𝑎11 𝜆𝑎12 + 𝜇𝑎12 𝜆𝑎13 + 𝜇𝑎13

𝜆𝑎21 + 𝜇𝑎21 𝜆𝑎22 + 𝜇𝑎22 𝜆𝑎23 + 𝜇𝑎23

𝜆𝑎31 + 𝜇𝑎31 𝜆𝑎32 + 𝜇𝑎32 𝜆𝑎33 + 𝜇𝑎33

 ] 

= [

𝜆𝑎11 𝜆𝑎12 𝜆𝑎13

𝜆𝑎21 𝜆𝑎22 𝜆𝑎23

𝜆𝑎31 𝜆𝑎32 𝜆𝑎33

 ] + [

𝜇𝑎11 𝜇𝑎12 𝜇𝑎13

𝜇𝑎21 𝜇𝑎22 𝜇𝑎23

𝜇𝑎31 𝜇𝑎32 𝜇𝑎33

 ] 

= 𝜆 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] + 𝝁 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= 𝜆𝐴 + 𝜇𝐴   = 𝑅.𝐻. 𝑆   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑   
(𝒊𝒊𝒊)𝝀𝑨 − 𝑨 = (𝝀 − 𝟏)𝑨    

𝝀𝑨 − 𝑨 = 𝝀 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] − [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= [

𝜆𝑎11 𝜆𝑎12 𝜆𝑎13

𝜆𝑎21 𝜆𝑎22 𝜆𝑎23

𝜆𝑎31 𝜆𝑎32 𝜆𝑎33

 ] − [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= [

𝜆𝑎11 − 𝑎11 𝜆𝑎12 − 𝑎12 𝜆𝑎13−𝑎13

𝜆𝑎21 − 𝑎21 𝜆𝑎22 − 𝑎22 𝜆𝑎23 − 𝑎23

𝜆𝑎31 − 𝑎31 𝜆𝑎32 − 𝑎32 𝜆𝑎33 − 𝑎33

 ] 
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= [

(𝝀 − 𝟏)𝑎11 (𝝀 − 𝟏)𝑎12 (𝝀 − 𝟏)𝑎13

(𝝀 − 𝟏)𝑎21 (𝝀 − 𝟏)𝑎22 (𝝀 − 𝟏)𝑎23

(𝝀 − 𝟏)𝑎31 (𝝀 − 𝟏)𝑎32 (𝝀 − 𝟏)𝑎33

 ] 

= (𝝀 − 𝟏) [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

= (𝜆 − 1)𝐴 
Q.7 

𝒊𝒇 𝑨 = [𝒂𝒊𝒋]𝟐×𝟑
𝒂𝒏𝒅 𝑩 = [𝒃𝒊𝒋]𝟐×𝟑

 

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝝀(𝑨 + 𝑩) = 𝝀𝑨 + 𝝀𝑩 

𝐴 = [𝑎𝑖𝑗]2×3
= [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] 

𝐵 = [𝑏𝑖𝑗]2×3
= [

𝑏11 𝑏12 𝑏13

𝑏21 𝑏22 𝑏23
] 

𝐿. 𝐻. 𝑆  

= 𝜆 ([
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] + [

𝑏11 𝑏12 𝑏13

𝑏21 𝑏22 𝑏23
])  

 
 

[
𝜆 𝑎11 𝜆𝑎12 𝜆𝑎13

𝜆𝑎21 𝜆𝑎22 𝜆𝑎23
] + [

𝜆𝑏11 𝜆𝑏12 𝜆𝑏13

𝜆𝑏21 𝜆𝑏22 𝜆𝑏23
] 

= 𝜆 [
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] + 𝜆 [

𝑏11 𝑏12 𝑏13

𝑏21 𝑏22 𝑏23
] 

= 𝜆𝐴 + 𝜆𝐵   𝑅. 𝐻. 𝑆 
Hence proved. 
Q.8 

𝒊𝒇 𝑨 = [
𝟏 𝟐
𝒂 𝒃

]𝒂𝒏𝒅 𝑨𝟐 = [
𝟎 𝟎
𝟎 𝟎

]  

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒗𝒆𝒔 𝒐𝒇 𝒂 𝒏𝒅 𝒃 

∵ 𝐴2 = 𝐴 × 𝐴 = [
1 2
𝑎 𝑏

] × [
1 2
𝑎 𝑏

] 

𝐴2 = [
1 + 2𝑎 2 + 2𝑏
𝑎 + 𝑎𝑏 2𝑎 + 𝑏2] 

∵ 𝐴2 = [
0 0
0 0

]  𝑠𝑜 

[
1 + 2𝑎 2 + 2𝑏
𝑎 + 𝑎𝑏 2𝑎 + 𝑏2] = [

0 0
0 0

] 

1 + 2𝑎 = 0 

 𝑎 = −
1

2
 

 = 2 + 2𝑏 = 0 

 𝑏 = −
2

2
= −1 

Q.9 𝒊𝒇 𝑨 = [
𝟏 −𝟏
𝒂 𝒃

]𝒂𝒏𝒅 𝑨𝟐 = [
𝟏 𝟎
𝟎 𝟏

]  

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒗𝒆𝒔 𝒐𝒇 𝒂 𝒏𝒅 𝒃 

∵ 𝐴2 = 𝐴 × 𝐴 = [
1 −1
𝑎 𝑏

] × [
1 −1
𝑎 𝑏

] 

𝐴2 = [
1 − 𝑎 −1 − 𝑏

𝑎 + 𝑎𝑏 −𝑎 + 𝑏2] 

∵ 𝐴2 = [
1 0
0 1

]  𝑠𝑜 

[
1 − 𝑎 −1 − 𝑏

𝑎 + 𝑎𝑏 −𝑎 + 𝑏2] = [
1 0
0 1

] 

1 − 𝑎 = 1     ⟹ 𝑎 = 0 
−1 − 𝑏 = 0 ⟹ 𝑏 = −1 

Q10. 

𝒊𝒇 𝑨 = [
𝟏 −𝟏 𝟐
𝟎 𝟑 𝟏

]𝒂𝒏𝒅 𝑩 = [
𝟐 𝟑 𝟎
𝟏 𝟐 −𝟏

] 

𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕  
   𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛:     (𝐴 + 𝐵)𝑡 = 𝐴𝑡 + 𝐵𝑡  
𝐿. 𝐻. 𝑆 = (𝐴 + 𝐵)𝑡  

= ([
2 −1 2
1 3 1

] + [
2 3 0
1 2 −1

])
𝑡

 

 

= ([
1 + 2 −1 + 3 2 + 0
0 + 1 3 + 2 1 − 1

])
𝑡

 

= ([
3 2 2
1 5 0

])
𝑡

 

(𝐴 + 𝐵)𝑡 = [
3 1
2 5
2 0

] 

𝐴𝑡 + 𝐵𝑡 = ([
1 −1 2
0 3 1

])
𝑡

+ ([
2 3 0
1 2 −1

])
𝑡

 

𝐴𝑡 + 𝐵𝑡 = [
1 0

−1 3
2 1

] + [
2 1
3 2
0 −1

]  

𝐴𝑡 + 𝐵𝑡 = [
1 + 2 0 + 1

−1 + 3 3 + 2
2 + 0 1 − 1

]  

𝑨𝒕 + 𝑩𝒕 = [
𝟑 𝟏
𝟐 𝟓
𝟐 𝟎

]  

𝑳.𝑯. 𝑺 = 𝑹.𝑯. 𝑺   

Q.11 𝒇𝒊𝒏𝒅 𝑨𝟑 𝒊𝒇 𝑨 = [
𝟏 𝟏 𝟑
𝟓 𝟐 𝟔

−𝟐 −𝟏 −𝟑
] 

𝑨𝒏𝒔.  

𝐴 = [
1 1 3
5 2 6

−2 −1 −3
] 

𝐴2 = 𝐴 × 𝐴 = [
1 1 3
5 2 6

−2 −1 −3
] × [

1 1 3
5 2 6

−2 −1 −3
] 

𝐴2 = [
1 + 5 − 6 1 + 2 − 3 3 + 6 − 9

5 + 10 − 12 5 + 4 − 6 15 + 12 − 18
−2 − 5 + 6 −2 − 2 + 3 −6 − 6 + 9

] 

𝐴3 = [
0 0 0
0 0 0
0 0 0

] = 𝑂3 

 
Q12.𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝑿 𝒊𝒇  
Solution: 

i)𝑿 [
𝟓 𝟐

−𝟐 𝟏
] = [

−𝟏 𝟓
𝟏𝟐 𝟑

]  

Solution: 

𝑋 [
5 2

−2 1
] = [

−1 5
12 3

] 

𝑋𝐴 = 𝐵 
 𝑋 = 𝐵𝐴−1 → (1) 

Now  

|𝐴| = |
5 2

−2 1
| = 5 + 4 = 9 ≠ 0 

𝑎𝑑𝑗𝐴 = [
1 −2
2 5

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
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𝐴−1 =
[
1 −2
2 5

]

9
 

S0 (1) become 

𝑋 = [
−1 5
12 3

] ×
1

9
[
1 −2
2 5

] 

=
1

9
[
−1 5
12 3

] [
1 −2
2 5

] 

=
1

9
[
−1 + 10 2 + 25
12 + 6 −24 + 15

] 

=
1

9
[
9 27
18 −9

] = [
1 3
2 −1

] 

𝑠𝑜 𝑋 = [
1 3
2 −1

] 

ii) [
𝟓 𝟐

−𝟐 𝟏
]𝑿 = [

𝟐 𝟏
𝟓 𝟏𝟎

] 

Solution: 

[
𝟓 𝟐

−𝟐 𝟏
]𝑿 = [

𝟐 𝟏
𝟓 𝟏𝟎

] 

𝑨𝑿 = 𝑩 
𝑿 = 𝑨−𝟏𝑩 → (𝟏) 

|𝐴| = |
5 2

−2 1
| = 5 + 4 = 9 ≠ 0 

𝑎𝑑𝑗𝐴 = [
1 −2
2 5

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[
1 −2
2 5

]

9
 

So (1)  

𝑋 =
1

9
[
1 −2
2 5

] [
𝟐 𝟏
𝟓 𝟏𝟎

] 

=
1

9
[
2 − 10 1 − 20
4 + 25 2 + 50

] 

=
1

9
[
−8 −19
29 52

] = [
−

8

9
−

19

9
29

9

52

9

] 

𝑠𝑜 𝑋 = [
−

8

9
−

19

9
29

9

52

9

] 

Q13.  
Find the matrix A if  

𝒊) [
𝟓 −𝟏
𝟎 𝟎
𝟑 𝟏

]𝑨 = [
𝟑 −𝟕
𝟎 𝟎
𝟕 𝟐

] 

Solution: 

[
5 −1
0 0
3 1

] 𝐴 = [
3 −7
0 0
7 2

] 

𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝐴 = [ 
𝑎 𝑏
𝑐 𝑑

] 

Then  

[
5 −1
0 0
3 1

] [ 
𝑎 𝑏
𝑐 𝑑

] = [
3 −7
0 0
7 2

]  𝑡ℎ𝑒𝑛  

[
5𝑎 − 𝑐 5𝑏 − 𝑑
0 + 0 0 + 0
3𝑎 + 𝑐 3𝑏 + 𝑑

] = [
3 −7
0 0
7 2

] 

[
5𝑎 − 𝑐 5𝑏 − 𝑑

0 0
3𝑎 + 𝑐 3𝑏 + 𝑑

] = [
3 −7
0 0
7 2

] 

 5𝑎 − 𝑐 = 3 → (𝑖)     5𝑏 − 𝑑 = −7 → (𝑖𝑖𝑖) 
 3𝑎 + 𝑐 = 7 → (𝑖𝑖)      3𝑏 + 𝑑 = 2 → (𝑖𝑣) 
 (𝑖) + (𝑖𝑖)8𝑎 = 10          (𝑖𝑖𝑖) + (𝑖𝑣) 

 𝑎 =
10

8
               8𝑏 = −5 

 𝑎 =
5

4
           𝑏 = −

5

8
   

𝑠𝑜 (𝑖)      5 (
5

4
) − 𝑐 = 3 

𝑐 =
25

4
− 3 =

25 − 12

4
=

13

4
 

𝑠𝑜 (𝑖𝑣)           3 (−
5

8
) + 𝑑 = 2 

 

 −
15

8
+ 𝑑 = 2  

 𝑑 = 2 +
15

8
=

16+15

8
=

31

8
   

Hence 𝑨 = [

𝟓

𝟒
−

𝟓

𝟖
𝟏𝟑

𝟒

𝟑𝟏

𝟖

] 

(ii) 

[
𝟐 −𝟏

−𝟏 𝟐
]𝑨 = [

𝟎 −𝟑 𝟖
𝟑 𝟑 −𝟕

] 

Solution: 

[
2 −1

−1 2
]𝐴 = [

0 −3 8
3 3 −7

] 

𝐵𝐴 = 𝐶 
 𝐴 = 𝐵−1𝐶 → (1) 

|𝐵| = |
2 −1

−1 2
| = 4 − 1 = 3 ≠ 0 

𝑎𝑑𝑗𝐵 = [
2 1
1 2

] 

∵ 𝐵−1 =
𝑎𝑑𝑗𝐵

|𝐵|
 

𝐴−1 =
[
2 1
1 2

]

3
 

𝐴 =
1

3
[
2 1
1 2

] [
0 −3 8
3 3 −7

] 

𝐴 =
1

3
[
0 + 3 −6 + 3 16 − 7
0 + 6 −3 + 6 8 − 14

] 

𝐴 =
1

3
[
3 −3 9
6 3 −6

] 

𝐴 = [
1 −1 3
2 1 −2

] 

Q.14 
Show that  

[
𝒓𝒄𝒐𝒔∅ 𝟎 −𝒔𝒊𝒏∅

𝟎 𝒓 𝟎
𝒓𝒔𝒊𝒏∅ 𝟎 𝒄𝒐𝒔∅

] [
𝒓𝒄𝒐𝒔∅ 𝟎 −𝒔𝒊𝒏∅

𝟎 𝒓 𝟎
𝒓𝒔𝒊𝒏∅ 𝟎 𝒄𝒐𝒔∅

] = 𝒓𝑰𝟑 

 
Solution:  

https://newsongoogle.com/
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L.H.S=[
𝒓𝒄𝒐𝒔∅ 𝟎 −𝒔𝒊𝒏∅

𝟎 𝒓 𝟎
𝒓𝒔𝒊𝒏∅ 𝟎 𝒄𝒐𝒔∅

] [
𝒓𝒄𝒐𝒔∅ 𝟎 −𝒔𝒊𝒏∅

𝟎 𝒓 𝟎
𝒓𝒔𝒊𝒏∅ 𝟎 𝒄𝒐𝒔∅

] 

= [
𝑟𝑐𝑜𝑠2∅ + 0 + 𝑟𝑠𝑖𝑛2∅ 0 + 0 + 0 𝑟𝑐𝑜𝑠∅𝑠𝑖𝑛∅ − 𝑟𝑐𝑜𝑠∅𝑠𝑖𝑛∅

0 + 0 + 0 0 + 𝑟 + 0 0 + 0 = 0
𝑟𝑐𝑜𝑠∅𝑠𝑖𝑛∅ − 𝑟𝑐𝑜𝑠∅𝑠𝑖𝑛∅ 0 + 0 + 0 𝑟𝑐𝑜𝑠2∅ + 0 + 𝑟𝑠𝑖𝑛2∅

] 

= [
𝑟(cos2 ∅+sin2 ∅) 0 0

0 𝑟 0
0 0 𝑟(cos2 ∅+sin2 ∅)

] 

= [
𝑟 0 0
0 𝑟 0
0 0 𝑟

] 

= [
1 0 0
0 1 0
0 0 1

] = 𝐼3  𝑅. 𝐻. 𝑆  

Hence proved 
Properties of the matrix: 
Addition, Scalar Multiplication and Matrix 
Multiplication: 
If A, B and C are 𝑚 × 𝑛 matrices and c and d are 
scalars, then following properties are true: 

1. Commutative property w.r.t addition: 
𝐴 + 𝐵 = 𝐵 + 𝐴  
2. Associative property w.r.t addition  

(𝐴 + 𝐵) + 𝐶 = 𝐴 + (𝐵 + 𝐶)  
3. Associative property w.r.t  scalar 

multiplication: 
(𝑐𝑑)𝐴 = 𝑐(𝑑𝐴)  

4. Existence of additive identity : 
𝐴 + 𝑂 = 𝑂 + 𝐴 = 𝐴   (𝑂𝑖𝑠 𝑛𝑢𝑙𝑙 𝑚𝑎𝑡𝑟𝑖𝑥  

5. Existence of Multiplicative identity: 
𝐼𝐴 + 𝐴𝐼 + 𝐴      (𝐼 𝑖𝑠 𝑢𝑛𝑖𝑡 𝑚𝑎𝑡𝑟𝑖𝑥)  

6. Distributive property w.r.t scalar 
Multiplicative: 
(𝑎)           𝑐(𝐴 + 𝐵) = 𝑐𝐴 + 𝑐𝐵  
(𝑏)          (𝑐 + 𝑑)𝐴 = 𝑐𝐴 + 𝑑𝐴  

7. Associative property w.r.t Multiplicative: 
𝐴(𝐵𝐶) + (𝐴𝐵)𝐶  

8. Left Distributive property  :  
𝐴(𝐵 + 𝐶) + 𝐴𝐵 + 𝐴𝐶  

9. Right distributive property: 
(𝐴 + 𝐵)𝐶 = 𝐴𝐶 + 𝐵𝐶  
10. 𝑐(𝐴𝐵) = (𝑐𝐴)𝐵 = 𝐴(𝑐𝐵) 

 
 
 

www.notespk.com  

 
 
 
 

Exercise 3.2 
Q1.𝒊𝒇 𝑨 = [𝒂𝒊𝒋]𝟑×𝟒

𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕  

𝒊)    𝑰𝟑𝑨 = 𝑨                      𝒊𝒊)𝑨𝑰𝟒 = 𝑨 
Solution: 
L.H.S= 𝑰𝟑 = 𝑨 

= [
1 0 0
0 1 0
0 0 1

] [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

   

𝑎14

𝑎24

𝑎34

] 

 

= [

𝑎11 + 0 + 0 + 0 0 + 𝑎12 + 0 + 0 0 + 0 + 𝑎13 + 0
𝑎21 + 0 + 0 + 0 0 + 𝑎22 + 0 + 0 0 + 0 + 𝑎23 + 0
𝑎310 + 0 + 0 +0𝑎32 + 0 + 0 0 + 0 + 𝑎33+0

    
0 + 0 + 0 + 𝑎14

0 + 0 + 0 + 𝑎24

0 + 0 + 0 + 𝑎34

]  

= [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

   

𝑎14

𝑎24

𝑎34

] = 𝐴 

ℎ𝑒𝑛𝑐𝑒 𝐼3𝐴 = 𝐴 
ii)𝐴𝐼4 = 𝐴 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

   

𝑎14

𝑎24

𝑎34

] [

1 0
0 1
0 0

    
0 0
0 0
1 0

0 0 0      1  

] 

= [

𝑎11 + 0 + 0 + 0 0 + 𝑎12 + 0 + 0 0 + 0 + 𝑎13 + 0
𝑎21 + 0 + 0 + 0 0 + 𝑎22 + 0 + 0 0 + 0 + 𝑎23 + 0
𝑎310 + 0 + 0 +0𝑎32 + 0 + 0 0 + 0 + 𝑎33+0

    
0 + 0 + 0 + 𝑎14

0 + 0 + 0 + 𝑎24

0 + 0 + 0 + 𝑎34

]  

= [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

   

𝑎14

𝑎24

𝑎34

] = 𝐴   ℎ𝑒𝑛𝑐𝑒   𝐴𝐼4 = 𝐴 

Q2. 
𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒄𝒄𝒆𝒔. 

i)[
𝟑 −𝟏
𝟐 𝟏

] 

Solution:  

Let A=[
𝟑 −𝟏
𝟐 𝟏

] 

𝑨−𝟏 =?    𝑨−𝟏 =
𝒂𝒅𝒋𝑨

|𝑨|
→ (𝟏) 

|𝐴| = |
3 −1
2 1

| = 3 + 2 = 5 ≠ 0 

𝑎𝑑𝑗𝐴 = [
1 1

−2 3
] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[

1 1
−2 3

]

5
 

𝐴−1 = [

1

5

1

5

−
2

5

3

5

] 

 

ii)[
−𝟐 𝟑
−𝟒 𝟓

] 

Solution:  

Let A=[
−𝟐 𝟑
−𝟒 𝟓

] 

𝑨−𝟏 =?    𝑨−𝟏 =
𝒂𝒅𝒋𝑨

|𝑨|
→ (𝟏) 

|𝐴| = |
−2 3
−4 5

| = −10 + 12 = 2 ≠ 0 

zain
Stamp
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𝑎𝑑𝑗𝐴 = [
5 −3
4 −2

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[
5 −3
4 −2

]

2
 

𝐴−1 = [

5

2

−3

2
4

2

−2

2

] 

𝐴−1 = [
5

2
−

3

2
2 −1

] 

iii) 

[
𝟐𝒊 𝒊
𝒊 −𝒊

] 

Solution:  

Let A=[
𝟐𝒊 𝒊
𝒊 −𝒊

] 

𝑨−𝟏 =?    𝑨−𝟏 =
𝒂𝒅𝒋𝑨

|𝑨|
→ (𝟏) 

|𝐴| = |
𝟐𝒊 𝒊
𝒊 −𝒊

| = −2𝑖2 − 𝑖2 = −3𝑖2 = 3 ≠ 0 

𝑎𝑑𝑗𝐴 = [
−𝒊 −𝒊
−𝒊 𝟐𝒊

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[
−𝒊 −𝒊
−𝒊 𝟐𝒊

]

3
 

𝐴−1 =
1

3
[
−𝑖 −𝑖
−𝑖 2𝑖

] = [
−

𝑖

3
−

𝑖

3

−
𝑖

3

2𝑖

3

] 

iv) Let A=[
𝟐 𝟏
𝟔 𝟑

] 

𝐴−1 =?    𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
→ (1) 

|𝐴| = |
2 1
6 3

| = 6 − 6 = 0  

So |𝐴| = 0    𝐴−1 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡. 
Q3. 
Solve the following system of linear equations. 

i) 𝟐𝒙𝟏 − 𝟑𝒙𝟐 = 𝟓 
𝟓𝒙𝟏 + 𝒙𝟐 = 𝟒  

Solution: 
In matrix form 

[
2 −3
5 1

] [
𝑥1

𝑥2
] = [

5
4
] 

𝐴𝑋 = 𝐵 
𝑋 = 𝐴−1𝐵 → (1) 

𝐴 = [
2 −3
5 1

] ⟹ |𝐴| = |
2 −3
5 1

| = 2 + 15 = 17 ≠ 0 

S0𝐴−1𝑒𝑥𝑖𝑠𝑡. 

𝑎𝑑𝑗𝐴 = [
1 3

−5 2
] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[

1 3

−5 2
]

17
 

𝑆𝑜 𝑒𝑞 (1) 𝑏𝑒𝑐𝑜𝑚𝑒   
 

𝑋 =
[

1 3

−5 2
]

17
[
5
4
] 

𝑋 =
1

17
[

1 3

−5 2
] [

5
4
] 

𝑋 =
1

17
[   

5 + 12
−25 + 8

   ] = [

17

17

−
17

17

] = [
1

−1
] 

[
𝑥1

𝑥2
] = [

1
−1

]    𝑠𝑜 𝑥1 = 1, 𝑎𝑛𝑑 𝑥2 = −1  

ii) 𝟒𝒙𝟏 + 𝟑𝒙𝟐 = 𝟓 
𝟑𝒙𝟏 − 𝒙𝟐 = 𝟕  

Solution: 
In matrix form 

[
4 3
3 −1

] [
𝑥1

𝑥2
] = [

5
7
] 

𝐴𝑋 = 𝐵 
𝑋 = 𝐴−1𝐵 → (1) 

 

𝐴 = [
4 3
3 −1

] ⟹ |𝐴| = |
4 3
3 −1

| = −4 − 9 = −13 ≠ 0 

S0𝐴−1𝑒𝑥𝑖𝑠𝑡. 

𝑎𝑑𝑗𝐴 = [
−1 −3
−3 4

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[
−1 −3
−3 4

]

−13
 

𝑆𝑜 𝑒𝑞 (1) 𝑏𝑒𝑐𝑜𝑚𝑒   
 

𝑋 =
[
−1 −3
−3 4

]

−13
[
5
7
] 

𝑋 =
1

−13
[
−1 −3
−3 4

] [
5
7
] 

𝑋 =
1

−13
[   

−5 − 21
−15 + 18

   ] = [

−26

−13

−
13

13

] = [
2

−1
] 

[
𝑥1

𝑥2
] = [

1
−1

]    𝑠𝑜 𝑥1 = 2, 𝑎𝑛𝑑 𝑥2 = −1  

 
iii) 𝟑𝒙 − 𝟓𝒚 = 𝟏 

−𝟐𝒙 + 𝒚 = −𝟑  
Solution: 
In matrix form 

[
3 −5

−2 1
] [

𝑥
𝑦] = [

1
−3

] 

𝐴𝑋 = 𝐵 

https://newsongoogle.com/
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𝑋 = 𝐴−1𝐵 → (1) 

𝐴 = [
3 −5

−2 1
] ⟹ |𝐴| = |

3 −5
−2 1

| = 3 − 10 = −7 ≠

0 
S0𝐴−1𝑒𝑥𝑖𝑠𝑡. 

𝑎𝑑𝑗𝐴 = [
1 5

2 3
] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
 

𝐴−1 =
[
1 5

2 3
]

−7
 

𝑆𝑜 𝑒𝑞 (1) 𝑏𝑒𝑐𝑜𝑚𝑒   
 

𝑋 =
[
1 5

2 3
]

−7
[

1
−3

] 

𝑋 =
1

−7
[

1 3

−5 2
] [

1
−3

] 

𝑋 =
1

−7
[   

1 − 15
2 − 9

   ] = [

−14

−7
−7

−7

] = [
2
1
] 

[
𝑥
𝑦] = [

2
1
]    𝑠𝑜 𝑥 = 2, 𝑎𝑛𝑑 𝑦 = 1  

Q4. 𝑖𝑓 𝐴 = [
1 −1 2
3 2 5

−1 0 4
] , 𝐵 = [

2 1 −1
1 3 4

−1 2 1
] 

𝑎𝑛𝑑  𝐶 = [
1 3 −2

−1 2 0
3 4 −1

] 𝑡ℎ𝑒𝑛 𝑓𝑖𝑛𝑑(𝑖)(𝐴 − 𝐵)  (𝑖𝑖) 

𝐵 − 𝐴     𝑖𝑖𝑖)   (𝐴 − 𝐵) − 𝐶      (𝑖𝑣) 𝐴 − (𝐵 − 𝐶) 
Solution: 

(𝑖)(𝐴 − 𝐵)  = [
1 −1 2
3 2 5

−1 0 4
] − [

2 1 −1
1 3 4

−1 2 1
] 

= [
1 − 2 −1 − 1 2 + 1
3 − 1 2 − 3 5 − 4

−1 + 1 0 − 2 4 − 1
]  

= [
−1 −2 3
2 −1 1
0 −2 3

] 

 
(𝑖𝑖)𝐵 − 𝐴  

[
2 1 −1
1 3 4

−1 2 1
] − [

1 −1 2
3 2 5

−1 0 4
]  

= [
2 − 1 1 + 1 −1 − 2
1 − 3 3 − 2 4 − 5

−1 + 1 2 − 0 1 − 4
] 

= [
1 2 −3

−2 1 −1
0 2 −3

] 

𝑖𝑖𝑖)   (𝐴 − 𝐵) − 𝐶        

= [
−1 −2 3
2 −1 1
0 −2 3

] − [
1 3 −2

−1 2 0
3 4 −1

] 

= [
−1 − 1 −2 − 3 3 + 2
2 + 1 −1 − 2 1 − 0
0 − 3 −2 − 4 3 + 1

] 

= [
−2 −5 5
3 −3 1

−3 −6 4
] 

(𝑖𝑣) 𝐴 − (𝐵 − 𝐶)  

𝐴 − ( [
2 1 −1
1 3 4

−1 2 1
] − [

1 3 −2
−1 2 0
3 4 −1

]) 

𝐴 − ([
2 − 1 1 − 3 −1 + 2
1 + 1 3 − 2 4 − 0

−1 − 3 2 − 4 1 + 1
]) 

[
1 −1 2
3 2 5

−1 0 4
] − [

1 −2 1
2 1 4

−4 −2 2
] 

= [
1 − 1 −1 + 2 2 − 1
3 − 2 2 − 1 5 − 4

−1 + 4 0 + 2 4 − 2
] 

= [ 
0 1 1
1 1 1
3 2 2

] 

Q.5  

𝑖𝑓 𝐴 = [ 
𝑖 2𝑖
1 −𝑖

] , 𝐵 = [
−𝑖 1
2𝑖 𝑖

]  𝑎𝑛𝑑 𝐶 = [
2𝑖 −1
−𝑖 𝑖

] 

𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝑖)   (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) 
(𝑖𝑖)   (𝐴 + 𝐵)𝐶 = 𝐴𝐶 + 𝐵𝐶 

(𝑖)   (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶)  
Solution: 
𝐿. 𝐻. 𝑆 = (𝐴𝐵)𝐶  

= ([ 
𝑖 2𝑖
1 −𝑖

] [
−𝑖 1
2𝑖 𝑖

] ) [
2𝑖 −1
−𝑖 𝑖

] 

= [−𝑖2 + 4𝑖2 𝑖 + 2𝑖2

−𝑖 − 2𝑖2 1 − 𝑖2
] [

2𝑖 −1
−𝑖 𝑖

] 

[
3𝑖2 𝑖 + 2(−1)

−𝑖 − 2(−1) 1 − (−1)
] [

2𝑖 −1
−𝑖 𝑖

]  

[
−3 𝑖 − 2

−𝑖 + 2 2
] [

2𝑖 −1
−𝑖 𝑖

] 

= [−6𝑖 − 𝑖2 + 2𝑖 3 + 𝑖2 − 2𝑖
4𝑖 − 2𝑖2 − 2𝑖 −2 + 𝑖 + 2𝑖

] 

= [
−4𝑖 − (−1) 3 + (−1) − 2𝑖
2𝑖 − 2(−1) −2 + 3𝑖

] 

= [
−4𝑖 + 1 2 − 2𝑖
2𝑖 + 2 −2 + 3𝑖

] → (1) 

𝑅.𝐻. 𝑆 =    𝐴(𝐵𝐶)  

= 𝐴([
−𝑖 1
2𝑖 𝑖

] [
2𝑖 −1
−𝑖 𝑖

]) 

= 𝐴 ([−2𝑖2 − 𝑖 𝑖 + 𝑖
4𝑖2 − 𝑖2 −2𝑖 + 𝑖2

]) 

= 𝐴 ([
−2(−1) − (𝑖) 2𝑖
4(−1) − (−1) −2𝑖 + (−1)

]) 

= [ 
𝑖 2𝑖
1 −𝑖

] [
2 − 𝑖 2𝑖
−3 −2𝑖 − 1

] 

= [2𝑖 − 𝑖2 − 6𝑖 2𝑖2 − 2𝑖 − 4𝑖2

2 − 𝑖 + 3𝑖 2𝑖 + 2𝑖2 + 𝑖
] 

= [
−4𝑖 − (−1) −2𝑖2 − 2𝑖

2 + 2𝑖 3𝑖 + 2(−1)
] 

= [−4𝑖 + 1 −2(−1) − 2𝑖
2 − 2𝑖 3𝑖 − 2

] 
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[
−4𝑖 + 1 2 − 2𝑖
2 + 2𝑖 3𝑖 − 2

] → (2) 

𝐹𝑟𝑜𝑚 𝑒𝑞(1) 𝑎𝑛𝑑 (2) 
𝐿. 𝐻. 𝑆 = 𝑅.𝐻. 𝑆 

 
(𝑖𝑖)   (𝐴 + 𝐵)𝐶 = 𝐴𝐶 + 𝐵𝐶 

𝐿. 𝐻. 𝑆 = (𝐴 + 𝐵)𝐶  

= ([ 
𝑖 2𝑖
1 −𝑖

] + [
−𝑖 1
2𝑖 𝑖

]) [
2𝑖 −1
−𝑖 𝑖

] 

= [
𝑖 − 𝑖 2𝑖 + 𝑖

1 + 2𝑖 −𝑖 + 𝑖
] 𝐶 

= [
0 3𝑖

1 + 2𝑖 0
] [

2𝑖 −1
−𝑖 𝑖

] 

= [ 0 − 𝑖 − 2𝑖2 𝑜 + 𝑖 + 2𝑖2

2𝑖 + 4𝑖2 + 0 −1 − 2𝑖 + 0
] 

[
−𝑖 + 2 𝑖 − 2
2𝑖 − 4 −1 − 2𝑖

] → (1) 

 
𝑅.𝐻. 𝑆 = 𝐴𝐶 + 𝐵𝐶  

[ 
𝑖 2𝑖
1 −𝑖

] [
2𝑖 −1
−𝑖 𝑖

] + [
−𝑖 1
2𝑖 𝑖

] [
2𝑖 −1
−𝑖 𝑖

] 

[ 2𝑖2 − 2𝑖2 −𝑖 + 2𝑖2

2𝑖 + 𝑖2 −1 − 𝑖2
] + [−2𝑖2 − 𝑖 𝑖 + 𝑖

4𝑖2 − 𝑖2 −2𝑖 + 𝑖2
] 

= [
−2 + 2 −𝑖 − 2
2𝑖 − 1 −1 + 1

 ] + [
2 − 𝑖 2𝑖

−4 − 1 −2𝑖 − 1
] 

= [
0 −𝑖 − 2

2𝑖 − 1 0
] + [

2 − 𝑖 2𝑖
−3 −2𝑖 − 1

] 

= [
0 + 2 − 𝑖 −𝑖 − 2 + 2𝑖
2𝑖 − 1 − 3 0 − 2𝑖 − 1

] 

= [
−𝑖 + 2 𝑖 − 2
2𝑖 − 4 −1 − 2𝑖

] → ((2) 

𝑓𝑟𝑜𝑚 𝑒𝑞(1)𝑎𝑛𝑑 𝑒𝑞 (2)  
𝑳.𝑯. 𝑺 = 𝑹.𝑯. 𝑺 

Q.6 
𝒊𝒇 𝑨 𝒏𝒅 𝑩 𝒂𝒓𝒆 𝒔𝒒𝒖𝒂𝒓𝒆 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒐𝒇 𝒔𝒂𝒎𝒆 𝒐𝒓𝒅𝒆𝒓,  
𝒕𝒉𝒆𝒏 𝒆𝒙𝒑𝒍𝒂𝒊𝒏 𝒘𝒉𝒚 𝒊𝒏 𝒈𝒆𝒏𝒆𝒓𝒂𝒍;  
(𝒊)(𝑨 + 𝑩)𝟐 ≠ 𝑨𝟐 + 𝟐𝑨𝒃 + 𝑩𝟐  
Solution: 
𝐿. 𝐻. 𝑆 = (𝐴 + 𝐵)2  
= (𝐴 + 𝐵)(𝐴 + 𝐵)  
= 𝐴2 + 𝐴𝐵 + 𝐵𝐴 + 𝐵2  

∵ 𝐴𝐵 ≠ 𝐵𝐴 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜  
𝐴𝐵 + 𝐵𝐴 ≠ 2𝐴𝐵  
𝑁𝑜𝑤   

𝐿. 𝐻. 𝑆 ≠ 𝐴2 + 2𝐴𝐵 + 𝐵2 = 𝑅.𝐻. 𝑆 
ℎ𝑒𝑛𝑐𝑒(𝐴 + 𝐵)2 ≠ 𝐴2 + 2𝐴𝑏 + 𝐵2   
𝑖𝑖)  (𝐴 − 𝐵)2 ≠ 𝐴2 − 2𝐴𝐵 + 𝐵2 
𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 
𝐿. 𝐻. 𝑆 = (𝐴 − 𝐵)2 
= (𝐴 − 𝐵)(𝐴 − 𝐵) 
𝐴2 − 𝐴𝐵 − 𝐵𝐴 + 𝐵2 
∵ 𝐴𝐵 ≠ 𝐵𝐴 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜  
−𝐴𝐵 − 𝐵𝐴 ≠ −2𝐴𝐵 
𝑁𝑂𝑊 𝐿. 𝐻. 𝑆 ≠ 𝐴2 − 2𝐴𝐵 + 𝐵2 = 𝑅.𝐻. 𝑆 
Hence (𝐴 − 𝐵)2 ≠ 𝐴2 − 2𝐴𝐵 + 𝐵2 
iii) 
𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴2 − 𝐵2 
= 𝐴2 − 𝐴𝐵 + 𝐵𝐴 − 𝐵2 

∵ 𝐴𝐵 ≠ 𝐵𝐴 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜  
−𝐴𝐵 + 𝐵𝐴 ≠ 0 
Now 
𝐿. 𝐻. 𝑆 ≠ 𝐴2 − 𝐵2 = 𝑅.𝐻. 𝑆 
Hence  
𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴2 − 𝐵2 

𝑄. 7 𝑖𝑓 𝐴 = [
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

]   

then find A𝐴𝑡  𝑎𝑛𝑑 𝐴𝑡𝐴 
Solution: 

[
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

] [
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

]

𝑡

 

𝐴𝐴𝑡 = [
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

] [

2 1 −3
−1 0 5
3 4 2

0 −2 −1

] 

= [
4 + 1 + 9 + 0 2 − 0 + 12 + 0 −6 − 5 + 6 − 0
2 − 0 + 12 + 0 1 + 0 + 16 + 4 −3 + 0 + 8 + 2
−6 − 5 + 6 − 0 −3 + 0 + 8 + 2 9 + 25 + 4 + 1

 ] 

𝐴𝐴𝑡 = [
14 14 −5
14 21 7
−5 7 39

]  

Also, 

𝐴𝑡𝐴 = [
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

]

𝑡

[
2 −1 3
1 0 4

−3 5 2
    

0
−2
−1

] 

= [

2 1 −3
−1 0 5
3 4 2

 

0 −2 −1

] [
2 −1 3
1 0 4

−3 5 2
   

0
−2
−1

] 

= [

4 + 1 + 9 −2 + 0 − 15 6 + 4 − 6
−2 + 0 − 15 1 + 0 + 25 1 + 0 + 25
6 + 4 − 6 −3 + 0 + 10 −3 + 0 + 10

     
0 − 2 + 3
0 − 0 − 5
0 − 8 − 2

0 − 2 + 3        0 − 0 − 5     0 − 8 − 2          0 + 4 + 1    

] 

𝐴𝑡𝐴 = [

14    −17   4     1  
−17    26 7
4 7 29
1 −5 −10

   
−5
−10
5

] 

𝑄8. 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑚𝑎𝑡𝑟𝑖𝑥 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑋 

𝑖) 3𝑋 − 2𝐴 = 𝐵 𝑖𝑓 𝐴 = [
2 3 −2

−1 1 5
]  

𝑎𝑛𝑑 𝐵 = [
2 −3 1
5 4 −1

]  

Solution: 
𝑖) 3𝑋 − 2𝐴 = 𝐵  

3𝑋 − 2 [
2 3 −2

−1 1 5
] = [

2 −3 1
5 4 −1

]  

3𝑋 − [
4 6 2

−2 2 10
] = [

2 −3 1
5 4 −1

]  

3𝑋 = [
2 −3 1
5 4 −1

] + [
4 6 2

−2 2 10
] 

3𝑋 = [
2 + 4 −3 + 6 1 − 4
5 − 2 4 + 2 −1 + 10

] 

3𝑋 = [
6 3 −3
3 6 9

] 

𝑋 =
1

3
[
6 3 −3
3 6 9

] 
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𝑋 = [

6

3

3

3
−

3

3
3

3

6

3

9

3

] 

𝑋 = [
2 1 −1
1 2 3

] 

𝑖𝑖) 2𝑋 − 3𝐴 = 𝐵  

𝑖𝑓 𝐴 = [
1 −1 2

−2 4 5
]  𝑎𝑛𝑑 𝐵 = [

3 −1 0
4 2 1

] 

2𝑋 − 3 [
1 −1 2

−2 4 5
] = [

3 −1 0
4 2 1

] 

2𝑋 − [
3 −3 6

−6 12 15
] = [

3 −1 0
4 2 1

] 

2𝑋 = [
3 −1 0
4 2 1

] + [
3 −3 6

−6 12 15
] 

2𝑋 = [
3 + 3 −1 − 3 0 + 6
4 − 6 2 + 12 1 + 15

] 

2𝑋 = [
6 −4 6

−2 14 16
] 

𝑋 =
1

2
[

6 −4 6
−2 14 16

] 

𝑋 = [

6

2
−

4

2

6

2

−
2

2

14

2

16

2

] 

𝑋 = [
3 −2 3

−1 7 8
] 

Q.9 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑚𝑎𝑡𝑟𝑖𝑥 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝐴  

(i) [
4 3
2 2

] 𝐴 − [ 
2 3

−1 −2
] = [

−1 −4
3 6

]  

Solution:  

[
4 3
2 2

] 𝐴 − [ 
2 3

−1 −2
] = [

−1 −4
3 6

]  

 [
4 3
2 2

] 𝐴 = [
−1 −4
3 6

] + [ 
2 3

−1 −2
] 

 [
4 3
2 2

] 𝐴 = [
−1 + 2 −4 + 3
3 − 1 6 − 2

] 

 [
4 3
2 2

] 𝐴 = [
1 −1
2 4

 ] 

 𝐵𝐴 = 𝐶 
 𝐴 = 𝐵−1𝐶 → (1) 

Here 𝐵 = [
4 3
2 2

]  𝑎𝑛𝑑 𝐶 = [
1 −1
2 4

 ] 

|𝐵| = |
4 3
2 2

| = 8 − 6 = 2 ≠ 0 𝑠𝑜 𝐵−1 𝑒𝑥𝑖𝑠𝑡 

𝑎𝑑𝑗𝐵 = [
2 −3

−2 4
 ] 

𝐵−1 =
𝑎𝑑𝑗𝐵

|𝐵|
=

1

2
[

2 −3
−2 4

] 

𝑠𝑜 𝑒𝑞 (1)𝑏𝑒𝑐𝑜𝑚𝑒   

𝐴 =
1

2
[

2 −3
−2 4

] [
1 −1
2 4

] 

1

2
[

2 − 6 −2 − 12
−2 + 8 2 + 16

] 

=
1

2
 [
−4 −14
6 18

] = [
−

4

2
−

14

2
6

2

18

2

] = [
−2 −7
3 9

] 

  𝐴 = [
−2 −7
3 9

]  

ii) 

𝐴 [
3 1
4 2

] − [
−1 2
3 1

] = [
2 0

−1 5
] 

𝐴 [
3 1
4 2

] = [
2 0

−1 5
] + [

−1 2
3 1

] 

 𝐴 [
3 1
4 2

] = [
2 − 1 0 + 2

−1 + 3 5 + 1
] 

 𝐴 [
3 1
4 2

] = [
1 2
2 6

] 

𝐴𝐵 = 𝐶            ℎ𝑒𝑟𝑒 𝐵 = [
3 1
4 2

]  𝑎𝑛𝑑 𝐶

= [
1 2
2 6

] 

 𝐴 = 𝐶𝐵−1 → (1) 

|𝐵| = |
3 1
4 2

| = 6 − 4 = 2 ≠ 0 𝑠𝑜 𝐵−1 𝑒𝑥𝑖𝑠𝑡 

𝑎𝑑𝑗𝐵 = [
2 −1

−4 3
 ] 

𝐵−1 =
𝑎𝑑𝑗𝐵

|𝐵|
=

1

2
[

2 −1
−4 3

] 

𝑠𝑜 𝑒𝑞 (1)𝑏𝑒𝑐𝑜𝑚𝑒   

𝐴 =
1

2
[

2 −1
−4 3

] [
1 2
2 6

] 

1

2
[
2 − 8 −1 + 6
4 − 24 −2 + 18

] 

=
1

2
 [

−6 5
−20 16

] = [
−

6

2

5

2

−
20

2

16

2

] = [ −3
5

2
−10 8

] = 𝐴 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

https://newsongoogle.com/

sptth //: gleoongoswne .
moc /



Class 11                                   Chapter 3                              www.notes.pk.com 

12 | P a g e  
 

Determinants Minor Of An Element: 
𝐿𝑒𝑡 𝐴 = [𝑎𝑖𝑗]𝑏𝑒 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 × 𝑛. 𝑖𝑓 𝑤𝑒  

 𝑑𝑒𝑙𝑒𝑡𝑒 
𝑡ℎ𝑒 𝑖𝑡ℎ 𝑟𝑜𝑤 𝑎𝑛𝑑 𝑗𝑡ℎ 𝑐𝑜𝑙𝑢𝑚𝑛 𝑜𝑓 𝐴, 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡 𝑎  

(𝑛 − 1)
× (𝑛 − 1)𝑚𝑎𝑡𝑟𝑖𝑥. 𝑡ℎ𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒  

𝑚𝑎𝑡𝑟𝑖𝑥(𝑛 − 1) × (𝑛 − 1) 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑚𝑖𝑛𝑜𝑟 
 𝑜𝑓𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎𝑖𝑗𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑀𝑖𝑗𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 

  𝑨 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

 ] 

Minor of 𝑎11 = 𝑀11 = |
𝑎22 𝑎23

𝑎32 𝑎33
| 

Minor of 𝑎22 = 𝑀22 = |
𝑎11 𝑎23

𝑎31 𝑎33
| 

etc. 

𝑙𝑒𝑡 𝐴 = [
1 2 3
4 5 6
7 8 9

] 

𝑀𝑖𝑜𝑛𝑟 𝑜𝑓 2 = |
4 6
7 9

| 

𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 8 = |
1 3
4 6

| 

Cofactors of an element: 

𝒍𝒆𝒕 𝑨 = [𝒂𝒊𝒋]𝒃𝒆 𝒂 𝒔𝒒𝒖𝒂𝒓𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 . 𝒕𝒉𝒆𝒏  

𝒄𝒐𝒇𝒆𝒄𝒕𝒐𝒓 𝒐𝒇 𝒂𝒊𝒋𝒊𝒔 𝒅𝒆𝒏𝒐𝒕𝒆𝒅 𝒃𝒚 𝑨𝒊𝒋𝒂𝒏𝒅 𝒅𝒆𝒏𝒐𝒕𝒆𝒅 𝒃𝒚  

𝑨𝒊𝒋𝒂𝒏𝒅 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒂𝒔  

𝑨𝒊𝒋 = (−𝟏)𝒊+𝒋 𝑴𝒊𝒋  

For example  

𝑨 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

𝐴11 = 𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎11 = (−1)1+1 |
𝑎22 𝑎13

𝑎32 𝑎33
| 

𝐴12 = 𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎12 = (−1)1+2 |
𝑎21 𝑎23

𝑎31 𝑎33
| 

Etc. 
Determinant of a square matrix of order 𝒏 ≥ 𝟑: 
The determinant of a square matrix of order n is the 
sum of products of each element of a row or 
column by its cofactor. 
For example , if A is matrix of order 3 × 3 

𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

]

𝟑×𝟑

then  

|𝐴| = 𝑎11𝐴11 + 𝑎12𝐴12 + 𝑎13𝐴13 
(by expanding column first ) 

𝑖𝑓 𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛 𝑖. 𝑒  

𝐴 =

[
 
 
 
 
𝑎11 𝑎12 𝑎13 ⋯ 𝑎1𝑗 𝑎1𝑚

𝑎21 𝑎22 𝑎23 ⋯ 𝑎2𝑗 𝑎2𝑚

⋮ ⋮ ⋮ ⋯ ⋮ ⋮
𝑎𝑖1 𝑎𝑖2 𝑎𝑖3 ⋯ 𝑎𝑖𝑗 𝑎𝑖𝑛

𝑎𝑛1 𝑎𝑛2 𝑎𝑛3 ⋯ 𝑎𝑛𝑗 𝑎𝑚 ]
 
 
 
 

 

|𝐴| = 𝑎11𝐴11 + 𝑎12𝐴12 + 𝑎13𝐴13+. . +𝑎𝑖𝑗𝐴1𝑗 + ⋯

+ 𝑎1𝑛𝐴𝑛1 

Properties of Determinants which help their 
Evaluation: 

1. For a square matrix |𝐴| = |𝐴𝑡| 
2. if in a square matrix A, two rows or two column 
are interchanged, the determinant of resulting 
matrix is −|𝐴|  
3.  if a square matrix A has two identical rows (or 
column)then |𝐴| = 0 
4. if all the entries of a row or column of a square 
matrix are zero, then |𝐴| = 0 
5. if the entries of row or a column in a square 
matrix A are multiply by a number 
 𝑘 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔  
𝑚𝑎𝑡𝑟𝑖𝑥 is 𝑘 ∈ 𝑅  
6. if each entry of a row or a column of a square 
matrix consists of two terms then its determinant 
can be written as the sum of two determinants. 
7. if two each entry of a row or column of a square 
matrix A is added a non- zero multiply of the 
corresponding entry of another row or column , 
then the determinant of the resulting matrix is |𝐴|. 
8.  if a matrix is in triangular form, then the value of 
its determinant is the product of the entries on its 
main diagonal. 
Examples of above mentioned property of 
determinants. 

1. Let A=[
𝑎11 𝑎12

𝑎21 𝑎22
] , 𝐴𝑡 = [

𝑎11 𝑎21

𝑎12 𝑎22
] 

|𝐴| = |
𝑎11 𝑎12

𝑎21 𝑎22
|   𝑎11𝑎22 − 𝑎12𝑎21  

|𝐴𝑡| = |
𝑎11 𝑎21

𝑎12 𝑎22
| 𝑎11𝑎22 − 𝑎12𝑎23 

 |𝐴| = |𝐴𝑡| 
2.  

 Let A=[
𝑎11 𝑎12

𝑎21 𝑎22
] 

|𝐴| = |
𝑎11 𝑎12

𝑎21 𝑎22
|  =  𝑎11𝑎22 − 𝑎12𝑎21 

Now interchanged 𝑅1 𝑎𝑛𝑑 𝑅2 

[
𝑎21 𝑎22

𝑎11 𝑎12
] = 𝑎21𝑎12 − 𝑎11𝑎22 

= −(𝑎11𝑎22 − 𝑎21𝑎12) 
= −|𝐴| 

3. Let A=|
0 0 0

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

| 

|𝐴| = 0 |
𝑎22 𝑎23

𝑎32 𝑎33
| − 0 |

𝑎21 𝑎23

𝑎31 𝑎33
| + 0 |

𝑎21 𝑎22

𝑎31 𝑎32
| 

|𝐴| = 0 

4. 𝑙𝑒𝑡 𝐴 = [
𝑎 𝑏 𝑐
𝑎 𝑏 𝑐
𝑥 𝑦 𝑧

] 

|𝐴| = 𝑎 |
𝑏 𝑐
𝑦 𝑧

| − 𝑏 |
𝑎 𝑐
𝑥 𝑧

| + 𝑐 |
𝑎 𝑏
𝑥 𝑦

| 

= 𝑎(𝑏𝑧 − 𝑐𝑦) − 𝑏(𝑎𝑧 − 𝑐𝑥) + 𝑐(𝑎𝑦 − 𝑏𝑦) 
= 𝑎𝑏𝑧 − 𝑎𝑐𝑦 − 𝑏𝑎𝑧 + 𝑏𝑐𝑥 + 𝑎𝑐𝑦 − 𝑏𝑐𝑥 

zain
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 |𝐴| = 0  

Let 𝐴 = [
𝑎11 𝑎12

𝑎21 𝑎22
] 

|𝐴| = |
𝑎11 𝑎12

𝑎21 𝑎22
|  =  𝑎11𝑎22 − 𝑎12𝑎21 

𝑁𝑜𝑤′𝑥′𝑅1𝑏𝑦 𝐾  

|
𝐾𝑎11 𝑘𝑎12

𝑎21 𝑎22
| = 𝑘𝑎11𝑎22 − 𝑘𝑎21𝑎12 

= 𝑘(𝑎11 𝑎22 − 𝑎31   𝑎12 ) 
= 𝑘|𝐴| 

6.   

|
𝑎11 + 𝑏11 𝑎12

𝑎21 + 𝑏21 𝑎22
| = |

𝑎11 𝑎12

𝑎21 𝑎22
| + |

𝑏11 𝑎12

𝑏21 𝑎22
| 

𝐿. 𝐻. 𝑆 = |
𝑎11 + 𝑏11 𝑎12

𝑎21 + 𝑏21 𝑎22
| 

= 𝑎11𝑎22 + 𝑏11𝑎22 − 𝑎12𝑎21 − 𝑎12𝑏21 
= 𝑎11𝑎22 − 𝑎12𝑎21 + 𝑏11𝑎22 − 𝑎12𝑏21 

= |
𝑎11 𝑎12

𝑎21 𝑎22
| + |

𝑏11 𝑎12

𝑏21 𝑎22
| 

= 𝑅.𝐻. 𝑆 

7. |
𝒂 𝒃
𝒄 𝒅

| = |
𝒂 𝒃

𝒌𝒂 + 𝒄 𝒌𝒃 + 𝒅
| 

𝑳.𝑯. 𝑺. |
𝒂 𝒃
𝒄 𝒅

| = 𝒂𝒅 − 𝒃𝒄 

𝑹.𝑯. 𝑺 |
𝒂 𝒃

𝒌𝒂 + 𝒄 𝒌𝒃 + 𝒅
|  

𝒂𝒌𝒃 + 𝒂𝒅 − 𝒃𝒌𝒂 − 𝒃𝒄 
= 𝒂𝒅 − 𝒃𝒄 

 𝑳.𝑯. 𝑺 = 𝑹.𝑯. 𝑺 

8.  𝒍𝒆𝒕 𝑨 = [
𝒂𝟏𝟏 𝟎 𝟎
𝟎 𝒂𝟐𝟐 𝟎
𝟎 𝟎 𝒂𝟑𝟑

] 

=> |𝑨| = |

𝒂𝟏𝟏 𝟎 𝟎
𝟎 𝒂𝟐𝟐 𝟎
𝟎 𝟎 𝒂𝟑𝟑

| 

= (𝒂𝟏𝟏)(𝒂𝟐𝟐)(𝒂𝟑𝟑) = 𝒂𝟏𝟏𝒂𝟐𝟐𝒂𝟑𝟑 
Ad joint of a square matrix of order 𝒏 ≥ 𝟑 

𝑖𝑓 𝐴 = [𝑎𝑖𝑗] 𝑏𝑒 𝑎 𝑠𝑞𝑢𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛, 

Then [𝑎𝑖𝑗] is matrix of cofactors, 𝑎𝑑𝑗𝑜𝑖𝑛𝑡 𝑜𝑓  𝐴 𝑖𝑠 

𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑎𝑑𝑗𝐴 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠  
For example  

𝑖𝑓 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

]  𝑡ℎ𝑒𝑛  

𝑎𝑑𝑗𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

]

𝑡

 

𝑎𝑑𝑗𝐴 = [

𝐴11 𝑎21 𝐴31

𝐴12 𝐴22 𝐴32

𝐴13 𝐴23 𝐴33

] 

Inverse of a square matrix of order 𝒏 ≥ 𝟑 
𝑖𝑓 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛 

 𝑡ℎ𝑒𝑛 𝑖𝑡𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 is denoted by 𝐴−1 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒𝑑  
AS 

 𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝐴 

 

Exercise 3.3 
 
Q.1 evaluate the following determinants. 

𝑖) |
5 −2 −4
3 −1 −3

−2 1 2
| 

Solution: 

|
5 −2 −4
3 −1 −3

−2 1 2
|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 5 |
−1 −3
1 2

| + 2 |
3 −3

−2 2
| − 4 |

3 −1
−2 1

| 

5(−2 + 3) + 2(6 − 6) − 4(3 − 2) 
5(1) + 2(6 − 6) − 4(3 − 2) 

5(1) + 2(0) − 4(1) = 5 + 0 − 4 = 1 

ii) |
5 2 −3
3 −1 1

−2 1 −2
| 

Solution: 

|
5 2 −3
3 −1 1

−2 1 −2
|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 5 |
−1 1
1 −2

| − 2 |
3 1

−2 −2
| − 3 |

3 −1
−2 1

| 

5(2 − 1) − 2(−6 + 2) − 3(3 − 2) 
5(1) − 2(−6 + 2) − 3(3 − 2) 

5(1) − 2(−4) − 3(1) = 5 + 8 − 3 = 10 
iii) 

|
1 2 −3

−1 3 4
−2 5 6

| 

Solution: 

|
1 2 −3

−1 3 4
−2 5 6

|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 1 |
3 4
5 6

| − 2 |
−1 4
−2 6

| − 3 |
−1 3
−2 5

| 

= 1(18 − 20) − 2(−6 + 8) − 3(−5 + 6) 
= 1(−2) − 2(2) − 3(1) = −2 − 4 − 3 = −9 

iv) 
 

|
𝑎 + 𝑙 𝑎 − 𝑙 𝑎

𝑎 𝑎 + 𝑙 𝑎 − 𝑙
𝑎 − 𝑙 𝑎 𝑎 + 𝑙

| 

Solution: 

|
𝑎 + 𝑙 𝑎 − 𝑙 𝑎

𝑎 𝑎 + 𝑙 𝑎 − 𝑙
𝑎 − 𝑙 𝑎 𝑎 + 𝑙

|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 𝑎 + 𝑙 |
𝑎 + 𝑙 𝑎 − 𝑙

𝑎 𝑎 + 𝑙
| − (𝑎 − 𝑙) |

𝑎 𝑎 − 𝑙
𝑎 − 𝑙 𝑎 + 𝑙

|

+ 𝑎 |
𝑎 𝑎 − 𝑙

𝑎 − 𝑙 𝑎
| 

(𝑎 + 𝑙)[(𝑎 + 𝑙)2 − 𝑎(𝑎 − 𝑙)] − (𝑎 − 𝑙)[𝑎(𝑎 + 𝑙) − (𝑎 − 𝑙)2]
+ 𝑎[𝑎2 − (𝑎 − 𝑙)(𝑎 + 𝑙) 

(𝑎 + 𝑙)[𝑎2 + 𝑙2 + 2𝑎𝑙 − 𝑎2 + 𝑎𝑙]

− (𝑎 − 𝑙)[𝑎2 + 𝑎𝑙 − 𝑎2 − 𝑙2 + 2𝑎𝑙]
+ 𝑎[𝑎2 − 𝐴2 + 𝑙2] 

= (𝑎 + 𝑙)(𝑙2 + 3𝑎𝑙) − (𝑎 − 𝑙)(3𝑎𝑙 − 𝑙2)𝑎𝑙2 

https://newsongoogle.com/
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𝑎𝑙2 + 3𝑎2𝑙 + 𝑙3 + 3𝑎𝑙2

− (3𝑎𝑙 − 𝑎𝑙2 − 3𝑎𝑙2 + 𝑙3 + 𝑎𝑙2) 
𝑎𝑙2 + 3𝑎2𝑙 + 𝑙3 + 3𝑎𝑙2 − 3𝑎2𝑙 + 𝑎𝑙2 + 3𝑎𝑙2 − 𝑙3 + 𝑎𝑙2 

= 9𝑎𝑙2 
v) 

 |
1 2 −2

−1 1 −3
2 4 −1

| 

Solution: 

|
1 2 −2

−1 1 −3
2 4 −1

|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 1 |
1 −3
4 −1

| − 2 |
−1 −3
2 −1

| − 2 |
−1 1
2 4

| 

= 1(−1 + 12) − 2(1 + 6) − 2(−4 − 2) 
1(11) − 2(7) − 2(−6) 

= 11 − 14 + 12 
= 9 

(vi) 

|
2𝑎 𝑎 𝑎
𝑏 2𝑏 𝑏
𝑐 𝑐 2𝑐

| 

Solution: 

|
2𝑎 𝑎 𝑎
𝑏 2𝑏 𝑏
𝑐 𝑐 2𝑐

|           𝑒𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= 2𝑎 |
2𝑏 𝑏
𝑐 2𝑐

| − 𝑎 |
𝑏 𝑏
𝑐 2𝑐

| + 𝑎 |
𝑏 2𝑏
𝑐 𝑐

| 

= 2𝑎(4𝑏𝑐 − 𝑏𝑐) − 𝑎(2𝑏𝑐 − 𝑏𝑐) + 𝑎(𝑏𝑐 − 2𝑏𝑐) 
2𝑎(3𝑏𝑐) − 𝑎(𝑏𝑐) + 𝑎(−2𝑏𝑐) 
= 6𝑎𝑏𝑐 − 𝑎𝑏𝑐 − 2𝑎𝑏𝑐 = 4𝑎𝑏𝑐 

Q2. 
Without expansion show that  
(i) 
  

|
6 7 8
3 4 5
2 3 4

| = 0 

Solution: 

𝐿. 𝐻. 𝑆 = |
6 7 8
3 4 5
2 3 4

| 

|
6 7 − 6 8 − 7
3 4 − 3 5 − 4
2 3 − 2 4 − 3

|    𝐶2 − 𝐶1, 𝐶3 − 𝐶2 

 

|
6 1 1
3 1 1
2 1 1

|   𝐶2 𝐶3𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙 

= 𝟎 = 𝑹.𝑯. 𝑺 
ii) 

|
2 3 −1
1 1 0
2 −3 5

| = 0 

Solution: 

𝐿. 𝐻. 𝑆 = |
2 3 −1
1 1 0
2 −3 5

| 

|
2 3 −1 + 3
1 1 0 + 1
2 −3 5 − 3

|     𝐶3 + 𝐶2 

|
2 3 2
1 1 1
2 −3 2

|   𝐶 1 𝑎𝑛𝑑 𝐶3𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙 

= 𝟎 = 𝑹.𝑯. 𝑺 Hence proved. 
iii) 

|
1 2 3
4 5 6
7 8 9

| = 0 

Solution: 

𝐿. 𝐻. 𝑆 = |
1 2 3
4 5 6
7 8 9

| 

|
1 1 1
4 1 1
7 1 1

|  𝐶2 − 𝐶1 , 𝐶3 − 𝐶2 

 

|
2 3 2
1 1 1
2 −3 2

|   𝐶2 𝑎𝑛𝑑 𝐶3𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙 

= 𝟎 = 𝑹.𝑯. 𝑺 Hence proved. 
 

Q.3 
Show That  
i) 

|

𝑎11 𝑎12 𝑎13 + 𝛼13

𝑎21 𝑎22 𝑎23 + 𝛼23

𝑎31 𝑎32 𝑎33 + 𝛼33

|

= |

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

|

+ |

𝑎11 𝑎12 𝛼13

𝑎21 𝑎22 𝛼23

𝑎31 𝑎32 𝛼33

    | 

Solution: 

𝐿. 𝐻. 𝑆 = |

𝑎11 𝑎12 𝑎13 + 𝛼13

𝑎21 𝑎22 𝑎23 + 𝛼23

𝑎31 𝑎32 𝑎33 + 𝛼33

| 

𝑂𝑝𝑒𝑛𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝐶3 

= (𝑎13 + 𝛼13) |
𝑎21 𝑎22

𝑎31 𝑎32
| − (𝑎23 + 𝛼23) |

𝑎11 𝑎12

𝑎31 𝑎32
| 

+(𝑎23 + 𝛼33) |
𝑎11 𝑎12

𝑎21 𝑎22
| 

𝑎13 |
𝑎21 𝑎22

𝑎31 𝑎32
| − 𝑎23 |

𝑎11 𝑎12

𝑎31 𝑎32
| + 𝑎23 |

𝑎11 𝑎12

𝑎21 𝑎22
| 

+𝛼13 |
𝑎21 𝑎22

𝑎31 𝑎32
| − 𝛼23 |

𝑎11 𝑎12

𝑎31 𝑎32
| + 𝛼23 |

𝑎11 𝑎12

𝑎21 𝑎22
| 

= |

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

| + |

𝑎11 𝑎12 𝛼13

𝑎21 𝑎22 𝛼23

𝑎31 𝑎32 𝛼33

    |

= 𝑅.𝐻. 𝑆 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑  
ii) 

|
2 3 0
3 9 6
2 15 1

| = 9 |
2 1 0
1 1 2
2 5 1

| 

Solution: 

𝐿. 𝐻. 𝑆 = |
2 3 0
3 9 6
2 15 1

| 
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= 3 |
2 3 0
1 3 2
2 15 1

|  𝑡𝑎𝑘𝑒 3 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚 𝑅2 

= 3.3 |
2 1 0
1 1 2
2 5 1

|  𝑡𝑎𝑘𝑒 3 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚 𝐶2 

= 9 |
2 1 0
1 1 2
2 5 1

| = 𝑅.𝐻. 𝑆 

Hence proved. 
(iii) 

|
𝑎 + 𝑙 𝑎 𝑎

𝑎 𝑎 + 𝑙 𝑎
𝑎 𝑎 𝑎 + 𝑙

| = 𝑙2(3𝑎 + 𝑙) 

Solution: 

𝐿. 𝐻. 𝑆 = |
𝑎 + 𝑙 𝑎 𝑎

𝑎 𝑎 + 𝑙 𝑎
𝑎 𝑎 𝑎 + 𝑙

| 

= |
3𝑎 + 𝑙 3𝑎 + 𝑙 3𝑎 + 𝑙

𝑎 𝑎 + 𝑙 𝑎
𝑎 𝑎 𝑎 + 𝑙

| 𝑅1 + (𝑅2 + 𝑅3) 

= 3𝑎 + 𝑙 |
1 1 1
𝑎 𝑎 + 𝑙 𝑎
𝑎 𝑎 𝑎 + 𝑙

|  𝑡𝑎𝑘𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 (3𝑎

+ 𝑙)𝑓𝑟𝑜𝑚𝑅1 

= 3𝑎 + 𝑙 |
1 1 1
𝑎 𝑙 0
𝑎 0 𝑙

|  𝐶2 − 𝐶1   𝑎𝑛𝑑 𝐶3 − 𝐶1 

(3𝑎 + 𝑙) [1 |
𝑙 0
0 𝑙

| − 0 + 0]  𝐸𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝐵𝑦 𝑅1 

= 𝑙2(3𝑎 + 𝑙) = 𝑅.𝐻. 𝑆    ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
(iv) 

|
1 1 1
𝑥 𝑦 𝑧
𝑦𝑧 𝑧𝑥 𝑥𝑦

| = |

1 1 1
𝑥 𝑦 𝑧

𝑥2 𝑦2 𝑧2
| 

Solution: 

𝐿. 𝐻. 𝑆 = |
1 1 1
𝑥 𝑦 𝑧
𝑦𝑧 𝑧𝑥 𝑥𝑦

| 

=
1

𝑥𝑦𝑧
|

𝑥 𝑦 𝑧

𝑥2 𝑦2 𝑧2 
𝑦𝑧𝑥 𝑧𝑥𝑦 𝑥𝑦𝑧

|  𝑥𝐶1, 𝑦𝐶2, 𝑧𝐶3 

=
𝑥𝑦𝑧

𝑥𝑦𝑧
|

𝑥 𝑦 𝑧

𝑥2 𝑦2 𝑧2 
1 1 1

|  𝑡𝑎𝑘𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑥𝑦𝑧 𝑓𝑟𝑜𝑚 𝑅3 

= − |

𝑥 𝑦 𝑧
1 1 1 
𝑥2 𝑦2 𝑧2

|  𝑖𝑛𝑡𝑒𝑟𝑐𝑎ℎ𝑔𝑖𝑛𝑔 𝑅2 𝑎𝑛𝑑 𝑅3 

= |

1 1 1
𝑥 𝑦 𝑧 

𝑥2 𝑦2 𝑧2
|  𝑖𝑛𝑡𝑒𝑟𝑐𝑎ℎ𝑔𝑖𝑛𝑔 𝑅2 𝑎𝑛𝑑 𝑅1 

𝑅. 𝐻. 𝑆    ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
(v) 

|
𝑏 + 𝑐 𝑎 𝑎

𝑏 𝑐 + 𝑎 𝑏
𝑐 𝑐 𝑎 + 𝑏

| = 4𝑎𝑏𝑐 

Solution: 

|
𝑏 + 𝑐 𝑎 𝑎

𝑏 𝑐 + 𝑎 𝑏
𝑐 𝑐 𝑎 + 𝑏

| 

Expand by𝑅1 

(𝑏 + 𝑐) |
𝑐 + 𝑎 𝑏

𝑐 𝑎 + 𝑏
| − 𝑎 |

𝑏 𝑏
𝑐 𝑎 + 𝑏

| + 𝑎 |
𝑏 𝑐 + 𝑎
𝑐 𝑐

|  

(𝑏 + 𝑐)[(𝑐 + 𝑎)(𝑎 + 𝑏) − 𝑏𝑐] − 𝑎[𝑏(𝑎 + 𝑏) − 𝑏𝑐] 
+𝑎[𝑏𝑐 − 𝑐𝑐 + 𝑎)] 

(𝑏 + 𝑐)[𝑎𝑐 + 𝑏𝑐 + 𝑎2 + 𝑎𝑏 − 𝑏𝑐] − 𝑎[𝑏(𝑎 + 𝑏) − 𝑏𝑐] 
+𝑎[𝑏𝑐 − 𝑐2 − 𝑎𝑐] 

𝑎𝑏𝑐 + 𝑎2𝑏 + 𝑎𝑏2 + 𝑎𝑐2 + 𝑎2𝑐 + 𝑎𝑏𝑐 − 𝑎2𝑏 − 𝑎𝑏2 
+𝑎𝑏𝑐 + 𝑎𝑏𝑐 − 𝑎𝑐2 − 𝑎2𝑐 

= 4𝑎𝑏𝑐 = 𝑅.𝐻. 𝑆 
 

|
𝑏 −1 𝑎
𝑎 𝑏 0
1 𝑎 𝑏

| = 𝑎3 + 𝑏3 

Solution : 

𝑅.𝐻. 𝑆 = |
𝑏 −1 𝑎
𝑎 𝑏 0
1 𝑎 𝑏

| 

Expand by 𝑅1 

b|
𝑏 0
𝑎 𝑏

| + 1 |
𝑎 0
1 𝑏

| + 𝑎 |
𝑎 𝑏
1 𝑎

| 

= 𝑏(𝑏2 − 0) + 1(𝑎𝑏 − 0) + 𝑎(𝑎2 − 𝑏) 
= 𝑏3 + 𝑎𝑏 + 𝑎3 − 𝑎𝑏 
𝑎3 + 𝑏3 = 𝑅. 𝐻. 𝑆  

Hence proved. 
vii) 

|
𝑟𝑐𝑜𝑠∅ 1 −𝑠𝑖𝑛∅

0 1 0
𝑟𝑠𝑖𝑛∅ 0 𝑐𝑜𝑠∅

| = 𝑟 

Solution: 
 

𝐿. 𝐻. 𝑆 = |
𝑟𝑐𝑜𝑠∅ 1 −𝑠𝑖𝑛∅

0 1 0
𝑟𝑠𝑖𝑛∅ 0 𝑐𝑜𝑠∅

| 

𝐸𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝑅2 

= −0 + 1 |
𝑐𝑜𝑠∅ −𝑟𝑠𝑖𝑛∅
𝑟𝑠𝑖𝑛∅ 𝑐𝑜𝑠∅

| 

= 𝑟𝑐𝑜𝑠2∅ + 𝑟𝑠𝑖𝑛2∅ = 𝑟(1) 
= 𝑟 = 𝑅. 𝐻. 𝑆  

Hence proved. 
viii)  

|
𝑎 𝑏 + 𝑐 𝑎 + 𝑏
𝑏 𝑐 + 𝑎 𝑏 + 𝑐
𝑐 𝑎 + 𝑏 𝑐 + 𝑎

| = 𝑎3 + 𝑏3 + 𝑐2 − 3𝑎𝑏𝑐 

Solution: 

= 𝐿. 𝐻. 𝑆 |
𝑎 𝑏 + 𝑐 𝑎 + 𝑏
𝑏 𝑐 + 𝑎 𝑏 + 𝑐
𝑐 𝑎 + 𝑏 𝑐 + 𝑎

| 

 

|
𝑎 + 𝑏 + 𝑐 + 𝜆 𝑏 𝑐
𝑎 + 𝑏 + 𝑐 + 𝜆 𝑏 + 𝜆 𝑐
𝑎 + 𝑏 + 𝑐 + 𝜆 𝑏 𝑐 + 𝜆 

|   𝐶1 + (𝐶2 + 𝐶3) 

= (𝑎 + 𝑏 + 𝑐 + 𝜆) |
1 𝑏 𝑐
1 𝑏 + 𝜆 𝑐
1 𝑏 𝑐 + 𝜆 

| 𝑡𝑎𝑘𝑖𝑛𝑔 (𝑎 + 𝑏 + 𝑐

+ 𝜆) 
Common from 𝐶1 

= (𝑎 + 𝑏 + 𝑐 + 𝜆) |
1 𝑏 𝑐
0 𝜆 0
0 0 𝜆

|  𝑅2 − 𝑅1, 𝑅3 − 𝑅1 

Expanding by 𝐶1 

(𝑎 + 𝑏 + 𝑐 + 𝜆) {1 |
𝜆 0
0 𝜆 

| − 0 + 0} 

(𝑎 + 𝑏 + 𝑐 + 𝜆)(𝜆2 − 0) 
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𝜆2(𝑎 + 𝑏 + 𝑐 + 𝜆)   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
(x)  

|
1 1 1
𝑎 𝑏 𝑐
𝑎2 𝑏2 𝑐2

| = (𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎) 

Solution: 

𝐿. 𝐻. 𝑆 = |
1 1 1
𝑎 𝑏 𝑐
𝑎2 𝑏2 𝑐2

| 

= |
1 1 1
𝑎 𝑏 − 𝑎 𝑐 − 𝑎
𝑎2 𝑏2 − 𝑎2 𝑐2 − 𝑎2

| 𝐶2 − 𝐶1  , 𝐶3 − 𝐶1 

= |
1 1 1
𝑎 𝑏 − 𝑎 𝑐 − 𝑎
𝑎2 (𝑏 − 𝑎)(𝑏 + 𝑎) (𝑐 − 𝑎)(𝑐 + 𝑎)

| 

Taking common (𝑏 − 𝑎)  from 𝐶2   𝑎𝑛𝑑 (𝑐 − 𝑎)𝑓𝑟𝑜𝑚 𝐶3 
(𝑏 − 𝑎)(𝑐

− 𝑎) |
1 1 1
𝑎 1 1
𝑎2 (𝑏 + 𝑎) (𝑐 + 𝑎)

|   𝐸𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝑅1 

= (𝑏 − 𝑎)(𝑐 − 𝑎) {1 |
1 𝑜

𝑏 + 𝑎 𝑐 + 𝑎
| − 0 + 0} 

(𝑏 − 𝑎)(𝑐 − 𝑎){(𝑐 + 𝑎 − (𝑏 + 𝑎)} 
(𝑏 − 𝑎)(𝑐 − 𝑎)(𝑐 + 𝑎 − 𝑏 − 𝑎) 

(𝑏 − 𝑎)(𝑐 − 𝑎)(𝑐 − 𝑏) 
[−(𝑎 − 𝑏)](𝑐 − 𝑎)[−(𝑏 − 𝑐)] 

(𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎) = 𝑅.𝐻. 𝑆 
Hence Proved. 
(xi) 

|
𝑏 + 𝑐 𝑎 𝑎2

𝑐 + 𝑎 𝑏 𝑏2

𝑎 + 𝑏 𝑐 𝑐2
| = (𝑎 + 𝑏 + 𝑐)(𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎) 

Solution: 

= |
𝑏 + 𝑐 𝑎 𝑎2

𝑐 + 𝑎 𝑏 𝑏2

𝑎 + 𝑏 𝑐 𝑐2
| 

= |
𝑎 + 𝑏 + 𝑐 𝑎 𝑎2

𝑐 + 𝑏 + 𝑎 𝑏 𝑏2

𝑎 + 𝑐 + 𝑏 𝑐 𝑐2
| 𝐶1 + 𝐶2 

𝑇𝑎𝑘𝑖𝑛𝑔 (𝑎 + 𝑏 + 𝑐)𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚𝐶1 

 = (𝑎 + 𝑏 + 𝑐) |
1 𝑎 𝑎2

1 𝑏 𝑏2

1 𝑐 𝑐2

| 

= (𝑎 + 𝑏 + 𝑐) |
1 𝑎 𝑎2

0 𝑏 − 𝑎 𝑏2 − 𝑎2

0 𝑐 − 𝑎 𝑐2 − 𝑎2

| 𝑅2 − 𝑅1𝑎𝑛𝑑 𝑅3

− 𝑅1, 
𝐸𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝐵𝑦 𝐶1 

= (𝑎 + 𝑏 + 𝑐) |
1 𝑎 𝑎2

1 𝑏 𝑏2

1 𝑐 𝑐2

| 

= (𝑎 + 𝑏 + 𝑐) {1 |𝑏 − 𝑎 𝑏2 − 𝑎2

𝑐 − 𝑎 𝑐2 − 𝑎2| − 0 + 0} 

= (𝑎 + 𝑏 + 𝑐) |
𝑏 − 𝑎 (𝑏 − 𝑎)(𝑏 + 𝑎)

𝑐 − 𝑎 (𝑐 − 𝑎)(𝑐 + 𝑎)
| 

𝑡𝑎𝑘𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 (𝑏 − 𝑎)𝑓𝑟𝑜𝑚 𝑅1𝑎𝑛𝑑 (𝑐
− 𝑎)𝑓𝑟𝑜𝑚𝑅2 

(𝑎 + 𝑏 + 𝑐)(𝑏 − 𝑎)(𝑐 − 𝑎) |
1 𝑏 + 𝑎
1 𝑐 + 𝑎

| 

(𝑎 + 𝑏 + 𝑐)(𝑏 − 𝑎)(𝑐 − 𝑎){𝑐 + 𝑎 − 𝑏 − 𝑎} 
= (𝑎 + 𝑏 + 𝑐)(𝑏 − 𝑎)(𝑐 − 𝑎)(𝑐 − 𝑏) 

= (𝑎 + 𝑏 + 𝑐)[−(𝑎 − 𝑏)](𝑐 − 𝑎)[−(𝑏 − 𝑐)] 
(𝑎 + 𝑏 + 𝑐)(𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎)

= 𝑅.𝐻. 𝑆 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
Q.4  

𝑖𝑓 𝐴 = [
1 2 −3
0 −2 0

−2 −2 1
] 𝑎𝑛𝑑 [

5 −2 5
3 1 4

−2 1 −2
] 

Then find (i) 𝐴12, 𝐴22, 𝐴32 𝑎𝑛𝑑 |𝐴| 
ii)𝐵21, 𝐵22, 𝐵23 𝑎𝑛𝑑 |𝐵| 
Solution: 

𝐴 = [
1 2 −3
0 −2 0

−2 −2 1
] 

|𝐴| = 1 |
−2 0
−2 1

| − 2 |
0 0

−2 1
| + (−3) |

0 −2
−2 −2

| 

= 1(−2 + 0) − 2(0 + 0) − 3(0 − 4) 
|𝐴| = −2 − 0 + 12 = 10 

𝐴12 = (−1)1+2 |
0 0

−2 1
| = −(0 + 0) = 0 

𝐴22 = (−1)2+2 |
1 −3

−2 1
| = (1 − 6) = −5 

𝐴32 = (−1)3+2 |
1 −3
0 0

| = (−1)(0 − 0) = 0 

ii)  

𝐵 = [
5 −2 5
3 1 4

−2 1 −2
] 

|𝐵| = |
5 −2 5
3 1 4

−2 1 −2
| 

|𝐵| = 5 |
−1 4
1 −2

| + 2 |
3 4

−2 −2
| + (5) |

3 −1
−2 −1

| 

= 5(2 − 4) + 2(−6 + 8) + 5(3 − 2) 
= −10 + 4 + 5 = −1 

𝐵21 = (−1)2+1 |
−2 5
1 −2

| = −(4 − 5) = 1 

𝐵22 = (−1)2+2 |
5 5

−2 −2
| = (−10 + 10) = 0 

𝐵23 = (−1)2+3 |
5 −2

−2 1
| = −(5 − 4) = −1 

Q.5 
𝑊𝑖𝑡ℎ𝑜𝑢𝑡 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑣𝑒𝑟𝑖𝑓𝑦  

i)|

𝛼 𝛽 + 𝛾 1
𝛽 𝛾 + 𝛼 1
𝛾 𝛼 + 𝛽 1

| = 0 

Solution: 

= 𝐿.𝐻. 𝑆 |

𝛼 𝛽 + 𝛾 1
𝛽 𝛾 + 𝛼 1
𝛾 𝛼 + 𝛽 1

| 

|

𝛼 + 𝛽 + 𝛾 𝛽 + 𝛾 1
𝛾 + 𝛼 + 𝛽 𝛾 + 𝛼 1
𝛼 + 𝛽 + 𝛾 𝛼 + 𝛽 1

|      𝐶1 + 𝐶2  

Taking (𝛼 + 𝛽 + 𝛾)𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚 𝐶! 

= 𝛼 + 𝛽 + 𝛾 |
1 𝛽 + 𝛾 1
1 𝛾 + 𝛼 1
1 𝛼 + 𝛽 1

| 

𝛼 + 𝛽 + 𝛾(0) = 0 ( 𝐶1 𝑎𝑛𝑑 𝐶2 𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑙𝑒 

https://newsongoogle.com
/
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ii)|
1 2 3𝑥
2 3 6𝑥
3 5 9𝑥

| = 0 

solution: 

𝐿. 𝐻. 𝑆 = |
1 2 3𝑥
2 3 6𝑥
3 5 9𝑥

| 

𝑇𝑎𝑘𝑒 3𝑥 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚𝐶3 

= 3𝑥 |
1 2 1
2 3 2
3 5 3

| 

= 3𝑥(0) = 0 = 𝑅. 𝐻. 𝑆 
ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

iii)||

1 𝑎2 𝑎

𝑏𝑐

1 𝑏2 𝑏

𝑐𝑎

1 𝑐2 𝑐

𝑎𝑏

|| = 0 

Solution: 

L.H.S= ||

1 𝑎2 𝑎

𝑏𝑐

1 𝑏2 𝑏

𝑐𝑎

1 𝑐2 𝑐

𝑎𝑏

|| =
1

𝑎𝑏𝑐 |
|

1 𝑎2 𝑎(𝑎𝑏𝑐)

𝑏𝑐

1 𝑏2 𝑏(𝑎𝑏𝑐)

𝑐𝑎

1 𝑐2 𝑐(𝑎𝑏𝑐)

𝑎𝑏

|
| 

× 𝑅2 𝑏𝑦 𝑎𝑏𝑐 𝑎𝑛𝑑 ÷ 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 

1

𝑎𝑏𝑐
|
1 𝑎2 𝑎2

1 𝑏2 𝑏2

1 𝑐2 𝑐2

| =
1

𝑎𝑏𝑐
(0) = 0 = 𝑅.𝐻. 𝑆 

Hence proved. 
(iv) 

|
𝑎 − 𝑏 𝑏 − 𝑐 𝑐 − 𝑎
𝑏 − 𝑐 𝑐 − 𝑎 𝑎 − 𝑏
𝑐 − 𝑎 𝑎 − 𝑏 𝑏 − 𝑐

| = 0 

Solution: 
 

𝐿. 𝐻. 𝑆 = |
𝑎 − 𝑏 𝑏 − 𝑐 𝑐 − 𝑎
𝑏 − 𝑐 𝑐 − 𝑎 𝑎 − 𝑏
𝑐 − 𝑎 𝑎 − 𝑏 𝑏 − 𝑐

| 

𝐶1 + (𝐶2 + 𝐶3) 

= |
𝑎 − 𝑏 + 𝑏 − 𝑐 + 𝑐 − 𝑎 𝑏 − 𝑐 𝑐 − 𝑎
𝑏 − 𝑐 + 𝑐 − 𝑎 + 𝑎 − 𝑏 𝑐 − 𝑎 𝑎 − 𝑏
𝑐 − 𝑎 + 𝑎 − 𝑏 + 𝑏 − 𝑐 𝑎 − 𝑏 𝑏 − 𝑐

| 

= |
0 𝑏 − 𝑎 𝑐 − 𝑎
0 𝑐 − 𝑎 𝑎 − 𝑏
0 𝑎 − 𝑏 𝑏 − 𝑐

| = 0 = 𝑅.𝐻. 𝑆 

Hence proved 𝐶1 𝑖𝑠 𝑍𝑒𝑟𝑜. 
(v) 

|

𝑏𝑐 𝑐𝑎 𝑎𝑏
1

𝑎

1

𝑏

1

𝑐
𝑎 𝑏 𝑐

| 

 
Solution: 

L.H.S=|

𝑏𝑐 𝑐𝑎 𝑎𝑏
1

𝑎

1

𝑏

1

𝑐

𝑎 𝑏 𝑐

| 

1

𝑎𝑏𝑐
|

𝑏𝑐 𝑐𝑎 𝑎𝑏
𝑎𝑏𝑐

𝑎

𝑎𝑏𝑐

𝑏

𝑎𝑏𝑐

𝑐
𝑎 𝑏 𝑐

| × 𝑅2𝑏𝑦 𝑎𝑏𝑐 𝑎𝑛𝑑 ÷ 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 

1

𝑎𝑏𝑐
|
𝑏𝑐 𝑐𝑎 𝑎𝑏
𝑎𝑏 𝑐𝑎 𝑎𝑏
𝑎 𝑏 𝑐

| 𝑅1𝑎𝑛𝑑 𝑅2 𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑙𝑒. 

1

𝑎𝑏𝑐
(0) = 0 + 𝑅.𝐻. 𝑆 

(vi) 

|
𝑚𝑛 𝑙 𝑙2

𝑛𝑙 𝑚 𝑚2

𝑙𝑚 𝑛 𝑛2

| = |
1 𝑙2 𝑙3

1 𝑚2 𝑚3

1 𝑛2 𝑛3

| 

Solution: 

L.H.S=|
𝑚𝑛 𝑙 𝑙2

𝑛𝑙 𝑚 𝑚2

𝑙𝑚 𝑛 𝑛2

| 

=
1

𝑙𝑚𝑛
|
𝑙𝑚𝑛 𝑙2 𝑙3

𝑙𝑚𝑛 𝑚2 𝑚3

𝑙𝑚𝑛 𝑛2 𝑛3

|  𝑙𝑅1, 𝑚𝑅2, 𝑛𝑅3 

=
𝑙𝑚𝑛

𝑙𝑚𝑛
|
1 𝑙2 𝑙3

1 𝑚2 𝑚3

1 𝑛2 𝑛3

|  𝑡𝑎𝑘𝑖𝑛𝑔 𝑙𝑚𝑛 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚𝐶!  

= |
1 𝑙2 𝑙3

1 𝑚2 𝑚3

1 𝑛2 𝑛3

| = 𝑅.𝐻. 𝑆  

Hence proved. 
(vii) 

|
2𝑎 2𝑏 2𝑐

𝑎 + 𝑏 2𝑏 𝑏 + 𝑐
𝑎 + 𝑐 𝑏 + 𝑐 2𝑐

| = 0 

Solution: 

𝐿. 𝐻. 𝑆 = |
2𝑎 2𝑏 2𝑐

𝑎 + 𝑏 2𝑏 𝑏 + 𝑐
𝑎 + 𝑐 𝑏 + 𝑐 2𝑐

| 

2 |
𝑎 𝑏 𝑐

𝑎 + 𝑏 2𝑏 𝑏 + 𝑐
𝑎 + 𝑐 𝑏 + 𝑐 2𝑐

|   𝑡𝑎𝑘𝑒 2 𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑟𝑜𝑚 𝑅1 

= 2 |
𝑎 𝑏 𝑐
𝑏 𝑏 𝑏
𝑐 𝑐 𝑐

| 𝑅2 − 𝑅1, 𝑅3 − 𝑅1 

= 2𝑏𝑐 |
𝑎 𝑏 𝑐
1 1 1
1 1 1

|  𝑡𝑎𝑘𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 𝑏 𝑓𝑟𝑜𝑚𝑅2 𝑎𝑛𝑑 𝑐 𝑓𝑟𝑜𝑚𝑅3 

= 2𝑏𝑐(0) = 𝑅.𝐻. 𝑆 (𝑅2 𝑎𝑛𝑑 𝑅3 𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑙𝑒) 
Hence proved. 
(viii) 

|
7 2 6
6 3 2

−3 5 1
| = |

7 2 7
6 3 5

−3 5 −3
| + |

7 2 −1
6 3 −3

−3 5 4
| 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛:  

𝑅.𝐻. 𝑆 |
7 2 7
6 3 5

−3 5 −3
| + |

7 2 −1
6 3 −3

−3 5 4
| 

= |
7 2 7 − 1
6 3 5 − 3

−3 5 −3 + 4
|  𝐴𝑑𝑑 𝐶3𝑜𝑓 𝑏𝑜𝑡ℎ  
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= |
7 2 6
6 3 2

−3 5 1
| = 𝐿.𝐻. 𝑆   𝐻𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

ix) 

|
−𝑎 0 𝑐
0 𝑎 −𝑏
𝑏 −𝑐 0

| = 0 

Solution: 

 𝐿. 𝐻. 𝑆 = |
−𝑎 0 𝑐
0 𝑎 −𝑏
𝑏 −𝑐 0

| 

1

𝑎𝑏𝑐
|
−𝑎𝑏 0 𝑐𝑏
0 𝑎𝑐 −𝑏𝑐
𝑏𝑎 −𝑐𝑎 0

| 𝑏𝑅1, 𝑐𝑅2, 𝑎𝑅3 

1

𝑎𝑏𝑐
|
−𝑎𝑏 + 𝑎𝑏 𝑎𝑐 − 𝑎𝑐 𝑐𝑏 − 𝑏𝑐

0 𝑎𝑐 −𝑏𝑐
𝑏𝑎 −𝑐𝑎 0

| 𝑅1

+ (𝑅2 + 𝑅3) 

1

𝑎𝑏𝑐
|
0 0 0
0 𝑎𝑐 −𝑏𝑐
𝑏𝑎 −𝑐𝑎 0

| =
1

𝑎𝑏𝑐
(0) = 0 (𝑅1𝑖𝑠 𝑧𝑒𝑟𝑜) 

= 𝑅.𝐻. 𝑆.     ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.    
Q.6 
Find the valves of 𝑥 𝑖𝑓  

i) |
3 1 𝑥

−1 3 4
𝑥 1 0

| = −30 

Solution: 

|
3 1 𝑥

−1 3 4
𝑥 1 0

| = −30 

 3|
3 4
1 0

| − 1 |
−1 4
𝑥 0

| + 𝑥 |
−1 3
𝑥 1

| = −30 

 3(0-4)−1(0 − 4𝑥) + 𝑥(−1 − 3𝑥) = −30 
 −12 + 4𝑥 − 𝑥 − 3𝑥2  = −30 
 −3𝑥2 + 3𝑥 + 18 = 0 
 𝑥2 − 𝑥 − 6 = 0 
 𝑥2 − 3𝑥 + 2𝑥 − 6 = 0 
 𝑥(𝑥 − 3) + 2(𝑥 − 3) = 0 
 (𝑥 + 2)(𝑥 − 3) = 0 
 𝑋 = 3, 𝑥 = −2 
ii)   

|
1 𝑥 − 1 3

−1 𝑥 + 1 2
2 −2 𝑥

| = 0 

Solution: 

|
1 𝑥 − 1 3

−1 𝑥 + 1 2
2 −2 𝑥

| = 0 

 1|
𝑥 + 1 2
−2 𝑥

| − (𝑥 − 1) |
−1 2
2 𝑥

| + 3 |
−1 𝑥 + 1
2 −2

| =

0 

(𝑥2 + 𝑥 + 4) − 𝑥(𝑥 − 1)(−𝑥 − 4) + 3(2 − 2𝑥 − 2)
= 0 

𝑥2 + 𝑥 + 4 − (−𝑥2 − 4𝑥 + 𝑥 + 4) + 6 − 6𝑥 − 6
= 0 

𝑥2 + 𝑥 + 4 + 𝑥2 + 4𝑥 − 𝑥 − 4 − 6𝑥 = 0 
2𝑥2 − 2𝑥 = 0 
2𝑥(𝑥 − 1) = 0 

2𝑥 = 0. 𝑥 − 1 = 0 

𝑥 = 0, 𝑥 = 1 

iii) |
1 2 1
2 𝑥 2
3 6 𝑥

| = 0 

Solution:  

|
1 2 1
2 𝑥 2
3 6 𝑥

| = 0 

1 |
𝑥 2
6 𝑥

| − 2 |
2 2
3 𝑥

| + 1 |
2 𝑥
3 6

| = 0 

(𝑥2 − 12) − 2(2𝑥 − 6) + (12 − 3𝑥) = 0 
𝑥2 − 12 − 4𝑥 + 12 + 12 − 3𝑥 = 0 

𝑥2 − 7𝑥 + 12 = 0 
 𝑥2  − 4𝑥 − 3𝑥 + 12 = 0 
 𝑥(𝑥 − 4) − 3(𝑥 − 4) = 0 
 (𝑥 − 4)(𝑥 − 3) = 0 
 𝑥 − 4 = 0         𝑥 − 3 = 0 
 𝑥 = 4   𝑎𝑛𝑑 𝑥 = 3 

Q7. Evaluate the following determinants 

 |

3 4 2 7
2 5 0 3
1 2 −3 5
4 1 −2 6

| 

Solution: 

|

1 −1 2 4
2 5 0 3
1 2 −3 5
4 1 −2 6

|  𝑅1 − 𝑅2 

|

1 −1 2 4
0 7 −4 −1
0 3 −5 1
0 5 −10 −10

|  𝑅2 − 2𝑅1, 𝑅3 − 𝑅1, 𝑅4

− 4𝑅1 

= 1 |
7 −4 −5
3 −5 1
5 −10 −10

| − 0 + 0 − 0 𝑒𝑥𝑝𝑎𝑛𝑑 𝑏𝑦𝐶1 

7 |
−5 1
−10 −10

| − (−4) |
2 1
5 −10

|

+ (−5) |
3 −5
5 −10

|  

= 7(50 + 10) + 4(−30 − 5) − 5(−30 + 25) 
= 420 − 140 + 25 = 305 

ii) 

|

2 3 1 −1
4 0 2 1
5 2 −1 6
3 −7 2 −2

| 

Solution: 

|

2 3 1 −1
4 0 2 1
5 2 −1 6
3 −7 2 −2

| 𝑅2 + 𝑅1, 𝑅3 + 6𝑅1, 𝑅4 − 2𝑅1 

(−1) |
6 3 3
17 20 5
−1 −13 0

| + 0 − 0

+ 0 𝐸𝑥𝑝𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝐶4 
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= |
6 3 3
17 20 5
−1 −13 0

| 

= 3 |
17 20
−1 −13

| − 5 |
6 3

−1 −13
|

+ 0   𝐸𝑥𝑝𝑎𝑛𝑑  𝑏𝑦  𝐶3 
= 3(−221 + 20) − 5(−78 + 3) 

= 3(−201) − 5(−75) = −603 + 375 = −228 
iii) 

|

−3 9 1 1
0 3 −1 2
9 7 −1 2

−2 0 1 −1

| 

Solution: 
Solution: 

|

−3 9 1 1
0 3 −1 2
9 7 −1 2

−2 0 1 −1

|𝑅2 + 𝑅1, 𝑅3 + 𝑅1, 𝑅4 − 𝑅1 

 

= |
−3 12 3
6 16 2
1 9 −2    

| − 0 + 0 − 0 𝐸𝑥𝑝𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝐶3 

 

= 3 |
16 2
−9 −2

| − 12 |
6 2
1 −2

| + 3 |
6 6
1 −7

| 

= −3(−32 + 18) − 12(−12 − 2) + 3(−54 − 16) 
= −3(−14) − 12(−14) + 3(−70) 

= 42 + 168 − 210 = 0 
Q8. 

Show that |

𝑥 1 1 1
1 𝑥 1 1
1 1 𝑥 1
1 1 1 𝑥

| = (𝑥 + 3)(𝑥 − 3)3 

Solution: 

𝐿. 𝐻. 𝑆 = |

𝑥 1 1 1
1 𝑥 1 1
1 1 𝑥 1
1 1 1 𝑥

| 

= |

𝑥 + 1 + 1 + 1 1 1 1
1 + 𝑥 + 1 + 1 𝑥 1 1
1 + 1 + 𝑥 + 1 1 𝑥 1
1 + 1 + 1 + 𝑥 1 1 𝑥

| 𝐶1 + (𝐶2 + 𝐶3 + 𝐶4) 

 

= |

𝑥 + 3 1 1 1
𝑥 + 3 𝑥 1 1
𝑥 + 3 1 𝑥 1
𝑥 + 3 1 1 𝑥

|  

𝑇𝑎𝑘𝑒 𝑐𝑜𝑚𝑚𝑜𝑛 (𝑥 + 3)𝑓𝑟𝑜𝑚 𝐶1    

= (𝑥 + 3) |

1 1 1 1
1 𝑥 1 1
1 1 𝑥 1
1 1 1 𝑥

| 

𝑅2 − 𝑅1, 𝑅3 − 𝑅1, 𝑅4 − 𝑅1 

= (𝑥 + 3) |

1 1 1 1
0 𝑥 − 1 0 1
0 1 𝑥 − 1 0
0 0 0 𝑥 − 1

| 

𝐸𝑥𝑝𝑎𝑛𝑑𝑖𝑛𝑔 𝑏𝑦 𝐶1 

= (𝑥 + 3) |
𝑥 − 1 0 0

0 𝑥 − 1 0
0 0 𝑥 − 1

| − 0 + 0 − 0 

= (𝑥 + 3)(𝑥 − 1)3 𝑏𝑦 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦  
= 𝑅.𝐻. 𝑆 

Q.9 𝑓𝑖𝑛𝑑 |𝐴𝐴𝑡|𝑎𝑛𝑑 |𝐴𝑡𝐴| 𝑖𝑓  

i) 𝐴 = [
3 2 −1
2 1 3

] 

Solution: 

 𝐴 = [
3 2 −1
2 1 3

] , 𝐴𝑡 = [
3 2
2 1

−1 3
] 

𝐴𝑡 = [
3 2 −1
2 1 3

] [
3 2
2 1

−1 3
]  

𝐴𝐴𝑡 = [
9 + 4 + 1 6 + 2 − 3
6 + 2 − 3 4 + 1 + 9

] 

 

𝐴𝐴𝑡 = [
14 5
5 14

] 

|𝐴𝐴𝑡| = |
14 5
5 14

| = 196 − 25 = 171 

And 𝐴𝑡𝐴 = [
3 2
2 1

−1 3
] [

3 2 −1
2 1 3

] 

𝐴𝑡𝐴 = [
9 + 4 6 + 2 −3 + 6
6 + 2 4 + 1 −2 + 3

−3 + 6 −2 + 3 1 + 9
] 

𝐴𝑡𝐴 = [
13 8 3
8 5 1
3 1 10

] 

|𝐴𝑡𝐴| = |
13 8 3
8 5 1
3 1 10

| 

= 13(50 − 1) − 8(80 − 3) + 3(8 − 15) 
= 673 − 616 − 21 = 0 

(ii)  𝐴𝐴𝑡 = [

3 4
2 1
1 1
2 3

] [
3 2 1 2
4 1 1 3

] 

 

𝐴𝐴𝑡 = [

9 + 16 6 + 4 3 + 4 6 + 12
6 + 4 4 + 1 2 + 1 4 + 3
3 + 4 2 + 1 1 + 1 2 + 3
5 + 12 4 + 3 2 + 3 4 + 6

] 

 

𝐴𝐴𝑡 = [

25 10 7 18
10 5 3 7
7 3 2 5
18 −7 5 13

] 

|𝐴𝐴𝑡| = |

25 10 7 18
10 5 3 7
7 3 2 5
18 −7 5 −13

| 
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|𝐴𝐴𝑡| = |

25 10 7 18
10 5 3 7
7 3 2 5
25 10 7 18

|  𝑅4 + 𝑅3 

= 0(𝑅1𝑎𝑛𝑑 𝑅4 𝑎𝑟𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑒𝑙) 

And 𝐴𝑡𝐴 = [
3 2 1 2
4 1 1 3

] [

3 4
2 1
1 1
2 3

] 

𝐴𝑡𝐴 = [
9 + 4 + 1 + 4 12 + 2 + 1 + 6
16 + 1 + 1 + 9 12 + 2 + 1 + 6

] 

𝐴𝑡𝐴 = [
18 21
21 27

] 

|𝐴𝑡𝐴| = |
18 21
21 27

| = 486 − 441 = 45 

Q.10 if A is a square matrix  of order 3 then show 
that  
|𝐾𝐴| = 𝑘3|𝐴|  
Solution: 

𝑙𝑒𝑡 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

𝐾𝐴 = 𝐾 [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

𝐾𝐴 = [

𝐾𝑎11 𝐾𝑎12 𝐾𝑎13

𝐾𝑎21 𝐾𝑎22 𝐾𝑎23

𝐾𝑎31 𝐾𝑎32 𝐾𝑎33

] 

|𝐾𝐴| = |

𝐾𝑎11 𝐾𝑎12 𝐾𝑎13

𝐾𝑎21 𝐾𝑎22 𝐾𝑎23

𝐾𝑎31 𝐾𝑎32 𝐾𝑎33

| 

𝑡𝑎𝑘𝑖𝑛𝑔 𝑐𝑜𝑚𝑚𝑜𝑛 𝐾 𝑓𝑟𝑜𝑚 𝑅1, 𝑅2, 𝑅3 

|𝐾𝐴| = 𝐾.𝐾. 𝐾 |

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

|  

= 𝐾3|𝐴| = 𝑅.𝐻. 𝑆    ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
Q.11 
Find the valves of 𝜆 𝑖𝑓 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟. 

𝐴 = [
4 𝜆 3
7 3 6
2 3 1

] , 𝐵 = [

5 1 2 0
8 2 5 1
3 2 0 1
2 𝜆 −1 3

] 

Solution: 
Given matrix is singular so, 

|𝐴| = |
4 𝜆 3
7 3 6
2 3 1

| = 0 

|𝐴| = 4 |
3 6
3 1

| − 𝜆 |
7 6
2 1

| + 3 |
7 3
2 3

| 

4(3 − 18) − 𝜆(7 − 12) + 3(21 − 6) = 0 
−60 + 5𝜆 + 45 = 0 

5𝜆 − 15 = 0 
 5𝜆 = 15 
 𝜆 = 3  
ii) 
given matrix is singular  so 

|𝐵| = |

5 1 2 0
8 2 5 1
3 2 0 1
2 𝜆 −1 3

| = 0 

𝑅3 − 𝑅2, 𝑅4 − 3𝑅2  

 |

5 1 2 0
8 2 5 1

−5 0 −5 0
−22 𝜆 − 6 −16 0

| = 0 

Expand by𝐶4  

0 + 1 |
5 1 2

−5 0 −5
−22 𝜆 − 6 −16

| − 0 + 0 = 0 

Taking -5 common from 𝑅2 

−5 |
5 1 2
1 0 1

−22 𝜆 − 6 −16
| = 0 

 𝐸𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝑅2  

−5 {−1 |
1 −3

𝜆 − 6 6
| + 0 − 0} = 0 

5(6 + 3(𝜆 − 6) = 0 
5(6 + 3𝜆 − 18) = 0 
5(6 + 3𝜆 − 18) = 0 

5(3𝜆 − 12) = 0  
3𝜆 − 12 = 0 

3𝜆 = 12 

𝜆 =
12

3
= 4  

Q12. Which of the following matrices are singular 
and which of them are non-singular? 

(i) [
1 0 3
3 1 −1
0 2 4

] 

Solution: 
 

Let |𝐴| = [
1 0 3
3 1 −1
0 2 4

] 

|𝐴| = |
1 0 3
3 1 −1
0 2 4

| 

= 1 |
1 −1
2 4

| − 0 + 3 |
3 1
0 2

| 

= 1(4 + 2)3(6 − 0) 
|𝐴| = 6 + 18 = 24 ≠ 0 

 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟  
 

ii) [
2 3 −1
1 1 0
2 −3 5

] 

Solution: 

Let B=[
2 3 −1
1 1 0
2 −3 5

] 

|𝐵| = |
2 3 −1
1 1 0
2 −3 5

| 
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2 |
1 0

−3 5
| − 3 |

1 0
2 5

| + (−1) |
1 1

−2 3
| 

= 2(5 − 0) − 3(5 − 0) − 1(−3 − 2) 
|𝐵| = 10 − 15 + 5 = 0 

 B is singular. 

iii)[

1 1 2 −1
1 2 −1 −3
2 3 1 2
3 −1 3 4

] 

 
Solution: 

𝑙𝑒𝑡 𝐶 = [

1 1 2 −1
1 2 −1 −3
2 3 1 2
3 −1 3 4

] 

 |𝐶| = |

1 1 2 −1
1 2 −1 −3
2 3 1 2
3 −1 3 4

| 

𝑅2 − 𝑅1, 𝑅3 − 2𝑅1, 𝑅4 − 3𝑅1 

 = |

1 1 2 −1
0 1 −3 −3
0 1 −3 4
0 −41 −3 7

| 

= |
1 −3 −2
1 −3 4

−4 −3 7
| − 0 + 0 − 0 𝑒𝑥𝑝𝑎𝑛𝑑 𝑏𝑦𝐶1 

|
1 −3 −2
0 0 4
0 −15 7

|𝑅2 − 𝑅1, 𝑅3 + 4𝑅1 

= 1 |
0 6

−15 −1
| − 0 + 0   𝐸𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝐶1 

|𝐶| = 0 + 90 = 90 ≠ 0 
𝐶 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 

Q.13. 𝑓𝑖𝑛𝑑  𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐴 =

[
2 1 0
1 1 0
2 −3 5

]  𝑎𝑛𝑑 𝑠ℎ𝑜𝑤  

That 𝐴−1𝐴 = 𝐼3 
Solution: 

|𝐴| = |
2 1 0
1 1 0
2 −3 5

| 

= 2 |
1 0

−3 5
| − 1 |

1 0
2 5

| + 0 |
1 1
2 −3

| 

2(5 − 0) − 1(5 − 0) = 10 − 5 = 5 

𝐴11 = (−1)1+1  |
1 0

−3 5
| = (5 − 0) = 5 

𝐴12 = (−1)1+2  |
1 0
2 5

| = −(5 − 0) = −5 

𝐴13 = (−1)1+3  |
1 1
2 −3

| = (−3 − 2) = −5 

𝐴21 = (−1)2+1  |
1 0

−3 5
| = −(5 − 0) = −5 

𝐴22 = (−1)2+2  |
2 0
2 5

| = (10 − 0) = 10 

𝐴23 = (−1)2+3  |
2 1
2 −3

| = −(−6 − 2) = 8 

𝐴31 = (−1)3+1  |
1 0
1 0

| = (0 − 0) = 0 

𝐴32 = (−1)3+2  |
2 0
1 0

| = (0 − 0) = 0 

𝐴33 = (−1)3+3  |
2 1
1 1

| = (2 − 1) = 1 

𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐴 = [
−5 −5 0
−5 10 0
0 0 1

] 

𝐴𝑑𝑗𝐴 = [
5 −5 0

−5 10 0
−5 8 1

] 

𝐴−1 =
𝑎𝑑𝑗𝐴

𝐴
=

1

5
[

5 −5 0
−5 10 0
−5 8 1

] 

Now 𝐴−1𝐴 =
1

5
[

5 −5 0
−5 10 0
−5 8 1

] [
2 1 0
1 1 0
2 −3 5

] 

=
1

5
[

10 − 5 + 0 5 − 5 + 0 0 − 0 + 0
−10 + 10 + 0 −5 + 10 − 0 0 + 0 + 0
−10 + 8 + 2 −5 + 8 − 3 0 + 0 + 5

] 

=
1

5
[
5 0 0
0 5 0
0 0 5

] 

5

5
[
1 0 0
0 1 0
0 0 1

] = 𝐼3 

ℎ𝑒𝑛𝑐𝑒 𝐴−1𝐴 = 𝐼3 
Q.14  
Verify that  

(𝐴𝐵)−1 = 𝐵−1𝐴−1  𝑖𝑓  

𝐴 = [
1 2

−1 0
] , 𝐵 = [

−3 1
4 1

] 

Solution: 

𝐴𝐵 = [
−3 + 8 1 − 2
3 + 0 −1 − 0

] = [
5 −1
3 −1

] 

|𝐴𝐵| = |
5 −1
3 −1

| = −5 + 3 = −2 ≠ 0 

𝐴𝑑𝑗(𝐴𝐵) = [ 
−1 1
−3 5

] 

𝐿. 𝐻. 𝑆 = (𝐴𝐵)−1 =
𝑎𝑑𝑗(𝐴𝐵)

|𝐴𝐵|
  

Now for 𝐵−1 

|𝐵| = |
−3 1
−4 −1

| = 3 − 4 = −1 ≠ 0 

𝑎𝑑𝑗𝐵 = [
−1 −1
−4 −3

] 

 𝐵−1 =
𝑎𝑑𝑗𝐵

|𝐵|
=

[
−1 −1
−4 −3

]

−1
 

 𝐵−1 = [
1 1
4 3

] 

For 𝐴−1, |𝐴| = |
1 2

−1 0
| = 0 + 2 = 2 ≠ 0 

𝑎𝑑𝑗𝐴 = [
0 −2
1 1

] 

𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
=

1

2
[
0 −2
1 1

] 

R.H.S=𝐵−1𝐴−1 = [
1 1
4 3

]
1

2
[
0 −2
1 1

] 

=
1

2
[
1 1
4 3

] [
0 −2
1 1

] =
1

2
[
0 + 1 −2 + 1
0 + 3 −8 + 3

] =
1

2
[
1 −1
3 −5

]

= [
1\2 −1\2
3\2 −5\2

] = 𝑅.𝐻. 𝑆 

𝐿. 𝐻. 𝑆 = 𝑅.𝐻. 𝑆   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 

ii) 𝐴 = [
5 1
2 2

] , 𝐵 = [
4 3
2 1

] 

Solution: 

𝐴𝐵 = [
20 + 2 15 + 1
8 + 4 6 + 2

] = [
5 −1
3 −1

] 

|𝐴𝐵| = |
22 16
12 8

| = 176 − 192 = −16 ≠ 0 

𝐴𝑑𝑗(𝐴𝐵) = [ 
8 16

−12 22
] 
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𝐿. 𝐻. 𝑆 = (𝐴𝐵)−1 =
𝑎𝑑𝑗(𝐴𝐵)

|𝐴𝐵|
  

=
1

−16
[ 

8 16
−12 22

] 

= [

8

−16
−

16

−16

−
12

−16

22

−16

] = [
−1\2 1
3/4 −11/8

] 

Now for 𝐵−1 

|𝐵| = |
4 3
2 1

| = 4 − 6 = −2 ≠ 0 

𝑎𝑑𝑗𝐵 = [
1 −3

−2 4
] 

 𝐵−1 =
𝑎𝑑𝑗𝐵

|𝐵|
=

[
1 −3

−2 4
]

−2
 

 𝐵−1 =
1

−2
[

1 −3
−2 4

] 

For 𝐴−1, |𝐴| = |
5 1
2 2

| = 10 − 2 = 8 ≠ 0 

𝑎𝑑𝑗𝐴 = [
2 −1

−2 5
] 

𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
=

1

8
[

2 −1
−2 5

] 

R.H.S=𝐵−1𝐴−1 =
1

−2
[

1 −3
−2 4

]
1

8
[

2 −1
−2 5

] 

=
1

2
[
1 1
4 3

] [
0 −2
1 1

] =
1

−16
[

2 + 6 −1 − 15
−4 − 8 2 + 20

]

= −
1

16
[

8 −16
−12 22

] = [
−

8

16

−16

−16

−
12

−16

22

−16

]

= [
−1/2 1
3/4 −11/8

] = 𝑅.𝐻. 𝑆 

𝐿. 𝐻. 𝑆 = 𝑅.𝐻. 𝑆   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑. 
Q15. 
Verify that (𝐴𝐵)𝑡 = 𝐵𝑡𝐴𝑡 

𝐴 = [
1 −1 2
0 3 1

] , 𝐵 = [
1 1
3 2
0 −1

] 

Solution: 
𝐿. 𝐻. 𝑆 = (𝐴𝐵)𝑡 

= ([
1 −1 2
0 3 1

] [
1 1
3 2
0 −1

])

𝑡

 

[
1 − 3 + 0 1 − 2 − 2
0 + 9 + 0 0 + 6 − 1

]
𝑡

= [
−2 9
9 5

]
𝑡

 

= [
−2 9
−3 5

] = 𝐿. 𝐻. 𝑆 

𝑅.𝐻. 𝑆 = 𝐵𝑡𝐴𝑡 

= [
1 1
3 2
0 −1

]

𝑡

[
1 −1 2
0 3 1

]
𝑡

 

= [
1 3 0
1 2 −1

] [
1 0

−1 3
2 1

] 

𝑅.𝐻. 𝑆 = [
1 − 3 + 0 0 + 9 + 0
1 − 2 − 2 0 + 6 − 1

] = [
−2 9
−3 5

] 

𝐻𝑒𝑛𝑐𝑒 𝐿. 𝐻. 𝑆 = 𝑅.𝐻. 𝑆 
Q.16 

𝑖𝑓 𝐴 = [
2 −1
3 1

] 𝑣𝑒𝑟𝑖𝑓𝑦 𝑡ℎ𝑎𝑡 (𝐴−1)𝑡 = (𝐴𝑡)−1 

Solution: 

𝐴 = [
2 −1
3 1

] 

|𝐴| = |
2 −1
3 1

| = 2 + 3 = 5 ≠ 0 

𝑎𝑑𝑗𝐴 = [
1 1

−3 2
] 

𝑡ℎ𝑢𝑠 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
=

1

5
[

1 1
−3 2

] 

𝐴−1 = [
1/5 1/5

−3/5 2/5
] 

(𝐴−1)𝑡 = [
1/5 −3/5
1/5 2/5

] → (1) 

Now 𝐴𝑡 = [
2 3

−1 1
] 

|𝐴𝑡| = |
2 3

−1 1
| = 2 + 3 = 5 

𝑎𝑑𝑗(𝐴𝑡) = [
1 −3
1 2

] 

(𝐴𝑡)−1 =
1

|𝐴𝑡|
𝑎𝑑𝑗𝐴𝑡 

1

5
[
1 −3
1 2

] = [

1

5
−

3

5
1

5

2

5

] → (2) 

𝑏𝑦 (1)𝑎𝑛𝑑 (2) 𝐿. 𝐻. 𝑆 = 𝑅.𝐻. 𝑆 

Q17. If A and B are non-singular matrix then show 
that  

(𝐴𝐵)−1 = 𝐵−1𝐴−1 
Solution: 

(𝐴𝐵)−1 = 𝐵−1𝐴−1 
We know that  

(𝐴𝐵)(𝐴𝐵)−1 = 𝐼 
Pre multiplying by 𝐴−1 

𝐴−1(𝐴𝐵)(𝐴𝐵)−1 = 𝐴−1𝐼 
(𝐴−1𝐴)𝐵(𝐴𝐵)−1 = 𝐴−1(𝐴𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑙𝑎𝑤) 

𝐼𝐵(𝐴𝐵)−1 = 𝐴−1 
𝐵(𝐴𝐵)−1 = 𝐴−1 

Pre-multiplying by 𝐵−1 
𝐵−1. 𝐵(𝐴𝐵)−1 = 𝐵−1𝐴−1 
(𝐵−1𝐵)(𝐴𝐵)−1 = 𝐵−1𝐴−1 

𝐼(𝐴𝐵)−1 = 𝐵−1𝐴−1 
(𝐴𝐵)−1 = 𝐵−1𝐴−1 Hence proved. 

ii) 
(𝐴−1)−1 = 𝐴 

We know that  
𝐼 = 𝐴𝐴−1 

𝑝𝑜𝑠𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 (𝐴−1)−1 
𝐼 (𝐴−1)−1 = (𝐴𝐴−1)(𝐴−1)−1 

(𝐴−1)−1 = 𝐴[𝐴−1((𝐴−1)−1)]  
(𝐴−1)−1 = 𝐴𝐼 

(𝐴−1)−1 = 𝐴   ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 
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Elementary Row and Column Operations on a 
Matrix: 
Row Operation: 
The following three operations on a matrix are 
called elementary row operation. 

i) Interchange of any two rows. 
ii) Multiplication of a row by any non-zero 

number. 
iii) Addition of any multiply of one row to 

another. 
Column Operation:  
The following three operations on a matrix are 
called are elementary column operation. 

i) Interchange of any two columns. 
ii) Multiplication of a column by a non-zero 

number. 
iii) Addition of any multiply of one column 

to another column.  
Upper Triangular Matrix: 

A square matrix 𝐴 = [𝑎𝑖𝑗] is called upper triangular 

matrix if all elements below the main diagonal are 
zero. 
𝑖. 𝑒 𝑎𝑖𝑗 = 0∀ 𝑖 > 𝑗  

𝑖. 𝑒 ; [
1 2 3
0 1 4
0 0 6

]  

Lower Triangular Matrix: 

A square matrix 𝐴 = [𝑎𝑖𝑗] is called lower triangular 

matrix if all elements above the main diagonal are 
zero. 
𝑖. 𝑒 𝑎𝑖𝑗 = 0  ∀ 𝑖 > 𝑗  

𝑖. 𝑒 ; [
1 0 0
2 1 0
3 4 6

]  

Triangular Matrix: 
A square matrix A is said to be triangular matrix if it 
is upper triangular or lower triangular while both 
upper and lower are called triangular matrix. 
Note: diagonal matrices are both upper triangular 
and lower triangular. 
Symmetric Matrix: 

A square matrices 𝐴 = [𝑎𝑖𝑗]𝑛×𝑚
 is called symmetric 

matrix if  
𝐴𝑡 = 𝐴         𝑒. 𝑔;  

𝑖𝑓 𝐴 = [
1 3
3 2

] 

 𝐴𝑡 = [
1 3
3 2

] = 𝐴 

Skew Symmetric Matrix: 

A Square matrix 𝐴 = [𝑎𝑖𝑗]𝑚×𝑛
 is called skew –

symmetric matrix. 
If 𝐴𝑡 = 𝐴 
𝑒. 𝑔  

𝐴 = [
0 −4 1
4 0 −3

−1 3 0
] 

𝐴𝑡 = [
0 4 −1

−4 0 3
1 −3 0

] = − [
0 −4 1
4 0 −3

−1 3 0
] 

 𝐴𝑡 = −𝐴 
Hermitian Matrix: 
A square matrix A is said to be Hermitian matrix if  
(�̅�)𝑡 = 𝐴   
𝑒. 𝑔;  

𝐴 = [
1 1 + 𝑖

1 − 𝑖 2
] , �̅� = [

1 1 − 𝑖
1 + 𝑖 2

] 

 

(�̅�)𝑡 =   [
1 1 + 𝑖

1 − 𝑖 2
] = 𝐴   

Skew –Hermitian Matrix: 
A square matrix A is said to be skew –Hermitian 
matrix  
If (�̅�)𝑡 = −𝐴  
𝑒. 𝑔;  

𝐴 = [
0 −2 + 3𝑖

−2 + 3𝑖 0
] , �̅� = [

0 2 + 3𝑖
−2 + 3𝑖 0

] 

(�̅�)𝑡 = [
0 −2 + 3𝑖

2 + 3𝑖 0
] = − [

0 2 − 3𝑖
−2 − 3𝑖 0

] 

(�̅�)𝑡 = −𝐴 
Zero Row: 
If all entries of a row are zero then this row is called 
zero row, otherwise row non-zero row. 
𝑒. 𝑔;   

[
1 2 3
0 0 0
0 0 3

] 𝑅2𝑖𝑠 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤 𝑅1𝑎𝑛𝑑 𝑅3𝑎𝑟𝑒 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 

 𝑟𝑜𝑤𝑠  
Leading entry:  
In any non-zero row, the first non-zero element is 
the leading entry of that row; 

[
1 0 5 −4
0 2 3 9
0 0 8 7

] 

In 
𝑅1𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑒𝑛𝑡𝑟𝑦 𝑖𝑠 1. 𝑖𝑛 𝑅2 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑒𝑛𝑡𝑟𝑦 𝑒𝑛𝑡𝑟𝑦 𝑖𝑠  
2. 𝑖𝑛 𝑅3𝐿𝑒𝑎𝑑𝑖𝑛𝑑 𝑒𝑛𝑡𝑟𝑦 𝑖𝑠 8.  
Leading Zeros: 
The zeros before the leading entry of a row are 
called leading zeros 

𝑒. 𝑔;   [

1 0 5 4
0 2 3 9
0 0 8 7
0 1 0 0

] 

𝑖𝑛 𝑅1 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜. 𝐼𝑛 𝑅2𝑜𝑛𝑙𝑦 𝑜𝑛𝑒  
  𝑧𝑒𝑟𝑜 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜. 𝑖𝑛𝑅3𝑡𝑤𝑜   
 𝑧𝑒𝑟𝑜𝑠 𝑎𝑟𝑒 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜𝑠. 𝑖𝑛 𝑅4𝑜𝑛𝑙𝑦 𝑜𝑛𝑒 𝑧𝑒𝑟𝑜  
Is leading zero. 
Echelon Form of a Matrix: 
A matrix is said to be Echelon form if  
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1) 1 is the leading entry of each non-zero row. 
2) In each row, the number of leading zeros is 

greater than the preceding row. 
e.g; 

𝐴 = [
0 1 −2 4
0 0 1 2
0 0 0 0

] , 𝐵 = [
1 2 −3 4
0 0 1 2
0 0 0 1

] 

A and B are in Echelon form  

𝐶 = [
0 0 1 2
0 1 3 −1
0 0 0 0

] , 𝐷 = [
0 1 −2
0 0 −1
0 0 4

] 

C is not in Echelon form  
∵ 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜 𝑖𝑛 𝑅1 > 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜 𝑖𝑛𝑅2. 

D is not Echelon form ∵ 𝑙𝑒𝑎𝑑𝑖𝑛𝑔 𝑒𝑛𝑡𝑟𝑦 𝑖𝑛 𝑅2 𝑎𝑛𝑑  
𝑅3𝑖𝑠 𝑛𝑜𝑡 1.  
Reduced Echelon form of Matrix: 
A matrix is said to be in Reduce Echelon form if  

i) It is in Echelon form. 
ii) In the column of leading entry all     

elements above and below leading entry 
(1) must be zero. 

[
0 1 0 4
0 0 1 2
0 0 0 0

] , 𝐵 = [
1 2 0 0
0 0 1 0
0 0 0 1

] 

A and B are in Reduce Echelon form  

𝐶 = [

1 −4 −7
0 1 5
0 0 0
0 0 0

] , 𝐷 = [
1 −1 2 −3
0 0 4 7
0 0 4 0

] 

C and D are in Echelon form  
𝑏𝑢𝑡 𝑛𝑜𝑡 𝑖𝑛 𝑅𝑒𝑑𝑢𝑐𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚.  
Rank of Matrix: 
The number of non-zero rows in echelon form or 
reduce Echelon form of a matrix is called rank of a 
matrix. 

𝑨−𝟏𝒃𝒚 𝑹𝒐𝒘 𝒐𝒑𝒆𝒓𝒂𝒕𝒊𝒐𝒏 
 For a non-singular matrix A  

If 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

]  𝑤𝑒 𝑓𝑖𝑛𝑑 𝐴−1𝑢𝑠𝑖𝑛𝑔 𝑟𝑜𝑤  

Operation as Make in𝐶1 
First 𝑎11 = 1 𝑡ℎ𝑒𝑛 𝑎21 = 0 𝑎31 = 0 𝑚𝑎𝑘𝑒 𝑖𝑛𝐶2 

𝑓𝑖𝑟𝑠𝑡 𝑎22 = 1 𝑡ℎ𝑒𝑛 𝑎12𝑎𝑛𝑑 𝑎22 = 0 
𝑚𝑎𝑘𝑒 𝑖𝑛 𝐶3  

𝑓𝑖𝑟𝑠𝑡 𝑎33 = 1 𝑡ℎ𝑒𝑛 𝑎13 = 0 𝑎𝑛𝑑 𝑎23 = 0 
𝑨−𝟏 𝒃𝒚 𝒄𝒐𝒍𝒖𝒎𝒏 𝒐𝒑𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

 For a  non-singular matrix A if  

𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

]  then we find 𝐴−1 

𝑢𝑠𝑖𝑛𝑔  column operation as 
𝑚𝑎𝑘𝑒 𝑖𝑛 𝑅1  

𝑓𝑖𝑟𝑠𝑡 𝑎11 = 1 𝑡ℎ𝑒𝑛 𝑎12 = 0 𝑎𝑛𝑑 𝑎13 = 0  
𝑚𝑎𝑘𝑒 𝑖𝑛 𝑅2 

𝑓𝑖𝑟𝑠𝑡 𝑎22 = 1 𝑡ℎ𝑒𝑛 𝑎21 = 0 𝑎𝑛𝑑 𝑎23 = 0 

𝑚𝑎𝑘𝑒 𝑖𝑛 𝑅3 
𝑓𝑖𝑟𝑠𝑡 𝑎33 = 1 𝑡ℎ𝑒𝑛 𝑎31 = 0 𝑎𝑛𝑑 𝑎32 = 0 

Note: 
If we reduce it into reduce echelon form then no 
change occurs in the rank of matrix as 

~𝑅 [
1 −1 + 1 2 + 3/2 −3 − 1/2
0 1 3/2 −1/2
0 0 0 0

] 𝑅1 + 𝑅2 

~𝑅 [
1 0

7

2
−

7

2
0 1 3/2 −1/2
0 0 0 0

] 

Which is in reduce Echelon form No. of non-Zero 
rows=2 
So Rank=2 

Exercise 3.4 
 
Q1. 

𝑖𝑓 𝐴 = [
1 −2 5

−2 3 −1
5 −1 0

]  𝑎𝑛𝑑 𝐵 = [
−3 1 −2
1 0 −1

−2 −1 2
] 

Then A+B is symmetric. 
Solution: 

𝐴 + 𝐵 = [
1 −2 5

−2 3 −1
5 −1 0

] + [
−3 1 −2
1 0 −1

−2 −1 2
] 

𝐴 + 𝐵 = [
1 − 3 −2 + 1 5 − 2

−2 + 1 3 + 1 −1 − 1
5 − 2 −1 − 1 0 + 2

] 

𝐴 + 𝐵 = [
−2 −1 3
−1 3 −2
3 −2 2

] 

(𝐴 + 𝐵)𝑡 = [
−2 −1 3
−1 3 −2
3 −2 2

]

𝑡

= [
−2 −1 3
−1 3 −2
3 −2 2

]

= 𝐴 + 𝐵 ℎ𝑒𝑛𝑐𝑒 (𝐴 + 𝐵)𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 

Q2. 𝑖𝑓 𝐴 = [
1 2 0
3 2 −1

−1 3 2
]  𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡  

(𝑖)𝐴 + 𝐴𝑡   𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 
(𝑖𝑖)𝐴 − 𝐴𝑡  𝑖𝑠 𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 

Solution: 
(𝑖)𝐴 + 𝐴𝑡   𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐.  

𝐴 + 𝐴𝑡  = [
1 2 0
3 2 −1

−1 3 2
] + [

1 2 0
3 2 −1

−1 3 2
]

𝑡

 

𝐴 + 𝐴𝑡  = [
1 2 0
3 2 −1

−1 3 2
] + [

1 3 −1
2 2 3
0 −1 2

] 

𝐴 + 𝐴𝑡  = [
1 + 1 2 + 3 0 − 1
3 + 2 2 + 2 −1 + 3

−1 + 0 3 − 1 2 + 2
] 

𝐴 + 𝐴𝑡 = [
2 5 −1
5 4 2

−1 2 4
]  

 (𝐴 + 𝐴𝑡)𝑡 = [
2 5 −1
5 4 2

−1 2 4
]

𝑡
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 (𝐴 + 𝐴𝑡)𝑡 = [
2 5 −1
5 4 2

−1 2 4
] = 𝐴 + 𝐴𝑡 

ℎ𝑒𝑛𝑐𝑒 𝐴 + 𝐴𝑡  𝑖𝑠 𝑠𝑦𝑚𝑚𝑡𝑟𝑖𝑐 
(𝑖𝑖)𝐴 − 𝐴𝑡  𝑖𝑠 𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

𝐴 − 𝐴𝑡  = [
1 2 0
3 2 −1

−1 3 2
] − [

1 2 0
3 2 −1

−1 3 2
]

𝑡

 

𝐴 + 𝐴𝑡  = [
1 2 0
3 2 −1

−1 3 2
] − [

1 3 −1
2 2 3
0 −1 2

] 

𝐴 + 𝐴𝑡  = [
1 − 1 2 − 3 0 + 1
3 − 2 2 − 2 −1 − 3

−1 − 0 3 + 1 2 − 2
] 

𝐴 − 𝐴𝑡 = [
0 −1 1
1 0 −4

−1 4 0
] 

 (𝐴 − 𝐴𝑡)𝑡 = [
0 −1 1
1 0 −4

−1 4 0
]

𝑡

 

 (𝐴 + 𝐴𝑡)𝑡 = [
0 1 −1

−1 0 4
1 −4 0

] 

 (𝐴 + 𝐴𝑡)𝑡 = −[
0 −1 1
1 0 −4

−1 4 0
] 

 = −(𝐴 − 𝐴𝑡) 
ℎ𝑒𝑛𝑐𝑒 𝐴 − 𝐴𝑡 𝑖𝑠  𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑡𝑟𝑖𝑐 

Q3. 𝑖𝑓 0 > 𝐴 𝑖𝑠 𝑎𝑛𝑦 𝑠𝑞𝑢𝑎𝑟𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟  3,  
, 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝑖)𝐴 + 𝐴𝑡  𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

(𝑖𝑖)𝐴 − 𝐴𝑡 𝑖𝑠 𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 
Solution: 
(𝑖)𝐴 + 𝐴𝑡  𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

Let 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

𝐴 + 𝐴𝑡 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] + [

𝑎11 𝑎21 𝑎31

𝑎12 𝑎22 𝑎32

𝑎13 𝑎23 𝑎33

] 

𝐴 + 𝐴𝑡 = [

𝑎11 + 𝑎11 𝑎12 + 𝑎21 𝑎13 + 𝑎31

𝑎21 + 𝑎12 𝑎22 + 𝑎22 𝑎23 + 𝑎32

𝑎31 + 𝑎13 𝑎32 + 𝑎23 𝑎33 + 𝑎33

] 

(𝐴 + 𝐴𝑡)𝑡 = [

𝑎11 + 𝑎11 𝑎12 + 𝑎21 𝑎13 + 𝑎31

𝑎21 + 𝑎12 𝑎22 + 𝑎22 𝑎23 + 𝑎32

𝑎31 + 𝑎13 𝑎32 + 𝑎23 𝑎33 + 𝑎33

]

𝑡

 

(𝐴 + 𝐴𝑡)𝑡 = [

𝑎11 + 𝑎11 𝑎21 + 𝑎12 𝑎31 + 𝑎13

𝑎12 + 𝑎21 𝑎22 + 𝑎22 𝑎32 + 𝑎23

𝑎13 + 𝑎31 𝑎23 + 𝑎32 𝑎33 + 𝑎33

] 

= 𝐴 + 𝐴𝑡 
(𝑖)𝐴 − 𝐴𝑡  𝑖𝑠  𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

Let 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] 

𝐴 − 𝐴𝑡 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] − [

𝑎11 𝑎21 𝑎31

𝑎12 𝑎22 𝑎32

𝑎13 𝑎23 𝑎33

] 

𝐴 − 𝐴𝑡 = [

𝑎11 − 𝑎11 𝑎12 − 𝑎21 𝑎13 − 𝑎31

𝑎21 − 𝑎12 𝑎22 − 𝑎22 𝑎23 − 𝑎32

𝑎31 − 𝑎13 𝑎32 − 𝑎23 𝑎33 − 𝑎33

] 

(𝐴 − 𝐴𝑡)𝑡 = [
0 𝑎12 − 𝑎21 𝑎13 − 𝑎31

𝑎21 − 𝑎12 0 𝑎23 − 𝑎32

𝑎31 − 𝑎13 𝑎32 − 𝑎23 0
]

𝑡

 

(𝐴 − 𝐴𝑡)𝑡 = [

0 𝑎21 − 𝑎12 𝑎31 − 𝑎13

𝑎12 − 𝑎21 0 𝑎32 − 𝑎23

𝑎13 − 𝑎31 𝑎23 − 𝑎32 0
] 

= −[−
0 −𝑎21 + 𝑎12 −𝑎31 + 𝑎13

𝑎12 + 𝑎21 0 −𝑎32 + 𝑎23

−𝑎13 + 𝑎31 −𝑎23 + 𝑎32 0
] 

= −(𝐴 − 𝐴𝑡) 
ℎ𝑒𝑛𝑐𝑒 𝐴 − 𝐴𝑡𝑖𝑠 𝑠𝑘𝑒𝑤 𝑠𝑦𝑠𝑚𝑚𝑒𝑡𝑟𝑖𝑐 

Q4.𝒊𝒇 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝑨 𝒂𝒏𝒅 𝑩 𝒂𝒓𝒆 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒂𝒏𝒅  
𝑨𝑩 = 𝑩𝑨, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑨𝑩 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄. 

Solution: 
𝑔𝑖𝑣𝑒𝑛 𝐴𝑡 = 𝐴,𝐵𝑡 = 𝐵, 𝐴𝐵 = 𝐵𝐴 

Now (𝐴𝐵)𝑡 = 𝐵𝑡𝐴𝑡 
= 𝐵𝐴        ∵ 𝐵𝑡 = 𝐵, 𝐴𝑡 = 𝐴 

 (𝐴𝐵)𝑡 =AB       ∵ 𝐵𝐴 = 𝐴𝐵 
 Hence AB is symmetric. 

Q5. Show that 
𝐴𝐴𝑡  𝑎𝑛𝑑 𝐴𝑡𝐴 𝑎𝑟𝑒 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 

 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2 × 3 
Solution: 

𝑙𝑒𝑡 𝐴 = [
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
]
2×3

 

𝐴𝑡 = [

𝑎11 𝑎21

𝑎12 𝑎22

𝑎13 𝑎23

] 

𝐴𝐴𝑡 = [
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] [

𝑎11 𝑎21

𝑎12 𝑎22

𝑎13 𝑎23

] 

𝐴𝐴𝑡 = 

[
𝑎11

2 + 𝑎12
2 + 𝑎13

2 𝑎11𝑎21 + 𝑎12𝑎22 + 𝑎13𝑎23

𝑎11𝑎21 + 𝑎12𝑎22 + 𝑎13𝑎23 𝑎21
2 + 𝑎22

2 + 𝑎23
2 ] 

(𝐴𝐴𝑡)𝑡 = 

[
𝑎11

2 + 𝑎12
2 + 𝑎13

2 𝑎11𝑎21 + 𝑎12𝑎22 + 𝑎13𝑎23

𝑎11𝑎21 + 𝑎12𝑎22 + 𝑎13𝑎23 𝑎21
2 + 𝑎22

2 + 𝑎23
2 ] 

= 𝐴𝐴𝑡 
ℎ𝑒𝑛𝑐𝑒 𝐴𝐴𝑡  𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 

Also  

𝐴𝑡𝐴 = [

𝑎11 𝑎21

𝑎12 𝑎22

𝑎13 𝑎23

] [
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] 

=

[

𝑎11
2 + 𝑎12

2 𝑎11𝑎12 + 𝑎21𝑎22 𝑎11𝑎13 + 𝑎21𝑎33

𝑎12𝑎11 + 𝑎22𝑎21 𝑎12
2 + 𝑎22

2 𝑎12𝑎23 + 𝑎32𝑎23

𝑎13𝑎11 + 𝑎23𝑎21 𝑎13𝑎12 + 𝑎23𝑎23 𝑎13
2 + 𝑎23

2

]  

 (𝐴𝑡𝐴)𝑡  

[

𝑎11
2 + 𝑎12

2 𝑎12𝑎11 + 𝑎22𝑎21 𝑎13𝑎11 + 𝑎23𝑎21

𝑎11𝑎12 + 𝑎21𝑎22 𝑎12
2 + 𝑎22

2 𝑎13𝑎12 + 𝑎23𝑎23

𝑎11𝑎13 + 𝑎21𝑎33 𝑎12𝑎23 + 𝑎32𝑎23 𝑎13
2 + 𝑎23

2

] 

= 𝐴𝑡𝐴 
 𝐴𝑡𝐴 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐. 

Q6. 𝑖𝑓 𝐴 = [
𝑖 1 + 𝑖
1 −𝑖

] 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡  

𝑖) 𝐴 + (�̅�)𝑡  𝑖𝑠 ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑜𝑛.  
𝑖𝑖) 𝐴 − (�̅�)𝑡  𝑖𝑠 𝑠𝑘𝑒𝑤 −  ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑜𝑛  
Solution: 
𝑖) 𝐴 + (�̅�)𝑡  𝑖𝑠 ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑜𝑛.  
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𝐴 = [
𝑖 1 + 𝑖
1 −𝑖

] , �̅� = [
−𝑖 1 − 𝑖
1 𝑖

] 

(�̅�)𝑡 = [
−𝑖 1

1 − 𝑖 𝑖
] 

𝐴 + (�̅�)𝑡 = [
𝑖 1 + 𝑖
1 −𝑖

] + [
−𝑖 1

1 − 𝑖 𝑖
] 

𝐴 + (�̅�)𝑡 = [
𝑖 − 𝑖 1 + 𝑖 + 1

1 + 1 − 𝑖 −𝑖 + 𝑖
] 

= [
0 2 − 𝑖
2 0

] 

𝐴 + (�̅�)𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = [
0 2

2 − 𝑖 0
] = 𝐴 + (�̅�)𝑡 

So 𝐴 + (�̅�)𝑡 is Hermitian.  
𝑖𝑖) 𝐴 − (�̅�)𝑡 𝑖𝑠 𝑠𝑘𝑒𝑤  ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑜𝑛.  

𝐴 = [
𝑖 1 + 𝑖
1 −𝑖

] , �̅� = [
−𝑖 1 − 𝑖
1 𝑖

] 

(�̅�)𝑡 = [
−𝑖 1

1 − 𝑖 𝑖
] 

𝐴 − (�̅�)𝑡 = [
𝑖 1 + 𝑖
1 −𝑖

] − [
−𝑖 1

1 − 𝑖 𝑖
] 

𝐴 − (�̅�)𝑡 = [
𝑖 + 𝑖 1 + 𝑖 − 1

1 − 1 + 𝑖 −𝑖 − 𝑖
] 

= [
2𝑖 𝑖
𝑖 −2𝑖

] 

𝐴 − (�̅�)𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = [
−2𝑖 −𝑖
−𝑖 2𝑖

] = − [
2𝑖 𝑖
𝑖 −2𝑖

] 

−(𝐴 − (�̅�)𝑡) 
So 𝐴 − (�̅�)𝑡is skew Hermitian.  
Q7. 𝒊𝒇 𝑨 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒐𝒓 𝒔𝒌𝒆𝒘 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊c 

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑨𝟐 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄   
Solution: 
Give that 𝐴𝑡 = 𝐴  0𝑟  𝐴𝑡 = −𝐴 
Now (𝐴2)𝑡 = (𝐴. 𝐴)𝑡     
𝑎𝑙𝑠𝑜 (𝐴2)𝑡 = (𝐴. 𝐴)𝑡  

𝐴𝑡 . 𝐴𝑡       𝑜𝑟 = 𝐴𝑡 . 𝐴𝑡 
= 𝐴. 𝐴              ∵ (𝐴𝑡 = 𝐴)  

 𝐴2 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 
𝑜𝑟 (−𝐴)(−𝐴)             ∵ (𝐴𝑡 = −𝐴)  

 𝐴2  𝑖𝑠  𝑠𝑘𝑒𝑤 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐   

Q8. 𝒊𝒇𝑨 = [
𝟏

𝟏 + 𝒊
𝒊

]  𝒇𝒊𝒏𝒅 𝑨(�̅�)𝒕   

 𝐴 = [
1

1 + 𝑖
𝑖

] , �̅� = [
1

1 − 𝑖
−𝑖

] 

(�̅�)𝑡 = [1 1 − 𝑖 −𝑖] 

𝐴(�̅�)𝑡  = [
1

1 + 𝑖
𝑖

] [1 1 − 𝑖 −𝑖] 

𝐴(�̅�)𝑡  = [
1 1 − 𝑖 −𝑖

1 + 𝑖 1 − 𝑖2 −𝑖 − 𝑖2

𝑖 𝑖 − 𝑖2 −(−1)
] 

𝐴(�̅�)𝑡  = [
1 1 − 𝑖 −𝑖

1 + 𝑖 1 − (−1) −𝑖 − (−1)

𝑖 𝑖 − (−1) −(−1)
] 

𝐴(�̅�)𝑡  = [
1 1 − 𝑖 −𝑖

1 + 𝑖 2 1 − 𝑖
𝑖 1 + 𝑖 1

] 

Q9. Find the inverse of the following matrices. Also find 
their inverse by row and column operations: 

i)[
𝟏 𝟐 −𝟑
𝟎 −𝟐 𝟎

−𝟐 −𝟐 𝟐
] 

Solution: 

𝑙𝑒𝑡 𝐴 = [
1 2 −3
0 −2 0

−2 −2 2
] 

|𝐴| = |
1 2 −3
0 −2 0

−2 −2 2
| 

𝑒𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝑅2 

= 0 = (−2) |
1 −3

−2 2
| − 0 

|𝐴| = −2(2 − 6) = −2(−4) = 8 
|𝐴| ≠ 0 𝑠𝑜 𝐴−1 𝑒𝑥𝑖𝑠𝑡. 

𝐴11 = (−1)1+1  |
−2 0
−2 2

| = (−4 + 0) = −4 

𝐴12 = (−1)1+2  |
0 0

−2 2
| = −(0 + 0) = 0 

𝐴13 = (−1)1+3  |
0 −2

−2 −2
| = 0 − 4 = −4 

𝐴21 = (−1)2+1  |
2 −3

−2 2
| = −(4 − 6) = 2 

𝐴22 = (−1)2+2  |
1 −3

−2 2
| = 2 − 6 = −4 

𝐴23 = (−1)2+3  |
1 2

−2 −2
| = −(−2 + 4) = −2 

𝐴31 = (−1)3+1  |
2 −3

−2 0
| = 0 − 6 = −6 

𝐴32 = (−1)3+2  |
1 −3
0 0

| = −(0 + 0) = 0 

𝐴33 = (−1)3+3  |
1 2
0 −2

| = −2 − 0 = −2 

𝑎𝑑𝑗𝐴 = [
−4 2 −6
0 −4 0

−4 −2 −2
] 

∵ 𝐴−1 =
1

|𝐴|
 𝑎𝑑𝑗𝐴 =

1

8
[
−4 2 −6
0 −4 0

−4 −2 −2
] 

𝐴−1 =

[
 
 
 
 
 −

4

8

2

8
−

6

8

0 −
4

8
0

−
4

8
−

2

8
−

2

8]
 
 
 
 
 

 

𝐴−1 =

[
 
 
 
 
 −

1

2

1

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 
 

 

BY Row operation; 
∵ 𝐴 = 𝐴𝐼 

 𝐴 = [
1 2 −3
0 −2 0

−2 −2 2
] [

1 0 0
0 1 0
0 0 1

] 

~𝑅 [
1 2 −3
0 −2 0

−2 + 2 −2 + 4 2 − 6
] [

1 0 0
0 1 0

0 + 2 0 1
] 𝑅3

+ 2𝑅1 

~𝑅 [
1 2 −3
0 −2 0
0 2 −4

] [
1 0 0
0 1 0
2 0 1

] 
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~𝑅 [
1 2 −3
0 1 0
0 2 −4

] [

1 0 0

0 −
1

2
0

2 0 1

]  −
1

2
𝑅2 

~𝑅 [
1 2 − 2 −3
0 1 0
0 2 − 2 −4

] [

1 0 + 1 0

0 −
1

2
0

2 0 + 1 1

] 𝑅1 − 2𝑅2, 𝑅3

− 2𝑅2 

~𝑅 [
1 0 −3
0 1 0
0 0 −4

] [

1 1 0

0 −
1

2
0

2 1 1

] 

~𝑅 [
1 0 −3
0 1 0
0 0 −4

]

[
 
 
 
 

1 1 0

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 

−
1

4
𝑅3 

~𝑅 [
1 0 −3 + 3
0 1 0
0 0 1

]

[
 
 
 
 
 1 −

3

2
1 −

3

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 
 

 𝑅1 + 3𝑅3 

Type equation here. 

~𝑅 [
1 0 0
0 1 0
0 0 1

]

[
 
 
 
 
 −

1

2

1

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 
 

 

 𝐴−1 =

[
 
 
 
 −

1

2

1

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 

 

By column operation: 
∵ 𝐴 = 𝐴𝐼  

𝐴 = [
1 2 −3
0 −2 0

−2 −2 2
] [

1 0 0
0 1 0
0 0 1

] 

~𝐶 [
1 2 − 2 −3 + 3
0 −2 0

−2 −2 + 4 2 − 6
] [

1 0 − 2 0 + 3
0 1 0
0 0 1

] 𝐶2

− 2𝐶1, 𝐶3 + 3𝐶1 

~𝐶 [
1 0 0
0 −2 0

−2 2 −4
] [

1 −2 3
0 1 0
0 0 1

] 

~𝐶 [
1 0 0
0 1 0

−2 −1 −4
] [

1 1 3

0 −
1

2
0

0 0 1

] −
1

2
𝐶2 

~𝐶 [
1 0 0
0 1 0

−2 −1 1
] [

1 1 −3/4

0 −
1

2
0

0 0 −1/4

] −
1

4
𝐶3 

~𝐶 [
1 0 0
0 1 0

−2 + 2 −1 + 1 1
]

[
 
 
 
 
 1 −

3

2
1 −

3

4
−

3

4

0 −
1

2
0

0 −
1

2
0 −

1

4
−

1

4]
 
 
 
 
 

 𝐶1

+ 2𝐶3, 𝐶2 + 𝐶3 

~𝐶 [
1 0 0
0 1 0
0 0 1

]

[
 
 
 
 
 −

1

2
−

1

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 
 

 

 𝐴−1 =

[
 
 
 
 −

1

2
−

1

4
−

3

4

0 −
1

2
0

−
1

2
−

1

4
−

1

4]
 
 
 
 

 

ii) 𝑙𝑒𝑡 𝐴 = [
1 2 −1
0 −1 3
1 0 2

] 

|𝐴| = |
1 2 −1
0 −1 3
1 0 2

| 

𝑒𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝑅3 − 𝑅1 

|
1 2 −1
0 −1 3
0 2 3

| 

= (1) |
−1 3
−2 3

| − 0 + 0  𝐸𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝐶1 

|𝐴| = (−3 + 6) = 3 ≠ 0 
|𝐴| ≠ 0 𝑠𝑜 𝐴−1 𝑒𝑥𝑖𝑠𝑡. 

By Adjoins Method  

𝐴11 = (−1)1+1  |
−1 3
0 2

| = (−2 − 0) = −2 

𝐴12 = (−1)1+2  |
0 3
1 2

| = −(0 − 3) = 3 

𝐴13 = (−1)1+3  |
0 −1
1 0

| = (0 + 1) = 1 

𝐴21 = (−1)2+1  |
2 −1
0 2

| = −(4 + 0) = −4 

𝐴22 = (−1)2+2  |
1 −1
1 2

| = (2 + 1) = 3 

𝐴23 = (−1)2+3  |
1 2
1 0

| = −(0 − 2) = 2 

 

𝐴31 = (−1)3+1  |
2 −1

−1 3
| = (6 − 1) = 5 

𝐴32 = (−1)3+2  |
1 −1
0 3

| = −(3 + 0) = −3 

𝐴33 = (−1)3+3  |
1 2
0 −1

| = −1 − 0 = −1 

𝑎𝑑𝑗𝐴 = [
−2 −4 5
3 3 −3
1 2 −1

] 

𝑎𝑑𝑗𝐴 = [
−2 −4 5
3 3 −3
1 2 −1

] 

∵ 𝐴−1 =
1

|𝐴|
 𝑎𝑑𝑗𝐴 =

1

3
[
−2 −4 5
3 3 −3
1 2 −1

] 

 

𝐴−1 = [
−

2

3
−

4

3

5

3
1 1 −1

1/3 2/3 −1/3

] 

By Row operation: 
∵ 𝐴 = 𝐴𝐼 
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 𝐴 = [
1 2 −1

0 −1 3

1 `0 2

] [
1 0 0

0 1 0

0 0 1

] 

~𝑅 [

1 2 −1

0 −1 3

1 − 1 `0 − 2 2 + 1

] [
1 0 0

0 1 0

0 − 1 0 1

]  𝑅3

− 𝑅1 

~𝑅 [
1 2 −1

0 −1 3

0 ` − 2 3

] [
1 0 0

0 1 0

−1 0 1

] 

~𝑅 [
1 2 −1

0 1 −3

0 ` − 2 3

] [
1 0 0

0 −1 0

−1 0 1

] (−1)𝑅2 

~𝑅 [
1 2 − 2 −1 + 6

0 1 −3

0 ` − 2 + 2 3 − 6

] [
1 0 + 2 0

0 −1 0

−1 0 − 2 1

]𝑅1 − 2𝑅2, 𝑅3

+ 2𝑅2 

~𝑅 [
1 0 5

0 1 −3

0 `0 −3

] [
1 2 0

0 −1 0

−1 −2 1

] 

~𝑅 [
1 0 5

0 1 −3

0 `0 1

] [

1 2 0

0 −1 0
1

3

2

3
−

1

3

] −
1

3
𝑅3 

~𝑅 [

𝟏 𝟎 𝟓 − 𝟓

𝟎 𝟏 −𝟑 + 𝟑

𝟎 `𝟎 𝟏

]

[
 
 
 
 1 −

5

3
2 −

10

3
0 +

5

3
0 + 1 −1 + 2 0

1

3

2

3
−

1

3 ]
 
 
 
 

 𝑅1 − 5𝑅3, 𝑅2 + 3𝑅3 

~𝑅 [

𝟏 𝟎 𝟎

𝟎 𝟏 𝟎

𝟎 `𝟎 𝟏

] [

−2/3 −4/3 5/3

1 1 −1
1

3

2

3
−

1

3

] 

𝐴−1 = [

−2/3 −4/3 5/3

1 1 −1
1

3

2

3
−

1

3

] 

By column operation: 
∵ 𝐴 = 𝐴𝐼 

 𝐴 = [
1 2 −1
0 −1 3
1 0 2

] [
1 0 0
0 1 0
0 0 1

] 

~𝐶 [
1 2 − 2 −1 + 1
0 −1 3
1 0 − 2 2 + 1

] [
1 0 − 2 0 + 1
0 1 0
0 0 1

] 𝐶2 − 2𝐶1, 𝐶3 + 𝐶1 

~𝐶 [
1 0 0
0 −1 3
1 −2 3

] [
1 −2 1
0 1 0
0 0 1

]  

~𝐶 [
1 0 0
0 1 3 − 3
1 2 3 − 6

] [
1 −2 1 − 6
0 1 0 + 3
0 0 1

] 𝐶3 − 3𝐶2 

 

~𝐶 [
1 0 0
0 1 0
1 2 −3

] [
1 −2 −5
0 1 3
0 0 1

]  

~𝐶 [
1 0 0
0 1 0
1 2 1

] [
1 −2 5/3
0 1 −1
0 0 −1/3

] −
1

3
𝐶3  

𝐶1 − 𝐶3, 𝐶2 − 2𝐶3 

~𝐶 [
1 0 0
0 1 0

1 − 1 2 − 2 1
]

[
 
 
 
 1 −

5

3
−2 −

10

3

5

3
0 + 1 −1 + 2 −1

0 +
1

3
0 +

2

3
−

1

3]
 
 
 
 

  

  

~𝐶 [
1 0 0
0 1 0
0 0 1

] [
−2/3 −4/3 5/3

1 1 −1
1/3 2/3 −1/3

] 

𝐴−1 = [
−2/3 −4/3 5/3

1 1 −1
1/3 2/3 −1/3

] 

iii) 𝑙𝑒𝑡 𝐴 = [
1 −3 2
2 1 0
0 −1 1

] 

Solution: 
 

|𝐴| = |
1 −3 2
2 1 0
0 −1 1

| 

𝑒𝑥𝑝𝑎𝑛𝑑 𝑏𝑦 𝑅3 

= 0 − 0 + 1 |
1 −1
2 1

| 

|𝐴| = (1 + 2) = 3 ≠ 0 
|𝐴| ≠ 0 𝑠𝑜 𝐴−1 𝑒𝑥𝑖𝑠𝑡. 

By Adjoins Method  
  

𝐴11 = (−1)1+1  |
1 0

−1 1
| = (1 + 0) == 1 

𝐴12 = (−1)1+2  |
2 0
0 1

| = −(2 − 0) = −2 

𝐴13 = (−1)1+3  |
2 0
0 1

| = (−3 + 2) = −1 

𝐴21 = (−1)2+1  |
2 1
0 −1

| = −(−3 + 2) = 1 

𝐴22 = (−1)2+2  |
1 2
0 1

| = (1 − 0) = 1 

𝐴23 = (−1)2+3  |
1 −3
0 −1

| = −(−1 + 0) = 1 

𝐴31 = (−1)3+1  |
−3 2
1 𝑜

| = −(0 − 2) = −2 

𝐴32 = (−1)3+2  |
1 2
2 0

| = −(0 − 4) = 4 

𝐴33 = (−1)3+3  |
1 −3
2 1

| = (1 + 6) = 7 

𝑎𝑑𝑗𝐴 = [
1 1 −2

−2 1 4
−2 1 7

] 

   

∵ 𝐴−1 =
1

|𝐴|
 𝑎𝑑𝑗𝐴 =

1

3
[

1 1 −2
−2 1 4
−2 1 7

] 

𝐴−1 = [

1/3 1/3 −2/3
−2/3 1/3 4/3
−2/3 1/3 7/3

] 

By row operation ∵ 𝐴 = 𝐴𝐼  

 𝐴 = [
1 −3 2

2 1 0

0 −1 1

] [
1 0 0

0 1 0

0 0 1

] 

~𝑅 [
1 −3 2

2 − 2 1 + 6 0 − 4

0 −1 1

] [
1 0 0

0 − 2 1 0

0 0 1

]  𝑅2 − 2𝑅1 

~𝑅 [
1 −3 2

0 7 −4

0 −1 1

] [
1 0 0

−2 1 0

0 0 1

] 

~𝑅 [
1 −3 2

0 7 −4

0 −1 1

] [
1 0 0

−2 1 0

0 0 1

]  𝑅2𝑖𝑛𝑡𝑒𝑟𝑐ℎ𝑎𝑛𝑔𝑒 𝑅3 

~𝑅 [
1 −3 2

0 −1 1

0 7 −4

] [
1 0 0

0 0 1

−2 1 0

] 
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𝑅1 + 3𝑅2, 𝑅3 − 7𝑅2 

~𝑅 [
1 + 0 −3 + 3 2 − 3

0 1 −1

0 7 − 7 −4 + 7

] [
1 0 0 − 3

0 0 1

−2 1 0 + 7

] 

~𝑅 [
1 0 −1

0 1 −1

0 0 3

] [
1 0 −3

0 0 −1

−2 1 7

] 

~𝑅 [
1 0 −1

0 1 −1

0 0 1

] [

1 0 −3

0 0 −1

−
2

3

1

3

7

3

]
1

3
𝑅3 

 

𝑅1 + 𝑅3, 𝑅2 + 𝑅3 

~𝑅 [
1 0 −1 + 1

0 1 −1 + 1

0 0 1

]

[
 
 
 
 
 1 −

2

3
0 +

1

3
−3 +

7

3

0 −
2

3
0 +

1

3
−1 +

7

3

−
2

3

1

3

7

3 ]
 
 
 
 
 

 

~𝑅 [
1 0 −1 + 1

0 1 −1 + 1

0 0 1

]

[
 
 
 
 
 

1

3

1

3
−

2

3

−
2

3
+

1

3

1

3

−
2

3

1

3

7

3 ]
 
 
 
 
 

 

 𝐴−1 =

[
 
 
 
 

1

3

1

3
−

2

3

−
2

3
+

1

3

1

3

−
2

3

1

3

7

3 ]
 
 
 
 

 

 

By Column Operation: 
∵ 𝐴 = 𝐴𝐼 

 𝐴 = [
1 −3 2
2 1 0
0 −1 1

] [
1 0 0
0 1 0
0 0 1

] 

𝐶2 + 3𝐶1, 𝐶3 − 2𝐶1 

~𝐶 [
1 −3 + 3 2 − 2
2 1 + 6 0 − 4
0 −1 1

] [
1 0 + 3 0 − 2
0 1 0
0 0 1

] 

~𝐶 [
1 0 0
2 7 −4
0 −1 1

] [
1 3 −2
0 1 0
0 0 1

] 

~𝐶 [
1 0 0
2 7 − 8 −4
0 −1 + 2 1

] [
1 3 − 4 −2
0 1 0
0 0 + 2 1

]𝐶2 + 2𝐶3 

~𝐶 [
1 0 0
2 −1 −4
0 1 1

] [
1 −1 −2
0 1 0
0 2 1

] 

~𝐶 [
1 0 0
2 1 −4
0 −1 1

] [
1 1 −2
0 −1 0
0 −2 1

] (−1)𝐶2 

𝐶1 − 2𝐶2, 𝐶3 + 4𝐶2 

~𝐶 [
1 0 0

2 − 2 1 −4 + 4
0 + 2 −1 1 − 4

] [
1 − 2 1 −2 + 4
0 + 2 −1 0 − 4
0 + 4 −2 1 − 8

] 

~𝐶 [
1 0 0
0 1 0
2 −1 −3

] [
−1 1 2
2 −1 −4
4 −2 −7

] 

~𝐶 [

1 0 0
0 1 0

2 −1 −
3

−3

]

[
 
 
 
 
 −1 1

2

3

2 −1 −
4

−3

4 −2 −
7

−3]
 
 
 
 
 

−
1

3
𝐶3 

~𝐶 [
1 0 0
0 1 0
2 −1 1

]

[
 
 
 
 
 −1 1 −

2

3

2 −1
4

3

4 −2
7

3 ]
 
 
 
 
 

 

𝐶1 − 2𝐶3, 𝐶2 + 𝐶3 

~𝐶 [
1 0 0
0 1 0

2 − 2 −1 + 1 1
]

[
 
 
 
 
 −1 +

4

3
1 −

2

3
−

2

3

2 −
8

3
−1 +

4

3

4

3

4 −
14

3
−2 +

7

3

7

3 ]
 
 
 
 
 

 

~𝐶 [
1 0 0
0 1 0
0 0 1

]

[
 
 
 
 
 

1

3

1

3
−

2

3

−
2

3

1

3

4

3

−
2

3

1

3

7

3 ]
 
 
 
 
 

 

𝐴−1 =

[
 
 
 
 
 

1

3

1

3
−

2

3

−
2

3

1

3

4

3

−
2

3

1

3

7

3 ]
 
 
 
 
 

 

Q10. Find the rank of the following matrices. 

𝑖) [
1 −1 2 1
2 −6 5 1
3 5 4 −3

] 

Solution: 

[
1 −1 2 1
2 −6 5 1
3 5 4 −3

] 

𝑅2 − 2𝑅1, 𝑅3 − 3𝑅1 

~𝑅 [
1 −1 2 1

2 − 2 −6 + 2 5 − 4 1 − 2
3 − 3 5 + 3 4 − 6 −3 − 3

] 

~𝑅 [
1 −1 2 −1
0 −4 1 −1
0 8 −2 6

] 

~𝑅 [

1 −1 2 −1

0 1 −
1

4

1

4
0 8 −2 6

] −
1

4
𝑅2 

~𝑅 [

1 −1 2 1

0 1 −
1

4

1

4
0 8 − 8 −2 + 2 −6 − 2

] 𝑅3 − 8𝑅2 

~𝑅 [

1 −1 2 1

0 1 −
1

4

1

4
0 0 0 −8

] 
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~𝑅 [

1 −1 2 1

0 1 −
1

4

1

4
0 0 0 1

] −
1

8
𝑅3 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑖𝑛 𝐸𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚 𝑁𝑜. 𝑜𝑓 𝑛𝑜𝑛 − 𝑍𝑒𝑟𝑜 𝑟𝑜𝑤𝑠 = 3  
𝑆𝑜 𝑅𝑎𝑛𝑘 = 3 

ii)[

1 −4 −7
2 −5 1
1 −2 3
3 −7 4

] 

 

Solution: [

1 −4 −7
2 −5 1
1 −2 3
3 −7 4

] 

𝑅2 − 2𝑅1, 𝑅3 − 𝑅1, 𝑅4 − 3𝑅1  

~𝑅 [

1 −4 −7
2 − 2 −5 + 8 15
1 − 1 −2 + 4 10
3 − 3 −7 + 12 25

]  

~𝑅 [

1 −4 −7
0 3 15
0 2 10
0 5 25

]  

~𝑅 [

1 −4 −7
0 1 5
0 2 10
0 5 25

] 
1

3
𝑅2  

𝑅3 − 2𝑅2, 𝑅4 − 5𝑅2  

~𝑅 [

1 −4 −7
0 1 5
0 2 − 2 10 − 10
0 5 − 5 25 − 25

]  

~𝑅 [

1 −4 −7
0 1 5
0 0 0
0 0 0

]  

Which is Echelon form No. of non-Zero rows=2 
iii) 

[

3 −1 3 0 −1
1 2 −1 −3 −2
2 3 4 2 5
2 5 −2 −3 3

]  

Solution: 

~𝑅 [

1 2 −1 −3 −2
3 −1 3 0 −1
2 3 4 2 5
2 5 −2 −3 3

]𝑅1 ↔ 𝑅2  

𝑅2 − 3𝑅1, 𝑅3 − 2𝑅1, 𝑅4 − 2𝑅1 

~𝑅 [

1 2 −1 −3 −2
3 − 3 −1 − 6 3 + 3 0 + 9 −1 + 6
2 − 2 3 − 4 4 + 2 2 + 6 5 + 4
2 − 2 5 − 4 −2 + 2 −3 + 9 3 + 4

] 

~𝑅 [

1 2 −1 −3 −2
0 −7 6 9 5
0 −1 6 8 9
0 1 0 3 7

] 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 −1 6 8 9
0 −7 6 9 5

] 𝑅2 ↔ 𝑅4 

𝑅3 + 𝑅2, 𝑅4 + 7𝑅2 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 −1 + 1 6 + 0 8 + 3 9 + 7
0 −7 + 7 6 9 + 21 5 + 49

] 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 6 11 16
0 0 6 30 54

] 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 6 11 16
0 0 1 5 9

]
1

6
𝑅4 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 1 5 9
0 0 6 11 16

] 𝑅3 ↔ 𝑅4 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 1 5 9
0 0 6 − 6 11 − 30 16 − 54

] 

~𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 1 5 9
0 0 0 −19 −38

] 

𝑅 [

1 2 −1 −3 −2
0 1 0 3 7
0 0 1 5 9
0 0 0 1 2

] −
1

19
𝑅4 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑖𝑛 𝐸𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚 . 
𝑁𝑜 𝑜𝑓 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠 = 4 𝑠𝑜 𝑟𝑎𝑛𝑘 = 4 

 
 
 
 
 
 
 
 
 
System of linear Equations: 

i) The equation 𝑎𝑥 + 𝑏𝑦 = 𝑘 
 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 𝑏 ≠ 0, 𝑘 ≠ 0 is called a non -
homogenous linear equation in two variables x and 
y. 
If 𝑎𝑥 + 𝑏𝑦 =
0 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝐻𝑜𝑚𝑔𝑒𝑛𝑜𝑢𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 
Equation. 

ii) The equations  
𝑎1𝑥 + 𝑏1𝑦 = 𝑘1

𝑎2𝑥 + 𝑏2𝑦 = 𝑘2
}  𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓  

Linear equations in two variables x and y. if 𝑘1, 𝑘2 
Are not both zero or at least one of 𝑘1, 𝑘2 𝑖𝑠 𝑛𝑜𝑛 −
𝑧𝑒𝑟𝑜. 

If 
𝑎1𝑥 + 𝑏1𝑦 = 0
𝑎2𝑥 + 𝑏2𝑦 = 02

}  𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓  

Homogenous linear equations. 
iii) The equations  
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𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 𝑘1

𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 𝑘2

𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 = 𝑘3

} 

𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑛𝑜𝑛 − ℎ𝑜𝑚𝑔𝑒𝑛𝑜𝑢𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 
Equations in three variables 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 
𝑖𝑓 𝑘1, 𝑘2 𝑎𝑛𝑑 𝑘3 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑎𝑡 𝑎𝑙𝑙 𝑧𝑒𝑟𝑜   
If  
𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 0
𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 0
𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 = 0

}  𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓  

Homogenous linear equations.  
System of Homogenous Linear Equations: 
Consider, 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑥13𝑥3 = 𝑏1  
𝑎21𝑥2 + 𝑎22𝑥2 + 𝑎23𝑥3 = 𝑏2  
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 = 𝑏3  
In matrix form 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎23 𝑎33

] [

𝑥1

𝑥2

𝑥3

] = [

𝑏1

𝑏2

𝑏3

] 

Then 𝐴𝑋 = 𝐵 

Where 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎23 𝑎33

] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝐵 = [

𝑏1

𝑏2

𝑏3

] 

ℎ𝑒𝑟𝑒 𝐴 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑐𝑜𝑓𝑓𝑖𝑐𝑒𝑖𝑒𝑛𝑡𝑠 𝑎𝑛𝑑  

𝐴𝑏 = [

𝑎11 𝑎12 𝑎13 ⋮ 𝑏1

𝑎21 𝑎22 𝑎23 ⋮ 𝑏2

𝑎31 𝑎23 𝑎33 ⋮ 𝑏3

] 

𝐴𝑏𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥.   
Consistency of a System: 
A system of linear equations is said to be consistent 
if  

i) It has unique solution or  
ii) It has an unlimited number of solution. 

Inconsistency of a system: 
A system of linear equations is said to be 
inconsistent if it has no solution. 
Remember some important note: 

i) If a system of linear equations is 
consistent and has unique solution then   

𝑅𝑎𝑛𝑘(𝐴) = 𝑅𝑎𝑛𝑘(𝐴𝑏)  
ii) If a system of linear equations is 

consistent and has unlimited solution 
then  

𝑅𝑎𝑛𝑘(𝐴) = 𝑅𝑎𝑛𝑘(𝐴𝑏)  
Also 
 𝑅𝑎𝑛𝑘 (𝐴) <
𝑁𝑜. 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑢𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚. 

iii) If a system of linear equations is 
inconsistent. 

𝑖. 𝑒 𝑖𝑡 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑛 𝑅𝑎𝑛𝑘 (𝐴)
≠ 𝑅𝑎𝑛𝑘(𝐴𝑏) 

𝑻𝒓𝒊𝒗𝒊𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:  

if we solve a system and get valves of all variables 
zero, then the solution is called trivial solution. 
For trivial solution|𝐴| ≠ 0 
Non-trivial solution: 
Solutions in which at least one of the variables has 
a valve different from zero is called non-trivial 
solution. 
For non-trivial solution  
|𝐴| = 0  𝑎𝑙𝑠𝑜 
 𝑅𝑎𝑛𝑘 (𝐴) < 𝑛𝑜. 𝑜𝑓 𝑣𝑎𝑟𝑖𝑏𝑙𝑒𝑠 𝑢𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 

How to solve Homogenous Linear Equations: 
Non-homogenous linear equations can be solved 
following three methods. 

i) using matrices  
ii) Using Echelon and Reduce echelon form. 
iii) Using crammer’s Rule. 

Cramer’s Rule: 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑥13𝑥3 = 𝑏1  
𝑎21𝑥2 + 𝑎22𝑥2 + 𝑎23𝑥3 = 𝑏2  
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 = 𝑏3  
In matrix form 

[

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎23 𝑎33

] [

𝑥1

𝑥2

𝑥3

] = [

𝑏1

𝑏2

𝑏3

] 

Then 𝐴𝑋 = 𝐵 ⇒ 𝑋 = 𝐵𝐴−1 

Where 𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎23 𝑎33

] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝐵 = [

𝑏1

𝑏2

𝑏3

] 

Matrix of cofactor [

𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴23 𝐴33

] 

𝑎𝑑𝑗𝐴 = [

𝐴11 𝐴21 𝐴31

𝐴12 𝐴22 𝐴32

𝐴13 𝐴23 𝐴33

] 

∵ 𝐴−1 =
1

|𝐴|
[

𝐴11 𝐴21 𝐴31

𝐴12 𝐴22 𝐴32

𝐴13 𝐴23 𝐴33

] 

𝑋 =
1

|𝐴|
[

𝐴11 𝐴21 𝐴31

𝐴12 𝐴22 𝐴32

𝐴13 𝐴23 𝐴33

] [

𝑏1

𝑏2

𝑏3

] 

[

𝑥1

𝑥2

𝑥3

] =
1

|𝐴|
[

𝑏1𝐴11 + 𝑏2𝐴21 + 𝑏3𝐴31

𝑏1𝐴12 + 𝑏2𝐴22 + 𝑏3𝐴32

𝑏1𝐴13 + 𝑏2𝐴23 + 𝑏3𝐴33

] 

 𝒙𝟏 =
𝑏1𝐴11+𝑏2𝐴21+𝑏3𝐴31

𝑨
 

0r 𝑥1 =

|

𝑏1 𝑎12 𝑎12
𝑏2 𝑎22 𝑎23
𝑏3 𝑎32 𝑎33

|

|𝐴|
 

Or 𝑥1 =
|𝐴1|

|𝐴|
    𝐴1 = |

𝑏1 𝑎12 𝑎12

𝑏2 𝑎22 𝑎23

𝑏3 𝑎32 𝑎33

| 

Also  

𝑥2 =
𝑏1𝐴12 + 𝑏2𝐴22 + 𝑏3𝐴32

|𝐴|
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𝑥2 =

|

𝑎11 𝑏1 𝑎13

𝑎21 𝑏2 𝑎23

𝑎31 𝑏3 𝑎33

|

|𝐴|
 

𝑥2 =
|𝐴2|

|𝐴|
     ; |𝐴2| = |

𝑎11 𝑏1 𝑎13

𝑎21 𝑏2 𝑎23

𝑎31 𝑏3 𝑎33

| 

𝑥3 =
𝑏1𝐴13 + 𝑏2𝐴23 + 𝑏3𝐴33

|𝐴|
 

𝑥3 =

|

𝑎11 𝑎12 𝑏1

𝑎21 𝑎22 𝑏2

𝑎31 𝑎32 𝑏3

|

|𝐴|
 

𝑥3 =
|𝐴3|

|𝐴|
     ; |𝐴3| = |

𝑎11 𝑎12 𝑏1

𝑎21 𝑎22 𝑏2

𝑎31 𝑎32 𝑏3

| 

𝑡ℎ𝑢𝑠 𝑥1 =
|𝐴1|

|𝐴|
,   𝑥2 =

|𝐴2|

|𝐴|
, 𝑥3 =

|𝐴3|

|𝐴|
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exercise 3.5 
Q1. Solve the following systems of linear equations 
by Cramer’s rule. 

i) 2𝑥 + 2𝑦 + 𝑧 = 3 
3𝑥 − 2𝑦 − 2𝑧 = 1  
5𝑥 + 𝑦 − 3𝑧 = 2  

Solution: in matrix form. 

[
2 2 1
3 −2 −2
5 1 −3

] [
𝑥
𝑦
𝑧
] = [

3
1
2
] 

𝐴𝑋 = 𝐵 
Where 

𝐴 = [
2 2 1
3 −2 −2
5 1 −3

] , 𝑋 = [
𝑥
𝑦
𝑧
] , 𝐵 = [

3
1
2
] 

|𝐴| = |
2 2 1
3 −2 −2
5 1 −3

| 

2 |
−2 −2
1 −3

| − 2 |
3 −2
5 −3

| + 3 |
3 −2
5 1

| 

= 2(6 + 2) − 2(−9 + 10) + 1(3 + 10) 
= 2(8) − 2(1) + (13) 
= 16 − 2(1) + 13) 

|𝐴| = 16 − 2 + 13 = 27 ≠ 0  
So solution exists. Now 

|𝐴1| = |
3 2 1
1 −2 −2
2 1 −3

| 

3 |
−2 −2
1 −3

| − 2 |
1 −2
2 −3

| + 3 |
1 −2
2 1

| 

= 3(6 + 2) − 2(−3 + 4) + 1(1 + 4) 
= 3(8) − 2(1) + 1(5) 

|𝐴1| = 24 − 2 + 5 = 27 

∵ 𝑥 =
|𝐴1|

|𝐴|
=

27

27
= 1 

|𝐴2| = |
2 3 1
3 1 −2
5 2 −3

| 

2 |
1 −2
2 −3

| − 3 |
3 −2
5 −3

| + 1 |
3 1
5 2

| 

= 2(−3 + 4) − 3(−9 + 10) + 1(6 − 5) 
= 2(1) − 3(1) + 1(1) 
|𝐴2| = 2 − 3 + 1 = 0 

∵ 𝑦 =
|𝐴2|

|𝐴|
=

0

27
= 0 

|𝐴3| = |
2 2 3
3 −2 1
5 1 2

| 

2 |
−2 1
1 2

| − 2 |
3 1
5 2

| + 3 |
3 −2
5 1

| 

= 2(−4 − 1) − 2(6 − 5) + 3(3 + 10) 
= 2(−5) − 2(1) + 3(13) 

|𝐴3| = −10 − 2 + 39 = 27 

∵ 𝑧 =
|𝐴3|

|𝐴|
=

27

27
= 1 

Hence 𝑥 = 1 , 𝑦 = 0, 𝑧 = 1 
ii) 2𝑥1 − 𝑥2 + 𝑥3 = 5 
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4𝑥1 + 2𝑥2 + 3𝑥3 = 8  
3𝑥1 − 4𝑥2 − 𝑥3 = 3  

Solution: 

[
2 −1 1
4 2 3
3 −4 −1

] [

𝑥1

𝑥2

𝑥3

] = [
5
8
3
] 

𝐴𝑋 = 𝐵 

𝑤ℎ𝑒𝑟𝑒 𝐴 = [
2 −1 1
4 2 3
3 −4 −1

] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝐵 = [
5
8
3
] 

|𝐴| = |
2 −1 1
4 2 3
3 −4 −1

| 

= 2 |
2 3

−4 −1
| − 4 |

−1 1
−4 −1

| + 3 |
−1 1
2 3

| 

= 2(−2 + 12) − 4(1 + 4) + 3(−3 − 2) 
= 2(10) − 4(5) + 3(−5) 

|𝐴| = 20 − 20 − 12 = −15 ≠ 0 
𝑆𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑒𝑥𝑖𝑠𝑡. 𝑁𝑜𝑤 

|𝐴1| = |
5 −1 1
8 2 3
3 −4 −1

| 

5 |
2 3

−4 −1
| − 8 |

−1 1
−4 −1

| + 3 |
−1 1
2 3

| 

= 5(−2 + 12) − 8(1 + 4) + 3(−3 − 2) 
= 5(10) − 8(5) + 3(−5) 

|𝐴1| = 50 − 40 − 15 = −5 

∵ 𝑥 =
|𝐴1|

|𝐴|
=

−5

−15
=

1

3
 

|𝐴2| = |
2 5 1
4 8 3
3 3 −1

| 

2 |
8 3
3 −1

| − 4 |
5 1
3 −1

| + 3 |
5 1
8 3

| 

= 2(−8 − 9) − 4(−5 − 3) + 3(15 − 8) 
= 2(−17) − 4(−8) + 3(7) 
|𝐴2| = −34 − 32 + 21 = 19 

∵ 𝑦 =
|𝐴2|

|𝐴|
=

19

−15
 

|𝐴3| = |
2 −1 5
4 2 0
3 −4 3

| 

2 |
2 8

−4 3
| − 4 |

−1 5
−4 3

| + 3 |
−1 5
2 8

| 

= 2(6 + 32) − 4(3 + 20) + 3(−8 − 10) 
= 2(38) − 4(17) + 3(18) 

|𝐴3 | = 76 − 68 − 54 = 76 − 122 = −46 

∵ 𝑧 =
|𝐴3|

|𝐴|
=

−46

−15
=

46

15
 

𝑥1 =
1

3
, 𝑥2 = −

19

15
, 𝑥3 =

46

15
 

iii)2𝑥1 − 𝑥2 + 𝑥3 = 8 
𝑥1 + 2𝑥2 + 2𝑥3 = 6   
𝑥1 − 2𝑥2 − 𝑥3 = 1  
Solution: in Matrix form 

𝐴 = [
2 −1 1
1 2 2
1 −2 −1

] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝐵 [
8
6
1
] 

|𝐴| = |
2 −1 1
1 2 2
1 −2 −1

|  

= 2 |
2 2

−2 −1
| − 1 |

−1 1
−2 −1

| + 1 |
−2 1
2 2

| 

= 2(−2 + 4) − 1(1 + 2) + 1(−2 − 2) 
= 2(2) − 1(3) + 1(−4) 

|𝐴| = 4 − 3 − 4 = −3 ≠ 0 
𝑠𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑒𝑥𝑖𝑠𝑡  

Now  

|𝐴1| = |
8 −1 1
6 2 2
1 −2 −1

| 

= 8 |
2 2

−2 −1
| − 6 |

−1 1
−2 −1

| + 1 |
−1 1
2 2

| 

= 8(−2 + 4) − 6(1 + 2) + 1(−2 − 2) 
= 8(2) − 6(3) + 1(−4) 
|𝐴1| = 16 − 8 − 4 = −6 

∵ 𝑥1 =
|𝐴1|

|𝐴|
= −

6

−3
= 2 

|𝐴2| = |
2 8 1
1 6 2
1 1 −1

| 

= 2 |
6 2
1 −1

| − 1 |
8 1
1 −1

| + 1 |
8 1
6 2

| 

= 2(−6 − 2) − 1(−8 − 1) + 1(16 − 6) 
= 2(−8) − 1(−8 − 1) + 1(16 − 6) 

= 2(−8) − 1(−9) + 1(10) 
|𝐴2| = 2(−8) − 1(−9) + 1(10) 

|𝐴2| = −16 + 9 + 10 = 3 

∵ 𝑥2 =
|𝐴2|

|𝐴|
=

3

−3
= −1 

|𝐴3| = |
2 −1 8
1 2 6
1 −2 1

| 

= 2 |
2 6

−2 1
| − 1 |

−1 8
−2 1

| + 1 |
−1 8
2 6

| 

= 2(2 + 12 − 1(−1 + 16) + 1(−6 − 16) 
= 2(14) − 1(15) + (−22) 
|𝐴3| = 28 − 15 − 22 = −9 

∵ 𝑥3 =
|𝐴3|

|𝐴|
=

−9

−3
= 3 

ℎ𝑒𝑛𝑐𝑒 𝑥1 = 2 , 𝑥2 = −1, 𝑥3 = 3 
Q3. Use matrix to solve the following systems: 

i) 𝑋 − 2𝑦 + 𝑧 = −1 
3𝑥 + 𝑦 − 2𝑧 = 4  
𝑦 − 𝑧 = 1  

Solution: 
In Matrix form 

[
1 −2 1
3 1 −2
0 1 −1

] [
𝑥
𝑦
𝑧
] = [

−1
4
1

] 

Where  
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𝐴 = [
1 −2 1
3 1 −2
0 1 −1

] , 𝑋 = [
𝑥
𝑦
𝑧
] , 𝐵 = [

−1
4
1

] 

|𝐴| = |
1 −2 1
3 1 −2
0 1 −1

| 

= 1 |
1 −2
1 −1

| − 3 |
−2 1
1 −1

| + 0 

= 1(1 + 2) − 3(2 − 1) = 1(1) − 3(1) 
|𝐴| = 1 − 3 = −2 ≠ 0 𝑠𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑒𝑥𝑖𝑠𝑡. 

∵ 𝐴𝑋 = 𝐵 
𝑋 = 𝐴−1𝐵 → (1) 

For 𝐴−1 

𝐴11 = (−1)1+1  |
1 −2
1 −1

| = −1 + 2 = 1 

𝐴12 = (−1)1+2  |
3 −2
0 1

| = −(3 + 0) = −3 

𝐴13 = (−1)1+3  |
3 1
0 1

| = 3 − 0 = 3 

𝐴21 = (−1)2+1  |
−2 1
1 −1

| = −(2 − 1) = −1 

𝐴22 = (−1)2+2  |
1 1
0 −1

| = (−1 − 0) = −1 

𝐴23 = (−1)2+3  |
1 −2
0 −1

| = −(−1 − 0) = 1 

𝐴31 = (−1)3+1  |
−2 1
1 −2

| = 4 − 1 = 3 

𝐴32 = (−1)3+2  |
1 1
3 −2

| = −(−2 − 3) = 5 

𝐴33 = (−1)3+3  |
1 −2
3 1

| = (1 + 6) = 7 

Matrix of cofactor =[
1 3 3

−1 −1 −1
3 5 7

] 

𝑎𝑑𝑗(𝐴) = (𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟)𝑡 

𝑎𝑑𝑗𝐴 = [
1 3 3
3 −1 −1
3 5 7

] 

∵ 𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝐴 =

1

−2
[
1 3 3
3 −1 −1
3 5 7

] 

So (i) 

𝑋 =
1

−2
[
1 3 3
3 −1 −1
3 5 7

] [
−1
4
1

] 

[
𝑥
𝑦
𝑧
] =

1

−2
[
−1 − 4 + 3
−3 − 4 + 5
−3 − 4 + 7

] = −
1

2
[
−2
−2
0

] 

 [
𝑥
𝑦
𝑧
] = [

1
1
0
] 

 𝑥 = 1, 𝑦 = 1, 𝑧 = 0 
ii) 

2𝑥1 + 𝑥2 + 3𝑥2 = 3 
𝑥1 + 𝑥2 − 2𝑥3 = 0 

−3𝑥1 − 𝑥1 + 2𝑥3 = −4  
Solution:  

[
2 1 3
1 1 −2

−3 −1 2
] [

𝑥1

𝑥2

𝑥3

] = [
3
0

−4
]  

Where  

𝐴 = [
2 1 3
1 1 −2

−3 −1 2
] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝐵 = [
3
0

−4
] 

|𝐴| = |
2 1 3
1 1 −2

−3 −1 2
| 

= 2 |
1 −2

−1 2
| − 1 |

1 −2
−3 2

| + 3 |
1 1

−3 −1
| 

= 2(2 − 2) − 1(2 − 6) + 3(−1 + 3) 
= 2(0) − 1(−4) + 3(2) 

|𝐴| = 4 + 6 = 10 ≠ 0 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑒𝑥𝑖𝑠𝑡. 
∵ 𝐴𝑋 = 𝐵 

 𝑋 = 𝐴−1𝐵 → (1) 
For 𝐴−1 

𝐴11 = (−1)1+1  |
1 −2

−1 2
| = (2 − 2) = 0 

𝐴12 = (−1)1+2  |
1 −2

−3 2
| = −(2 − 6)4 

𝐴13 = (−1)1+3  |
1 1

−3 −1
| = −1 + 3 = 2 

𝐴21 = (−1)2+1  |
1 3

−1 2
| = −(2 + 3) = −5 

𝐴22 = (−1)2+2  |
2 3

−3 2
| = 4 + 9 = 13 

𝐴23 = (−1)2+3  |
2 1

−3 −1
| = −(−2 + 3) = −1 

𝐴31 = (−1)3+1  |
1 3
1 −2

| = −2 − 3 = −5 

𝐴32 = (−1)3+2  |
2 3
1 −2

| = −(−4 − 3)7 

𝐴33 = (−1)3+3  |
2 1
1 1

| = 2 − 1 = 1 

𝑀𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑐𝑜𝑓𝑎𝑐𝑡𝑜𝑟 = [
0 4 2

−5 13 −1
−5 7 1

] 

𝑎𝑑𝑗𝐴 = (𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟)𝑡 

𝑎𝑑𝑗𝐴 = [
0 −5 −5
4 −13 7
2 −1 1

] 

∵ 𝐴−1 =
𝑎𝑑𝑗𝐴

|𝐴|
=

1

10
[
0 −5 −5
4 13 7
2 −1 −1

] 

So (i)  

𝑋 =
1

10
[
0 −5 −5
4 13 7
2 −1 −1

] [
3
0

−4
] 

[

𝑥1

𝑥2

𝑥3

] =
1

10
[
0 −5 −5
4 13 7
2 −1 −1

] [
−3
0

−4
] 

[

𝑥1

𝑥2

𝑥3

] =
1

10
[
0 − 0 + 20
12 + 0 − 28
−6 − 0 − 4

] =
1

10
[

20
−40
−10

] 

 [

𝑥1

𝑥2

𝑥3

] = [
2

−4
−1

]    𝑠𝑜 𝑥1 = 2, 𝑥2 = −4, 𝑥3 = −1 

iii) 
𝑥 + 𝑦 = 2 
2𝑥 − 𝑧 = 1 

2𝑦 − 3𝑧 = −1 
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Solution: 
In matrix form 

[
1 1 0
2 0 −1
0 2 −3

] [
𝑥
𝑦
𝑧
] = [

2
1

−1
] 

Where  

𝐴 = [
1 1 0
2 0 −1
0 2 −3

] , 𝑋 = [
𝑥
𝑦
𝑧
] , 𝐵 = [

2
1

−1
] 

|𝐴| = |
1 1 0
2 0 −1
0 2 −3

| 

= 1 |
0 −1
2 −3

| − 2 |
1 0
2 −3

| + 0 

|𝐴| = (0 + 2) − 2(−3 − 0) = 2 + 6 = 8 ≠ 0 
So solution exist. 

∵ 𝐴𝑋 = 𝐵 
  𝑋 = 𝐴−1𝐵 → (1) 

𝑓𝑜𝑟 𝐴−1  

𝐴11 = (−1)1+1  |
0 −1
2 −3

| = (0 + 2) = 2 

𝐴12 = (−1)1+2  |
2 −1
0 −3

| = −(−6 + 0) = 6 

𝐴13 = (−1)1+3  |
2 0
0 2

| = 4 

𝐴21 = (−1)2+1  |
1 6
2 −3

| = −(−3 − 0) = 3 

𝐴22 = (−1)2+2  |
1 0
0 −3

| = −(−3 − 0) = 3 

𝐴23 = (−1)2+3  |
1 1
0 2

| = −(2 − 0) = −2 

𝐴31 = (−1)3+1  |
1 0
0 −1

| = −1 

𝐴32 = (−1)3+2  |
1 0
2 −1

| = −(−1 − 0) = 1 

𝐴33 = (−1)3+3  |
1 1
2 0

| = (0 − 2) = −2 

Matrix of cofactor = [
2 6 4
3 −3 −2

−1 1 −2
] 

𝑎𝑑𝑗𝐴 = (𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑐𝑜𝑓𝑒𝑐𝑡𝑜𝑟 )𝑡 

𝑎𝑑𝑗𝐴 = [
2 3 −1
6 −3 1
4 −2 −2

] 

∵ 𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝐴 =

1

8
[
2 3 −1
6 −3 1
4 −2 −2

] 

So (i) 

𝑋 =
1

8
[
2 3 −1
6 −3 1
4 −2 −2

] [
2
1

−1
] 

[
𝑥
𝑦
𝑧
] =

1

8
[
4 + 3 + 1
12 − 3 − 1
8 − 2 + 2

] =
1

8
[
8
8
8
] = [

1
1
1
] 

 

[
𝑥
𝑦
𝑧
] = [

1
1
1
] 

 𝑥 = 1, 𝑦 = 1, 𝑧 = 1 
𝑸𝟑.   

Solve the following systems by reducing their 
augmented matrix to echelon form and the reduced 
echelon form.  
i) 

𝑥1 − 2𝑥2 − 2𝑥3 = −1 
2𝑥1 + 3𝑥2 + 𝑥3 = 1 
5𝑥1 − 4𝑥2 − 3𝑥3 = 1 

Solution: Solution of Echelon form  
The augment matrix is  
 

𝐴𝑏 = [
1 −2 −2 : −1
2 3 1 : 1
5 −4 −3 : 1

] 

𝑅2 − 2𝑅1, 𝑅3 − 5𝑅1 

~𝑅 [
1 −2 −2 : −1

2 − 2 3 + 4 1 + 4 : 1 + 2
5 − 5 −4 + 10 −3 + 10 : 1 + 5

] 

~𝑅 [
1 −2 −2 : −1
0 7 5 : 3
0 6 7 : 6

] 

~𝑅 [
1 −2 −2 : −1
0 7 − 6 5 − 7 : 3 − 6
0 6 7 : 6

] 𝑅2 − 𝑅3 

~𝑅 [
1 −2 −2 : −1
0 1 −2 : −3
0 6 − 6 7 + 12 : 6 + 18

] 𝑅3 − 6𝑅2 

~𝑅 [
1 −2 −2 : −1
0 1 −2 : −3
0 0 19 : 24

] 

~𝑅 [
1 −2 −2 : −1
0 1 −2 : −3
0 0 19 : 24

]
1

19
 𝑅3   

 𝑥1 − 2𝑥2 − 2𝑥3 = −1 → (1) 
𝑥2 − 2𝑥3 = −3 → (2)  

𝑥3 =
24

19
→ (3)  

𝑝𝑢𝑡 𝑥3 =
24

19
 𝑖𝑛 (2) 

𝑥2 − 2(
24

19
) = −3 ⇒ 𝑥2 = −3 +

48

19
 

𝑥2 =
−57 + 48

19
= −

9

19 
  

𝑝𝑢𝑡 𝑥3 =
24

19
  𝑎𝑛𝑑 𝑥2 = −

9

19
 𝑖𝑛(1) 

𝑥1 − 2(−
9

19
) − 2 (

24

19
) = −1 

𝑥1 +
18

19
−

48

19
+ 1 = 0 

𝑥1 +
(18 − 48 + 19)

19
= 0 

𝑥1 −
11

19
= 0 ⇒ 𝑥1 =

11

19
  

ℎ𝑒𝑛𝑐𝑒 𝑥1 =
11

19
, 𝑥2 = −

9

19
, 𝑥3 =

24

19
 

Solution by Reduce Echelon form 
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𝑤𝑒 𝑟𝑒𝑑𝑢𝑐𝑒 [

1 −2 −2 : −1
0 1 −2 : −3

0 0 1 :
24

9

]  𝑖𝑛𝑡𝑜 𝑟𝑒𝑑𝑢𝑐𝑒  

𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚. 

~𝑅 [

1 −2 + 2 −2 − 4 : −1 − 6
0 1 −2 : −3

0 0 1 :
24

9

] 𝑅1 + 2𝑅2 

~𝑅 [

1 0 −6 : −7
0 1 −2 : −3

0 0 1 :
24

9

] 

𝑅1 + 6𝑅3, 𝑅2 + 2𝑅3 

~𝑅

[
 
 
 
 
 1 0 −6 + 6 : −7 + 6 (

24

19
)

0 1 −2 + 2 : −3 + 2 (
24

14
)

0 0 1 :
24

9 ]
 
 
 
 
 

  

~𝑅

[
 
 
 
 
 1 0 0 :

−133 + 144

19

0 1 0 :
−57 + 48

19

0 0 1 :
24

9 ]
 
 
 
 
 

 

 

~𝑅

[
 
 
 
 
 1 0 0 :

11

19

0 1 0 :
−9

19

0 0 1 :
24

9 ]
 
 
 
 
 

 

𝑥1 =
11

19
, 𝑥2 = −

9

19
, 𝑥3 =

24

19
 

 
ii) 
𝑥 + 2𝑦 + 𝑧 = 2  
2𝑥 + 𝑦 + 2𝑧 = −1  
2𝑥 + 3𝑦 − 𝑧 = 9  
Solution: 
Solution by Echelon form  
The augmented matrix is  

𝐴𝑏 = [
1 2 1 : 2
2 1 2 : −1
2 3 −1 : 9

] 

𝑅2 − 2𝑅1, 𝑅3 − 2𝑅1 

~𝑅 [
1 2 1 : 2

2 − 2 1 − 3 2 − 2 : −1 − 4
2 − 2 3 − 4 −1 − 2 : 9 − 4

] 

~𝑅 [
1 2 1 : 2
0 −2 0 : −5
0 −1 −3 : 5

] 

~𝑅 [
1 2 1 : 2
0 −2 0 : −5
0 −1 −3 : 5

] 𝑅2 ↔ 𝑅3 

~𝑅 [
1 2 1 : 2
0 1 3 : −5
0 −3 0 : −5

] (−1)𝑅2 

 

~𝑅 [
1 2 1 : 2
0 1 3 : −5
0 −3 + 3 0 + 9 : −5 − 15

] 𝑅3 + 3𝑅2 

~𝑅 [
1 2 1 : 2
0 1 3 : −5
0 0 9 : −20

] 

~𝑅 [
1 2 1 : 2
0 1 3 : −5
0 0 9 : −20

] 

~𝑅 [

1 2 1 : 2
0 1 3 : −5

0 0 1 : −
20

9

]
1

9
𝑅3 

 𝑥 + 2𝑦 + 𝑧 = 2 → (1) 
𝑦 + 3𝑧 = −5 → (2)  

𝑍 = −
20

9
→ (3)   

𝑝𝑢𝑡 𝑧 = −
20

9
𝑖𝑛 (2) 

𝑦 + 3 (
−20

9
) = −5 ⇒ 𝑦 = −5 +

60

9
  

= 𝑦 =
−45 + 60

9
=

15

9
=

5

3
 

Put 𝑧 = −
20

9
 𝑎𝑛𝑑 𝑦 =

5

3
 𝑖𝑛 (1) 

𝑥 + 2 (
5

3
) −

20

9
= 2 

𝑥 +
10

3
−

20

9
− 2 = 0 

𝑥 +
30 − 20 − 18

9
= 0 ⇒ 𝑥 −

8

9
= 0 ⇒ 𝑥 =

8

9
 

ℎ𝑒𝑛𝑐𝑒 𝑥 =
8

9
, 𝑦 =

5

3
, 𝑧 = −

20

9
 

Solution by reduced Echelon form: 
We reduce 

[

1 2 1 : 2
0 1 3 : −5

0 0 1 : −
20

9

]  𝑖𝑛 𝑡𝑜 𝑟𝑒𝑑𝑢𝑐𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚 

~𝑅 [

1 2 − 2 1 − 6 : 2 + 10
0 1 3 : −5

0 0 1 : −
20

9

] 𝑅1 − 2𝑅2 

~𝑅 [

1 0 −5 : 12
0 1 3 : −5

0 0 1 : −
20

9

]   

~𝑅

[
 
 
 
 
 1 0 −5 + 5 : 12 + 5 (−

20

9
)

0 1 3 − 3 : −5 − 3 (−
20

9
)

0 0 1 : −
20

9 ]
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~𝑅

[
 
 
 
 1 0 0 :

108−100

9

0 1 0 :
−45+60

9

0 0 1 : −
20

9 ]
 
 
 
 

 

 

~𝑅

[
 
 
 
 1 0 0 :

8

9

0 1 0 :
15

9

0 0 1 : −
20

9 ]
 
 
 
 

 

 𝑥1 =
8

9
, 𝑥2 =

15

9
, 𝑥3 = −

20

9
 

iii) 
𝑥1 + 4𝑥2 + 2𝑥3 = 2 
2𝑥1 + 𝑥2 − 2𝑥3 = 9 

3𝑥1 + 2𝑥2 − 2𝑥3 = 12 
Solution: 
Solution by Echelon form; 
The augmented matrix is  

𝐴𝑏 [
1 4 2 : 2
2 1 −2 : 9
3 2 −2 : 12

] 

𝑅2 − 2𝑅1, 𝑅3 − 3𝑅1 

~𝑅 [
1 4 2 : 2

2 − 2 1 − 8 −2 − 4 : 9 − 4
3 − 3 2 − 12 −2 − 6 : 12 − 6

] 

~𝑅 [
1 4 2 : 2
0 −7 −6 : 5
0 −10 −8 : 6

] 

 

~𝑅 [
1 4 2 : 2
0 21 18 : −15
0 30 −16 : 12

] (−3)𝑅2, 2𝑅3 

~𝑅 [
1 4 2 : 2
0 1 2 : −2
0 −20 −16 : 12

] 𝑅2 − 𝑅3 

~𝑅 [
1 4 2 : 2
0 1 2 : −2
0 −20 −16 : 12

] 

~𝑅 [
1 4 2 : 2
0 1 2 : −2
0 −20 + 20 −16 + 40 : 12 − 60

]𝑅3

+ 20𝑅2 

~𝑅 [
1 4 2 : 2
0 1 2 : −3
0 0 24 : −48

] 

~𝑅 [
1 4 2 : 2
0 1 2 : −3
0 0 1 : −2

]
1

24
𝑅3  

𝑥1 + 4𝑥2 + 2𝑥3 = 2 → (1) 
𝑥2 + 2𝑥3 = −3 → (2) 

𝑥3 = −2 → (3) 
𝑝𝑢𝑡 𝑥3 = −2 𝑖𝑛 (2) 

𝑥2 + 2(−2) = −3 ⇒ 𝑥2 = −3 + 4 = 1 
𝑥2 = 1 

𝑝𝑢𝑡 𝑥2 = 1  𝑎𝑛𝑑 𝑥3 = −2 𝑖𝑛 (1) 
𝑥1 + 4(1) + 2(−2) = 2 

𝑥1 + 4 − 4 = 2 ⇒ 𝑥1 = 2 

Hence 𝑥1 = 2 𝑥2 = 1 𝑥3 = −2 
Solution by reduced Echelon form 
We reduce 

[
1 4 2 : 2
0 1 2 : −3
0 0 1 : −2

]  𝑖𝑛𝑡𝑜 𝑟𝑒𝑑𝑢𝑐𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚. 

~𝑅 [
1 4 − 4 2 − 8 : 2 + 12
0 1 2 : −3
0 0 1 : −2

] 𝑅1 − 4𝑅2 

~𝑅 [
1 0 −6 : 14
0 1 2 : −3
0 0 1 : −2

] 

𝑅1 + 6𝑅2, 𝑅2 − 2𝑅3 

~𝑅 [
1 0 −6 + 6 : 14 − 12
0 1 2 − 2 : −3 + 4
0 0 1 : −2

] 

~𝑅 [
1 0 0 : 2
0 1 0 : 1
0 0 1 : −2

] 

 𝑥1 = 2 , 𝑥2 = 1 , 𝑥3 = −2 
Q4. Solve the following systems of homogenous 
linear equations. 

𝑥 + 2𝑦 − 2𝑧 = 0 → (1) 
2𝑥 + 𝑦 + 5𝑧 = 0 → (2) 

5𝑥 + 4𝑦 + 8𝑧 = 0 →  (3) 
Solution: 
In matrix form  

[
1 2 −2
2 1 5
5 4 8

] [
𝑥
𝑦
𝑧
] = [

0
0
0
] 

Where A=[
1 2 −2
2 1 5
5 4 8

] 

= 1 |
1 5
4 8

| − 2 |
2 −2
4 8

| + 5 |
2 −2
1 5

| 

= 1(8 − 20) − 2(16 + 8) + 5(10 + 2) 
= 1(−12) − 2(24) + 5(12) 
|𝐴| = −12 − 48 + 60 = 0 

|𝐴| = 0 
Hence system has non-trivial solution now we solve 
(1) and (2) to find 𝑥1𝑎𝑛𝑑 𝑥2 

𝑏𝑦(1) −  2(2) 
 𝑥 + 𝑦 − 2𝑧 = 0 

±4𝑥 ± 2𝑦 ± 10𝑧 = 0  
___________________________  

−3𝑥 − 12𝑧 = 0 
 3𝑥 = −12 ⇒ 𝑥 = −4𝑧 

𝑏𝑦 (2) − 2(1)  
        2𝑥 + 𝑦 + 5𝑧 = 0 

± 2𝑥 ± 4𝑦 ∓ 4𝑧 = 0  
_________________________  

            −𝟑𝒚 + 𝟗𝒛 = 𝟎  
−𝟑𝒚 = −𝟗𝒛 = 𝟎 ⇒ 𝒚 = 𝟑𝒛 

𝑝𝑢𝑡 𝑥 = −4𝑧 𝑎𝑛𝑑 𝑦 = 32 𝑖𝑛(3) 
5(−4𝑧) + 4(32) + 8𝑧 = 0 

−20𝑧 + 12𝑍 + 8𝑧 = 0 
 0 = 0 
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𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   
𝐿𝑒𝑡 𝑧 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛  

Then 𝑥 = −4𝑡 𝑎𝑛𝑑 𝑦 = 3𝑡  
𝑠𝑜 𝑥 = −4𝑡 , 𝑦 = 3𝑡 , 𝑎𝑛𝑑 𝑧 = 𝑡  
Hence the system has unlimited solutions. 
ii) 
𝑥1 + 4𝑥2 + 2𝑥3 = 0 → (1) 
2𝑥1 + 𝑥2 − 3𝑥2 = 0 → (2)  
3𝑥1 + 2𝑥2 − 4𝑥3 = 0 → (3)  
Solution: 
In matrix form: 

[
1 4 2
2 1 −3
3 2 −4

] [

𝑥1

𝑥2

𝑥3

] = [
0
0
0
] 

𝑤ℎ𝑒𝑟𝑒 𝐴 = [
1 4 2
2 1 −3
3 2 −4

] , 𝑋 = [

𝑥1

𝑥2

𝑥3

] , 𝑂 = [
0
0
0
] 

𝐴 = [
1 4 2
2 1 −3
3 2 −4

] 

= 1 |
1 −3
2 −4

| − 2 |
4 2
2 −4

| + 3 |
4 2
1 −3

| 

= 1(−4 + 6) − 2(−16 − 4) + 3(−12 − 2) 
2 − 2(−20) + 3(−14) = 2 + 40 − 42 = 0 

|𝐴| = 0 
Hence system has non-trivial solution now we solve 
(1) and (2) to find 𝑥1𝑎𝑛𝑑 𝑥2 

𝑏𝑦(1) − 4(2) 
 𝑥1 + 4𝑥2 + 2𝑥3 = 0 

±8𝑥1 ± 4𝑥2 ∓ 12𝑥3 = 0  
___________________________  
−7𝑥1 + 14𝑥3 = 0  

 𝑥1 = 2𝑥3 
𝑏𝑦 (2) − 2(1)  

        2𝑥1 + 𝑥2 − 3𝑥3 = 0 
± 2𝑥1 ± 8𝑥2 ± 4𝑥3 = 0  
_________________________  

            −𝟕𝒙𝟐 − 𝟕𝒙𝟑 = 𝟎  
⇒ 𝒙𝟐 = −𝒙𝟑  

𝑝𝑢𝑡 𝑥1 = 2𝑥3 𝑎𝑛𝑑 𝑥2 = −𝑥3 𝑖𝑛(3) 
 3(2𝑥3) + 2(−𝑥3) − 4𝑥3 = 0 
 6𝑥3 − 2𝑥3 − 4𝑥3 = 0 
 0 = 0 

𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   
𝐿𝑒𝑡 𝑥3 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛 𝑥1 = 2𝑡  𝑎𝑛𝑑 𝑥2 = −𝑡  
ℎ𝑒𝑛𝑐𝑒 𝑥1 = 2𝑡, 𝑥2 = −𝑡, 𝑥3 = 𝑡  

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
iii) 
 

𝑥1 − 2𝑥2 − 𝑥3 = 0 → (1) 
𝑥1 + 𝑥2 + 5𝑥3 = 0 → (2) 
2𝑥1 − 𝑥2 + 4𝑥3 = 0 → (3) 

Solution: 
In matrix form 

[
1 −2 −1
1 1 5
2 −1 4

] [

𝑥1

𝑥2

𝑥3

] = [
0
0
0
] 

A=[
1 −2 −1
1 1 5
2 −1 4

] 

= 1 |
1 5

−1 4
| − 1 |

−2 −1
−1 4

| + 2 |
−2 −1
1 5

| 

= (4 + 5) − 1(−8 − 1) + 2(−10 + 1) 
= 9 + 9 − 18 = 0 

|𝐴| = 0    
Hence system has non-trivial solution now we solve 
(1) and (2) to find 𝑥1𝑎𝑛𝑑 𝑥2 

𝑏𝑦(1) +  2(2) 
 𝑥1 − 2𝑥2 − 𝑥3 = 0 

+2𝑥1 + 𝑥2 + 10𝑥3 = 0  
___________________________  
3𝑥1 + 9𝑥3 = 0  

 𝑥1 = −3𝑥3 
𝑏𝑦 (2) − 2(1)  

        𝑥1 + 𝑥2 + 5𝑥3 = 0 
± 𝑥1 ∓ 8𝑥2 ∓ 𝑥3 = 0  
_________________________  

            𝟑𝒙𝟐 + 𝟔𝒙𝟑 = 𝟎  
⇒ 𝒙𝟐 = −𝟐𝒙𝟑  

𝑝𝑢𝑡 𝑥1 = −2𝑥3 𝑎𝑛𝑑 𝑥2 = −2𝑥3 𝑖𝑛(3) 
 2(−3𝑥3) − 2(−𝑥3) + 4𝑥3 = 0 
 −6𝑥3 + 2𝑥3 + 4𝑥3 = 0 
 0 = 0 

𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   
𝐿𝑒𝑡 𝑥3 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛 𝑥1 = −3𝑡  𝑎𝑛𝑑 𝑥2 = −2𝑡  
ℎ𝑒𝑛𝑐𝑒 𝑥1 = −3𝑡, 𝑥2 = −2𝑡, 𝑥3 = −𝑡  

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
Q5. Find the value of 𝝀 for which the following 
systems have non-trivial solution. Also solve the 
system for the valves of 𝝀 
i) 

𝑥 + 𝑦 + 𝑧 = 0 
2𝑥 + 2𝑦 − 2𝑧 = 0 
𝑥 + 2𝑦 − 2𝑧 = 0 

Solution: 
In matrix form  

[
1 1 1
2 1 −𝜆
1 2 −2

] [
𝑥
𝑦
𝑧
] = [

0
0
0
] 

Where  

𝐴 = [
1 1 1
2 1 −𝜆
1 2 −2

] , 𝑋 = [
𝑥
𝑦
𝑧
] , 𝑂 = [

0
0
0
] 

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑛𝑜𝑛 − 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑜, |𝐴| = 0 

 |
1 1 1
2 1 −𝜆
1 2 −2

| = 0 

 1 |
1 −𝜆
2 −2

| − 2 |
1 1
2 −2

| + 1 |
1 1
1 −𝜆

| = 0 

 −2 + 2𝜆 − 2(−2 − 2) + 1(−𝜆 − 1) = 0 
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−2 + 2𝜆 + 8 + 𝜆 − 1 = 0 
𝜆 + 5 = 0 ⟹ 𝜆 = −5 

For 𝜆 = −5 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 
 

𝑥 + 𝑦 + 𝑧 = 0 → (1) 
2𝑥 + 𝑦 + 5𝑧 = 0 → (2) 
𝑥 + 2𝑦 − 2𝑧 = 0 → (3) 

we solve (1) and (2) to find 𝑥𝑎𝑛𝑑 𝑦 
𝑏𝑦(2) − (1) 

 2𝑥 + 𝑦 + 5𝑧 = 0 
±𝑥 ± 𝑦 ± 𝑧 = 0  
___________________________  

𝑥 + 4𝑧 = 0 
 𝑥 = −4𝑧 

𝑏𝑦 (2) − 2(1)  
        2𝑥 + 𝑦 + 5𝑧 = 0 

± 2𝑥 ± 2𝑦 ± 2𝑧 = 0  
_________________________  

            −𝒚 + 𝟑𝒛 = 𝟎  
⇒ 𝒚 = 𝟑𝒛 

𝑝𝑢𝑡 𝑥 = −4𝑧 𝑎𝑛𝑑 𝑦 = 3𝑧 𝑖𝑛(3) 
(−4𝑧) + 2(3𝑧) + 2𝑧 = 0 

−4𝑧 + 6𝑍 − 2𝑧 = 0 
 0 = 0 

𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   
𝐿𝑒𝑡 𝑧 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛 𝑥 = −4𝑡 , 𝑦 = 3𝑡  

ℎ𝑒𝑛𝑐𝑒 𝑥 = −4𝑡, 𝑦 = 3𝑡, 𝑧 = 𝑡 
∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

𝑖𝑖)    
𝑥1 + 4𝑥2 + 𝜆𝑥3 = 0 
2𝑥1 + 𝑥2 − 3𝑥3 = 0 
3𝑥1 + 𝜆𝑥2 − 4𝑥3 = 0 

Solution: 
In matrix form  

[
1 4 𝜆
2 1 −3
3 𝜆 −4

] [
𝑥1

𝑥2

𝑥3 
] = [

0
0
0
] 

Where 𝐴 = [
1 4 𝜆
2 1 −3
3 𝜆 −4

] , 𝑋 = [
𝑥1

𝑥2

𝑥3 
] , 𝑂 = [

0
0
0
] 

Since the system has non-trivial solution. 
So |𝐴| = 0 

|
1 4 𝜆
2 1 −3
3 𝜆 −4

= 0| 

 1 |
1 −3
𝜆 −4

| − 2 |
4 𝜆
𝜆 −4

| + 3 |
4 𝜆
1 −3

| = 0 

 −4 − 3𝜆 − 2(−16 − 𝜆2) + 3(12 − 𝜆) = 0 
−4 + 3𝜆 + 32 + 2𝜆2 − 36 − 3𝜆 = 0 
2𝜆2 − 8 = 0 ⟹ 2𝜆2 = 8 ⇒ 𝜆2 = 4 

𝜆 = ±2 
For 𝜆 = 2 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑎𝑠  
 

𝑥1 + 4𝑥2 + 2𝑥3 = 0 → (1) 
2𝑥1 + 𝑥2 − 3𝑥3 = 0 → (2) 
3𝑥1 + 2𝑥2 − 4𝑥3 = 0 → (3) 

we solve (1) -4 (2) to find 𝑥1𝑎𝑛𝑑 𝑥2 

𝑏𝑦(1) +  2(2) 
          𝑥1 + 4𝑥2 + 2𝑥3 = 0 

    +8𝑥1 + 4𝑥2 − 12𝑥3 = 0  
 ___________________________  
−7𝑥1 + 14𝑥3 = 0 

 𝑥1 = 2𝑥3 
𝑏𝑦 (2) − 2(1)  

        2𝑥1 + 𝑥2 − 3𝑥3 = 0 
± 2𝑥1 ± 8𝑥2 ± 4𝑥3 = 0  
_________________________  

           −𝟕𝒙𝟐 − 𝟕𝒙𝟑 = 𝟎  
⇒ 𝒙𝟐 = −𝒙𝟑  

𝑝𝑢𝑡 𝑥1 = 2𝑥3 𝑎𝑛𝑑 𝑥2 = −𝑥3 𝑖𝑛(3) 
 3(2𝑥3) + 2(−𝑥3) − 4𝑥3 = 0 
 6𝑥3 − 2𝑥3 − 4𝑥3 = 0 
 0 = 0 

𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   
𝐿𝑒𝑡 𝑥3 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛 𝑥1 = 2𝑡  𝑎𝑛𝑑 𝑥2 = −𝑡  
ℎ𝑒𝑛𝑐𝑒 𝑥1 = 2𝑡, 𝑥2 = −𝑡, 𝑥3 = 𝑡  

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
For 𝝀 = −𝟐 

𝑥1 + 4𝑥2 − 2𝑥3 = 0 → (1) 
2𝑥1 + 𝑥2 − 3𝑥3 = 0 → (2) 
3𝑥1 − 2𝑥2 − 4𝑥3 = 0 → (3) 

we solve (1) and  (2) to find 𝑥1𝑎𝑛𝑑 𝑥2 
𝑏𝑦(1) − 4(2) 

 𝑥1 + 4𝑥2 − 2𝑥3 = 0 
±8𝑥1 ± 4𝑥2 ∓ 12𝑥3 = 0  
___________________________  

−7𝑥1 + 10𝑥3 = 0 

 𝑥2 =
10

7
𝑥3 

𝑏𝑦 (2) − 2(1)  
        2𝑥1 + 𝑥2 − 3𝑥3 = 0 

± 2𝑥1 ± 8𝑥2 ∓ 4𝑥3 = 0  
_________________________  

           −𝟕𝒙𝟐 + 𝒙𝟑 = 𝟎  

⇒ 𝒙𝟐 =
𝟏

𝟕
𝒙𝟑  

𝑝𝑢𝑡 𝑥1 =
10

7
𝑥3 𝑎𝑛𝑑 𝑥2 =

1

7
𝑥3 𝑖𝑛(3) 

 3 (
10

7
𝑥3) − 2 (

1

7
𝑥3) − 4𝑥3 = 0 
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7
𝑥3 −

2

7
𝑥3 − 4𝑥3 = 0 

 
30𝑥2−2𝑥2−28𝑥2

7
= 0 

 0 = 0 
𝐸𝑞 (3)  𝑖𝑠 𝑠𝑡𝑖𝑠𝑓𝑖𝑒𝑑   

𝐿𝑒𝑡 𝑥3 = 𝑡 , 𝑡 ∈ ℝ 𝑡ℎ𝑒𝑛 𝑥1 =
10

7
𝑡  𝑎𝑛𝑑 𝑥2 = −

1

7
𝑡 

ℎ𝑒𝑛𝑐𝑒 𝑥1 =
10

7
𝑡, 𝑥2 = −

1

7
𝑡, 𝑥3 = 𝑡  

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
Important note: 
If a system does not possess unique solution it means 
that it has unlimited solutions. We know already a 
system has unlimited solution if  

𝑅𝑎𝑛𝑘(𝐴) = 𝑅𝑎𝑛𝑘(𝐴𝑏)𝑎𝑛𝑑  
𝑅𝑎𝑛𝑘 (𝐴) < 𝑛𝑜. 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑢𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚.
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Q6. Find the value of 𝝀 for which the following system 
does not possess unique solution. Also solve the 
system for the value of  solve the system for the value 
of 𝝀  

𝑥1 + 4𝑥2 + 𝜆𝑥3 = 2 
2𝑥1 + 𝑥2 − 2𝑥3 = 11 
3𝑥1 + 2𝑥2 − 2𝑥3 = 16 

Solution: 
Augmented matrix is  

𝐴𝑏 = [
1 4 𝜆 : 2
2 1 −2 : 11
3 2 −2 : 16

] 

𝑅2 − 2𝑅1, 𝑅3 − 3𝑅1 

~𝑅 [
1 4 𝜆 : 2

2 − 2 1 − 8 −2 − 2𝜆 : 11 − 4
3 − 3 2 − 12 −2 − 2𝜆 : 16 − 6

] 

 

~𝑅 [

1 4 𝜆 : 2
0 −7 −2(1 + 𝜆) : 7
0 −10 −(2 + 3𝜆 : 10

] 

 

~𝑅

[
 
 
 
 
1 4 𝜆 : 2

0 −7 −
2

7
(1 + 𝜆) : −1

0 −10
6 − 𝜆

7
: 0 ]

 
 
 
 

 𝑅3 + 10𝑅2 

 → (𝐴) 
∵System does not possess unique solution for  

6 − 𝜆

7
= 0 

 6 − 𝜆 = 0 
 𝜆 = 6  

For 𝜆 = 6 (𝐴)𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

~𝑅

[
 
 
 
 
1 4 6 : 2

0 1
2 + 2(6)

7
: −1

0 0
6 − 6

7
: 0 ]

 
 
 
 

 

~𝑅 [
1 4 6 : 2
0 1 2 : −1
0 0 0 : 0

] 

𝑥1 + 4𝑥2 + 6𝑥3 = 2 → (1) 
𝑥2 + 2𝑥3 = −1 

 𝑥2  = −1 − 2𝑥3 𝑝𝑢𝑡 𝑖𝑛(1) 
𝑥1 + 4(−1 − 2𝑥3) + 6𝑥3 = 2 

𝑥1 − 4 − 8𝑥3 + 6𝑥3 = 2 
𝑥1 − 2𝑥3 + 6 

 𝑥1 = 2𝑥3 + 6 
𝑙𝑒𝑡 𝑥3 = 𝑡  𝑡ℎ𝑒𝑛 𝑥1 = 2𝑡 + 6 

𝑡𝜀𝑅 𝑎𝑛𝑑 𝑥2 = 2𝑡 − 1 
Hence 𝑥1 = 2𝑡 + 6, 𝑥2 = −2𝑡 − 1 𝑎𝑛𝑑 𝑥3 = 𝑡  

∵ 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑙𝑖𝑚𝑖𝑡𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠. 
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